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ABSTRACT 


In this study various through and part-through crack problems in 
plates and shells are considered. The line-spring model of Rice and 
Levy is generalized to the skew-symmetric case to solve surface crack 
problems involving mixed-mode, coplanar crack growth. New compliance 
functions are introduced which are valid for crack depth to thickness 
ratios at least up to .95. This includes expressions for tension and 
bending originally used by the model for symmetric loading as well as 
new expressions for in-plane shear, out-of -plane shear, and twisting 
for the skew-symmetric case. Transverse shear deformation is taken 
into account in the plate and shell theories and this effect is shown 
to be important in comparing stress intensity factors obtained from 
the plate theory with three-dimensional surface crack solutions. 
Stress intensity factor results for cylinders obtained by the line- 
spring model also compare well with the three-dimensional solutions. 

By using the line-spring approach, for a given crack length to 
thickness ratio, stress intensity factors can be obtained for the 
through crack and for part-through cracks of any crack front shape, 
without need for recalculating integrals that take up the bulk of the 
computer time. Therefore, parameter studies involving crack length, 
crack depth, shell type, and shell curvature are made in some detail. 
The results presented are believed to be useful in brittle fracture, 
and more importantly, in fatigue crack propagation studies. 

The line-spring model is also used to solve the contact problem 
in plate bending. Investigations into stress intensity factors for 
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crack growth in the length direction (as opposed to growth in the 
thickness direction), are also made by using the model. The endpoint 
behavior of the results given by the line-spring model is considered 
in detail. 

In addition to part-through crack problems, some results for 
single and double through cracks are presented. The thin plate 
bending limit of Reissner’s theory and its relationship to the 
classical theory are reconsidered. 

All problems considered in this study are of the mixed boundary 
value type and are reduced to strongly singular integral equations 
which make use of the finite-part integrals of Hadamard. These 
equations are obtained by using displacement quantities as the 
unknowns, rather than the more commonly used displacement derivatives 
which lead to integral equations with Cauchy singularities. The 
equations are solved numerically in a manner that is believed to be 
very efficient. 
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CHAPTER 1 


Introduction, Literature Survey and Overview 
1 . 1 Introduction 

Pressure vessels, pipelines, containers, ship hulls, etc. are all 
shell-like structures which can fail by fracture. The designers of 
these components must take this into account as such failures are 
often catastrophic, endangering lives and the environment. The 
fracture process typically starts with a small material defect or weld 
imperfection that grows in fatigue which is driven by mechanical or 
environmental conditions. Eventually the flaw may be characterized as 
a macroscopic surface crack. This surface or part* through crack then 
continues its growth through the thickness, leading to failure by 
leaking or to unstable fracture. 

In the discipline of fracture mechanics one usually assumes an 
initial flaw configuration, and then seeks to obtain certain fracture 
parameters that are believed to govern the tendency of the crack to 
grow. In the case of brittle fractures and more importantly, 
fractures by fatigue, the stress intensity factor (SIF) is the most 
commonly used parameter. 

The analysis of through cracks in thin structures was first 
performed within the theory of plates and shells, which allows for a 
straightforward analytical solution for practical geometries such as 
cylinders, spheres, and pipe elbows. The problem is of the mixed 
boundary value type and is reduced to a system of dual integral 
equations or a system of singular integral equations (SIE) , most often 
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the latter. It is usually assumed that the curvatures are constant 
and the shell has constant thickness, the material is homogeneous, 
isotropic, or perhaps specially orthotropic, and behaves in a linear 
elastic manner. Three-dimensional effects due to the interaction 
between the free surface and the crack plane are neglected. Benthem 
[1] has investigated these effects for a crack in a half space. To 
date no research has included this surface layer behavior in a problem 
with a practical geometry. 

The surface crack has a three-dimensional geometry which seems 
accessible only to either analytical or numerical techniques from the 
theory of elasticity. Rice in 1972 [2,3] introduced the so-called 
line-spring model (LSM) which transformed the part-through crack into 
a through crack problem by making use of the edge-cracked strip plane 
strain solution. This model has been shown to give very good results 
in spite of its simplicity. Therefore, within the limitations of this 
model, both through and part-through crack problems can be solved with 
the same plate or shell theory formulation. 

It is important to point out that for a through crack the primary 
interest is in the behavior of the stress state at and near the crack 
tip. Whereas, for surface cracks the most important point is the 
deepest penetration point of the crack front. The model in its 
original form is limited to symmetric (mode 1) fracture, and cannot 
predict behavior at the endpoint where the crack front meets the free 
surface (again neglecting the free surface effect) . 


4 


1.2 Literature Survey 


The problem of determining the singular stress field in an 

infinitely large plate of thickness h, containing a finite crack of 

half-length a, subjected to tension was studied by Williams [4] in 

1957. In a 1960 paper [5] Williams also investigated the problem of 

plate bending by using the classical plate theory. Although in the 

bending problem the stress singularity was observed to be the same as 

- 1/2 

in the plane elasticity case, (namely r ' ), the angular variation of 

the stresses around the crack tip was found to be different. Shortly 

after this paper was published, Knowles and Wang [6] showed that this 

discrepancy could be removed if the 6th order Reissner plate theory 

[7,8] , which includes transverse shear deformation, was used. This 

theory allows for the satisfaction of all three crack surface boundary 

conditions (M^-0, V x =0, N x =0) , i ns Lead of combining these three 

conditions into two as did the previous theory by use of the Kirchhoff 

9M x 

condition, (1^=0, V^+ =0). The work of Knowl es and Wang was 

later made more complete by Hartranft and Sih [9] and by Wang [10] . 
In these papers the SIF solution is given for various crack length to 
plate thickness ratios, i.e. (a/h) . 

In the paper by Knowles and Wang it was observed that Reissner’s 
theory approaches classical theory in the limit as h/a+0, or as the 
plate gets thin. This limit is well behaved except at the crack tip 
where boundary layer behavior in the SIF is indicated by graphical 
solutions [9,10]. This "discontinuous" behavior was discussed by 
Civelek and Erdogan [11] with the aid of more complete and more 
precise numerical results, but not proven. Also it was pointed out by 
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Hartranft [12] that this limit should not be used. For more 
discussion of this problem see Sih [13] . 

In all of the preceeding papers the solution was limited to 
symmetric (mode 1) loading, which includes tension and bending. Wang 
in 1970 [14] was the first to consider twisting, again with Reissner’s 
plate theory. The asymptotic stress field was shown to be compatible 
with 2-D elasticity, therefore mode 2 and 3 SIFs had the same 
elasticity definition. This problem is not approachable by the 
classical theory for the same reasons that apply to plate bending. 
The results of Wang [14] were extended by Delale and Erdogan [15] to 
include specially orthotropic materials. 

The first analysis of cracks in shells was presented by Folias in 
1965 for a cracked sphere [16,17] and for an axially cracked cylinder 

[18] . The circumferentially cracked cylinder was investigated in 1967 

[19] . The results in these papers are asymptotic in nature for short 
cracks. A shallow shell theory was also used which linearizes the 
governing equations. The full curvature problem is non-linear and has 
not yet been solved by analytical techniques although Sanders [20,21] 
has used a thin shell theory which is linear yet valid for a complete 
cylinder to obtain energy release rates (not SIFs) for long cracks. 
The validity of shallow shell analysis can be summarized as follows: 
for a given shell radius, the smaller the thickness h, the more 
appropriate the shell assumption; the shorter the crack length 2a, the 
more appropriate the shallow s hell assumption. 

In the late 1960’s Erdogan and Kibler [22] and Copley and Sanders 
[23] provided a more complete solution to the problems studied by 
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Folias. Although the same approximate, shallow shell equations are 
employed, the numerical techniques for the solution of the singular 
integral equations are exact (to any reasonable specified degree of 
accuracy) . 

The major shortcoming of these early shell solutions, including 
the work of Sanders [20-21] , was the neglect of transverse shear 
deformation as in the early plate bending problem. In shells, since 
extension and bending are coupled, the elasticity concept of the SIF 
cannot be used with these 8th order theories without redefinition. As 
bending becomes more of a factor in the geometry and loading 
considered, the results become less accurate. Also the contribution 
from extension is affected. It was Sih and Hagendorf [24] in 1974 who 
first solved cracked shell problems with transverse shear accounted 
for; see also a second paper by Sih [25]. Later papers, which used 
the shallow shell governing equations due to Naghdi [26] , provided 
more exact and extensive results for the axially cracked cylinder, see 
Krenk [27], and for the circumferentially cracked cylinder, see Delale 
and Erdogan [28] . It was shown in these papers that the asymptotic 
stress field obtained is compatible with the solution from the theory 
of elastic fracture mechanics; therefore standard fracture parameters 
such as the SIF could be used. The skew -symmetric shell problem was 
studied by Delale [29] and it was shown that the mode 2 and 3 stress 
intensity factors also have the same elasticity definition. Therefore 
it appears that the simplest shell theory that may be used to study 
cracks in plates and shells to obtain SIFs is one that includes 
transverse shear deformation, [7,8,26]. In 1983 Yashi and Erdogan 
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[30] solved the shallow shell problem for a crack arbitrarily oriented 
with respect to a principal line of curvature. They used the same 
formulation as was used by Delale and Erdogan [28] , but the analysis 
involved ten unknowns instead of two [28] or three [29] because of the 
loss of symmetry. 

In all the previous shell solutions which included transverse 
shear deformation, the assumption of shallowness has been applied. 
Barsoum, Loomis, and Stewart [31] were the first to publish results to 
the complete through crack problem in a cylinder by using finite 
elements which took into account transverse shear deformation. There 
is good agreement between these results and the results from the 
shallow shell theories [22,27], even for relatively long cracks. More 
recent finite element calculations by Ehlers [32] disagree with the 
work of Barsoum, et. al . However these calculations are limited to 
a/R>.5, which for a "shallow shell", is a very long crack. More work 
must be done to determine the error due to the shallow shell 
assumption for increasing a/R. This theory may be regarded as an 
asymptotic solution for small a/R. 

The study of surface cracks in plates and shells has a more 
detailed history involving three-dimensional numerical techniques 
because it is both more important and more difficult. In addition to 
the finite element method [33,34], there is the alternating method 
[35,36] , the boundary integral equation method [37] , the finite 
element alternating method [38-40] , the method of weight functions 
[41,42] , and the body force method [43] . The standard solution for 
plates is that of Newman and Raju [33] . The more recent work of 
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Isida, Noyuchi, and Yoshida [43] have verified these results and 
perhaps slightly improved upon them. For reviews of the various 
solutions and methods see [44-46] . 

The previous studies for surface cracks deal only with mode 1 
loading, which is the most important mode for crack extension. 
However there are situations that involve twisting and shearing that 
cannot be neglected. For instance, depending on the geometry, when 
these loadings are primary, a secondary mode 1 contribution can 
result. The body force method [47] has recently been applied to an 
inclined surface crack in a half space which involved all modes of 
fracture. This problem has not received much attention in the 
literature, because it is less important than mode 1, and also more 
expensive to solve. 

As mentioned previously the line-spring model allows for the 
solution of the 3-D surface crack problem within the 2-D theory of 
plates and shells. This reduces the computational effort 
considerably. Therefore more extensive parameter studies can be made 
once the model has been verified by the more accurate three- 
dimensional methods. 

Since the introduction of the model in 1972 [2] , there have been 
numerous papers suggesting improvements and modifications. As with 
the through crack problem the use of a Reissner plate theory has 
improved the results [48,49] , especially for realistic crack lengths 
on the order of a/h~l . The classical theory gives good results for 
a/h>2, and in the limit as a/h+® the two theories are the same (for 
the LSM) . The initial suggestions of Rice [3] concerning the use of 
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the model to study plasticity effects have been advanced by Parks [50] 
and more recently by Miyoshi , Shiratori, and Yoshida [51] who used the 
model with thick shell finite elements to predict crack growth. Other 
researchers [49,52] have devised techniques that implement a numerical 
plate or shell solution instead of the original singular integral 
equation procedure. This is an advantage in shell analysis, because 
to date, the analytical techniques are limited to the shallow shell 
theory which is not valid for long cracks. However the long surface 
crack is not a practical geometry, and if needed, can usually be 
approximated by a plane strain solution. 

Yang in a recent paper [53] has considered crack surface loading 
in the form of a polynomial to solve problems of residual or thermal 
stress. The original LSM used only the constant and linear terms 
associated with tension and bending plate variables respectively. 
Theocaris and Wu [54,55] have suggested a way to determine the SIF at 
the corner of a surface crack. This method seems inappropriate since 
they have used the classical theory of plate bending which is unable 
to predict this value for the much simpler through crack case. The 
finite width plate has been solved by Boduroglu and Erdogan [56,57]. 
All previous LSM solutions were for an "infinitely large" plate. 
Erdogan and Aksel have considered the cavity in a plate [58] and Wu 
and Erdogan have extended the LSM to an orthotropic plate [59] . 
Delale and Erdogan [60] have used the model with a shallow shell 
formulation to predict SIFs for surface cracks in cylinders for axial, 
circumferential, inner and outer cracks. 
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1.3 Overview 


The primary interests in this study are to extend the LSM to the 
mixed-mode case and to use the model to approximate crack growth 
tendencies in the length direction as opposed to the depth direction 
for which it already applies. In Chapter 2 the line-spring model for 
mixed-mode loading conditions is derived. Furthermore, the mode 1 
compliance relations [61-63,48] are improved by using the recent edge- 
cracked strip solution of Kaya [64] . The curves are fit to data for 
0<(LQ/h)<.95 and may be used for the entire range of values as the 
curves have the proper asymptotic behavior for (L^/h)*! [65]. Also 
the necessary solutions for modes 2 and 3 are obtained. 

In Chapter 3 some unsolved through crack problems in plates are 
considered and the thin plate limit for Reissner’s theory is 
investigated to better understand the validity of the classical plate 
theory when applied to the LSM. In Chapter 4 the LSM, with and 
without including the transverse shear deformation, is compared to 
finite element surface crack solutions. SIF comparisons are also made 
for the corner of a semi-elliptical surface crack. The contact 
bending or crack closure problem, a difficult unsolved 3-D problem, is 
solved in a straightforward manner. Also extensive SIF results are 
given for both rectangular and semi elliptical crack shapes under all 
five loading conditions, i.e. tension, bending, out-of -plane shear, 
in-plane shear, and twisting. 

Crack problems in shells are considered in Chapters 5 and 6. 
Comparisons of surface crack solutions obtained with the model are 
made with 3-D solutions from the literature [34,40] . Various unsolved 


11 



through and part-through problems are considered and the effect of 
curvature is studied for both the symmetric and the skew-symmetric 
cases . 

All integral equations are derived with displacement quantities 
as unknowns. The resulting equations are, therefore, strongly 
singular and make use of the finite-part integrals of Hadamard [66] , 
see also Kaya [67] . Finite-part integrals as used in this study are 
defined in Appendix B. The numerical techniques used to solve these 
equations are presented in Appendix E. 

The definition of stress intensity factors (SIFs) that are 
referred to throughout this dissertation is given in Appendix G. 
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CHAPTER 2 

The Line-Spring Model 

2.1 Introduction . 

A surface or part-through crack in a pipe, pressure vessel, or 
any other shell-like structure is a common and important flaw geometry 
to analyze, see Fig. 2.1. Because the elasticity problem is three- 
dimensional, many solutions involve expensive numerical techniques 
such as the Finite Element Method [33,34], the Alternating Method 
[35,36], the Boundary Integral Method [37], the finite element 
alternating method [38-40], the method of weight functions [41,42], 

i 

and the body force method [43] . This problem has also been formulated 
analytically for a flat plate or strip in terms of two-dimensional 
integral equations, but has not been solved [67] . 

The line-spring model, proposed by Rice and Levy [2], and 

i 

| incorporated in a plate or shell theory that allows for transverse 

shear deformation [7,8,26] , competes with these methods because of its 

i 

i simplicity and surprising accuracy. See Figs. 4.1-4, 6.1,2, for 

comparisons with the Finite Element Method and for the effect of 
transverse shear for various geometries in mode 1 loading. 

Briefly, the model allows one to use a plate or shell theory to 
formulate the problem by removing the "net ligament", and replacing it 
by unknown, thickness averaged stress resultants which are treated as 
crack surface loads in a through crack problem. See Fig. 2.2 for a 
mode 1 illustration of this process. This reduces by one dimension 
the complexity of the analysis. The force resultant and displacement 
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variables used in both plates and shells are given below and are 
defined in Figs. 2.3a-c. Also the corresponding fracture modes are 
included in the figures. 


{F} = I 

. F 1 .F 2 > F 3' P 4' F 5 ) • 

(2.1) 

= 1 

[ } ' 

(2.2) 

= i 

f , h 2 2h . h 2 1 

( h V 6 2’ 3 3’ h 4’ 6 5 ) ’ 

(2.3) 

c 

il 

( V U 2’ U 3’V U 5 } = { V^x’W^y ) ’ 

(2.4) 

<5. = - 

lit - U. 1=1 .... ,5 . 

(2.5) 

i 

11 


The two 

-dimensional formulation of through and part-through 

crack 


problems in plates and shells as a mixed boundary value problem makes 
use of the superposition illustrated in Fig. 2.4. With regard to 
these figures, are the constant applied loads at "infinity" or away 
from the crack region and N and M are unknown stress resultants which 
are due to the net ligament of the part-through crack. In the case of 
a through crack, the crack surfaces are stress-free so N=M^O. For the 
solution of the mode 1 perturbation problem in a plate shown in Fig. 
2.4, the following singular integral equations must be solved: 

fc f" 7^2 V - < 2 - 6) 

a (t-y) 

* k dt = (® xx -X xx ) • (2-7) 

a (t-y) a 

For the derivation of Eqns . 2.6,7 and for the expression for ^22^’^’ 
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7 , and v see Chapter 3. Also see Appendix B for the interpretation of 
the strongly singular integrals appearing in these equations. The 
unknowns in the equations are N, M, u, and /J . Since there are four 
unknowns and only two equations more information is needed. In the 
derivation that follows N and M are linearly related to u and /3 in the 
manner of a spring. After substitution of these relationships into 
Eqns. 2.6,7, u and can be numerically determined from which all 
quantities of interest can be calculated. 

2.2 Derivation of the Compliance Relationships . 

The line-spring model is based on two assumptions. The first, 
previously stated, and illustrated in Fig. 2.2, involves replacing the 
net ligament (in which the state of stress is two-dimensional) , by 
resultant forces which are functions of y only. The second assumption 
is that the stress intensity factors along the crack front may be 
obtained from these resultant forces as though the stress state were 
one of plane strain. The restriction at the ends of the crack and the 
crack front curvature, both act against this assumption. Therefore 
the model is most accurate in the center of the crack and improves as 
the crack gets longer for a given i i ack depth, i.e. as plane strain 
conditions are approached. 

In order to make use of this analogy, the plane strain stress 
intensity factor solution for an edge-cracked strip must be available 
for the five possible loading conditions in a shell on a given 
surface, see Eqns. 2.2,3 and Fig. 2.3a-c. These solutions are 
presented in Appendix C along with a curve fit in the form, 
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n. 

1 


k. K. - , 

*i«> = -j= = -j= = 7773- ^ c ik« ■ 

aJL ffJfL (1-0 k=l 


( 2 . 8 ) 


where L is the crack depth, and the variable £ is the ratio of the 
depth L to the strip thickness h, i.e. £=L/h. From Fig. 2.3a-c, when 
i=l or 2, j=l, when i=3, j=2 and when i=4 or 5, j=3. The exponent X 
is 3/2 when i=l,2 (mode 1), and 1/2 when i=3,4,5 (modes 2,3). The 
constants n^ and are given in Appendix C. From this follows 

(2.9) 


4 = + 0 2&2 ^ ’ 


K 2 = \ *£h o 3 g 3 


K 3 = J*£h [ o 4 g 4 + a 5 g 5 ] 


( 2 . 10 ) 

(2.11) 


In these expressions o\=o\(y) represents the net ligament stresses 
according to the relations given in Fig. 2.3. Note that £=£(y) • 

The derivation is based on expressing the energy available for 
fracture along the crack front in two different ways. First we 
generalize Irwin’s relation [68,69] for the potential energy release 
rate , 

d.V'O = « = { K ? + K 2 * h K 3 } • < 212) 


where U is the work done by external loads and V is the strain energy. 
The use of the relation, 


(1-V 2 

«a-— r“* 


(2.13) 


involves the assumption that the crack will grow in its own plane. 
This would apply to structures that are made of composite materials 
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that may have a weak cleavage plane [70] . If the crack deviates from 
a straight path, in Eqn. 2.13 is not the energy dissipated by 
incremental crack growth, and therefore Eqn. 2.12 would not be valid. 

With the assumption of coplanar crack growth, Eqns. 2.9-11 are 
substituted into Eqn. 2.12 to obtain, 


^(U-V) = hif? { c\ g \ . 2c f2hg2 * 44 ♦ 44 

A [ ° 2 A 4 V5*4*5 4 "5*5 ]} • 


(2.14) 

Next consider the crack to extend from L to L+AL under "fixed 
load" conditions. The changes in U and V are as follows (refer to 

Fig. 2.5 for the notation used), 

AU = F. A<5. , 


i i 


AV = i F. (5.+A6.) - i F.6. = \ F.<5. , 

2 i v i i y 2ii 2 i i 9 
where F^ and 6 ^ are defined in Eqns. 2.1-5. 
After writing 
35. 


A5. 


- AL , 


i~ 9L 

due to the force F. , 

l 7 

A 1 05 ' 

£ <”> 

The sum of all five loadings is, 
, . 5 9 6. 

,r cu-v) = i £f. aj 1 . 

1=1 


dL 


(2.15) 

(2.16) 


( 2 . 17 ) 


( 2 . 18 ) 


(2.19) 


Define the following matrices, 

{6’} = ( 6 [> 5 2> 6 3’ <5 4 ,<5 5 } = { 5 2’3 5 3 ,<5 4’6 6 5 } ’ ( 2 - 20 ) 
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g l g l g 2 00 0 

6180 89 ® ® 

^ ° ° *3 1 0 2 1 0 

0 0 0 v g 4 y¥s 

. 0 0 0 rn; g 4 g 5 n H 


( 2 . 21 ) 


Now equate Eqn. 2.14 to 2.19 using Eqns. 2.3,20,21 for substitution to 
obtain, 


h TT {4} T [G]{<7} = i h {«’) , 


(2.22) 


_2 {5 , } = ^-1 [G] {a} . 

Integrate and observe that 0 ? O (L) , 


{ f [G] }I L=0 ■ 


(2.23) 


(2.24) 


Next define 


[B] = [«..]= J f [G] dl = | [G] d( , £ = L/h , 

ij n 'q 


(2.25) 


where 


r£ 

g;8: d £ > l,j=l,2,3 

J n 1 J 


(2.26) 


1 

“is = n J 0 g i E j d ? ■ ‘'j -" 1 * 5 


(2.27) 


Because of the form chosen for the functions (see Eqn. 2.8), 
are determined numerically. When the matrix [B] is substituted into 
Eqn. 2.24 and the equation is solved for the stresses, the result is 
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M = E 2 [B] ■*{«>} , 

2h(l-0 


where 


[B] ~ 1= 


“22 /4 l ‘“l2 /4 l 0 


0 

0 


12 ' 
ll'“l 


a, ./A 
l 0 
0 


0 

1/a 


0 

0 


n 33 
0 “55/ 4 2 


0 


0 


a 45^ A 2 


0 

0 

a 4 5 / A 2 

“44 /A 2 


(2.28) 


(2.29) 


and 


A 1 " “ll a 22 ®12 ’ 


A 2 " °44 a 55 ®45 


(2.30) 

Eqn. 2.28 has the information that is needed for substitution 
into integral equations of the form of Eqns. 2.6,7. First it must be 
non-dimensionalized. This is done according to the definitions in 
Appendix A. Since all problems in this dissertation are either 
symmetric or skew-symmetric we have 6^ = 2u^, i.e. Iu + I= lu~l= u^. 

The final non-dimensional result is: 


°1 = T ll u l * l'l2 u 2 - 

ff 2 = 6[7 2l' 1 l * T 2 2 u 2 ] ■ 

_ 5 

3 - 8(1+J/) 7 33 u 3 ’ 

°A = 7 44 U 4 + 7 45 u 5 ’ 

a 5 = 6 ^- 7 54 U 4 + 7 55 u 5 ^ ’ ( 2 - 31 ) 

U 1 = d~ v ) f a ll a l + a 12 a 2 ^ ’ 

u 2 = ) [ a i2 a i + ®22 ff 2 ] ’ 
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(2.32) 


u 3 " 2 ^ v } °33 a 3 ’ 


u 4 = V-" ) t a 44°4 + fl 45 a 5 ] ’ 


u 5 = 6 ( 1 - 1 ' )[ a 45 a 4 + °55 <7 5 3 ’ 


1 22 

7 n = 2 

11 lV A 


-1 a. 


112 %d-, 2 ) 


1 a. 


7 21 " 7 12 ’ 


722 36(l-i/ 2 ) Aj 


_ 16 _1_ 
7 33 15(l-i/) a„, 


1 a 55 


"I A, 


745 6(l-t/ 2 ) A 2 


1 OL, 


7 54 = 7 45 


755 o 

55 36(1-0 A 2 


(2.33) 


If these equations are now substituted into Eqns . 2.6,7, the 


- (b 

i_ r . u 

2k J 


(t-y)‘ 


’n" w = 


< = -a- , 

XX 1 


(2.34) 


^ f dt * k f dt 

a (t-y) a 


’21" ' ’ 22 ^ 


I = -»,/« • 

xx 2 ' 


(2.35) 


The compliance coefficients 7 .. are indirectly functions of y 
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through the variable f which is the non-dimensional crack depth. Note 
that for a through crack the 7 ^. are zero. In this case the equations 
uncouple and respectively correspond to tension and bending loadings. 

Since the model is most accurate in the central portion of the 
crack, it is best applied to problems where failure occurs when the 
surface crack grows through the thickness leading either to leaking or 
to the development of a through crack which then grows in length to 
critical size. Because of the plane strain assumption, the model 
becomes less applicable near the ends of the crack. Although the 
model unexpectedly gives reasonable results here (see Figs. 4.1-4 and 
6.1,2 where curves are drawn up to y/a = -98), the use of the solution 
in this region for anything other than general trends is not 
justified. Even though the solution at the ends is not used, the 
behavior of the solution here plays a role in the convergence of the 
method over the entire range, and therefore should be examined. 

2.3 Endp o int behavior . 

In the case of the through crack it is known that the behavior of 
the displacement quantities are of the form (see Appendix D) , 

»i(t) = rooa-t 2 ) 1 / 2 , (2.36) 

where the square root is referred to as the weight function (of the 
integral equation) and f^(t) is a simple function which can be 
represented by a polynomial that is easily obtained numerically. Note 
that the crack domain has been normalized to (-1,1). If u^ (t) were 
determined without extracting the endpoint behavior given by the 
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weight function, convergence of u^(t) towards the ends (i.e. -1,1) 
would be unacceptably slow. Also in the through crack problem the 
stress intensity factors are proportional to f(-l) and f(+l), and 
therefore can only be found if the weight is extracted. The addition 
of the line-spring terms into the integral equation has an effect on 
this asymptotic analysis only if the net ligament stresses are 
unbounded, which is unreasonable. If these stresses are assumed to be 
finite at the ends, Eqns . 2.32 and 2.36 show that, 


Uj = (lV)[ a n o 1 + a 12 a 2 ] = q(t) (l-t 2 ) 1/2 , 
u 2 = a 12°l + *22*2 ^ = ^ 


u 3 = | d -" 2 ) " 33*3 = f 3^( 1_t2 ) 1/2 ’ 

U4 = ( 1 -v ) [ a 44 a 4 + "45^5 -I = ^4^) ) > 

u K = 6(1- v 2 ) [ a AC p A + a 55 a 5 ] = f 5 (t) (1-t 2 ) 1 ^ 2 


(2.37) 


‘5 " ' n 45 4 

For finite, nonzero net ligament stresses, in Eqns. 2.32 must 

carry the square root behavior as t approaches -1 and 1. Recall that 

a., are functions of t through the crack shape variable f . If the 
ij 

crack depth of the surface crack is non-zero at the ends as in the 
case of a rectangular crack, will be constant at the endpoints. 

The solution will then require O ^ to be zero at the endpoints, a 
condition that does not seem reasonable. If the crack depth, £ is 
zero at the ends, the behavior of will depend on how £ goes to 

zero. For small £ we may write 
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(2.38) 


N 


Si = » 

1 j=0 1J 

from which we obtain from Eqns. 2.26,27, 

* 2 >2 2* *3 

a ll _ 2 c 10^ + 3 c 10 c ll^ + °(^ ) * 


‘12 


= a 


21 " 2 10 20 


c 9n£ + 3 [ c 20 c ll + c 10 c 21^ + ) 


„ . ! 2 .2 2f c 2 tuc^\ 

a 22 ~ 2 c 20^ + 3 c 9ft c 9i£ + *^(£ ) , 


3 w 2<r2r 


w 2 ^4 a / -»5\ 

®33 " 4 c 31^ + ) i 

/ 1 \ _ IT 2 ,2 2w e 3 n /e*\ 

C 1 I/ ) a 44 - 2 c 40^ + 3 c 40 c 41^ + 0 (O » 


(1 u ) a 45 - (1 i/ ) a RA - 9 c 4n c !;n£ + 5 t c an c t;i + c qn c 4i^ 


‘54 2 40 50 s1 


'4051 50 41 J 


ri „\» * 2 f 2 2ir t 3 n ,..4* 

(1_I/)a 55 = 2 c 50^ + 1 C 50 C 51* + ) ’ 

where from Eqn 2.8 the c. . in terms of the C. . are, 

ij ij 

c i0 = C i0 » 

c . 1 = C . - + XC . ~ . 

ll ll iO 

More terms in this series are given in Appendix F. 

In order for Eqn. 2.37 to be true for bounded, non-zero 
Eqn. 2.39 (except for a gg) suggest that: 


, 2x 1/2 

a ij ~ (1_t ) * 


or 

i 2 ~ ci-t 2 ) 1/2 . 

Therefore if the crack shape is chosen in the form 


3 * 0(? 4 ), 

(2.39) 

(2.40) 
stresses , 

(2.41) 

(2.42) 
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(2.43) 


{ = ? 0 (i-t 2 ) 1/4 > 

convergence will be good for Itl < 1. Rice [2] made this point. Any 

other crack shape will impose either unbounded or zero endpoint 

behavior on the net ligament stresses and the solution will not 

converge at the endpoints in a satisfactory manner. If one considers 

2 - 1/2 

the semi-ellipse for example, o ^ will be of the order (1-t ) as 

Itl approaches 1. 

There is one exception. In the case of a ^ in Eqn. 2.37 the 
stress o g will be zero. This should be expected because the assumed 
form of the out-of-plane shear stress is parabolic, i.e. zero at the 
surface of the shell. Therefore as the crack depth goes to zero so 
does <7g. 

It should be pointed out that regardless of what form of the 
crack is chosen, satisfactory convergence can be obtained in the 
central portion where the line-spring model is most applicable. The 
results in this dissertation were thus obtained for the semi-ellipse. 
But if a solution is desired for (-1,1), it is necessary to have the 
crack shape at the ends asymptotically behave like Eqn. 2.43. A 
procedure to get this function utilizes a simple expansion about zero 
and for some typical shapes is as follows. Let 

£ = £ 0 (l-t 2 )" (2.44) 

be the desired shape. Note that a rectangle is given by n=0, and a 
semi-ellipse results from n=l/2. Next we write 

e = ( 0 d-tV - a-t 2 ) 174 ^) > ( 2 • 45 ) 
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where 


g (t) = (i-t 2 ) n 1/4 ~ 


M 

- £a.t 

i=0 1 


2i 


(2.46) 


M is chosen so that an adequate representation of the crack front is 
given over most of the domain, and the coefficients a^, are given as 
follows , 

a 0 = 1 


aj = -(n-1/4) 

_ (n-1/4) ((n-l/4)-ll 

a 2 2 ! 

= _ (n-1/4) r(n-l/4)-lU(n-l/4)-2l 


a 3 = 


3! 


, etc. 


(2.47) 


The convergence of Eqn. 2.46 is demonstrated for n^O and n=l/2 in 
tables 2.1,2, respectively. Stress intensity factor results of Eqns . 
2.6,7 for the crack shapes in these tables are given in tables 2.3-6. 
The stress intensity factors in Eqns. 2.9-11 are normalized with 
respect to the value of K from Eqn. 2.8 for £ in the center of the 
crack and for the corresponding loading, see section C.4 of Appendix 
C. This technique however, is of limited use. 

Semi-elliptic crack shapes are chosen for most mode 1 analysis 
because of their general resemblance to surface cracks. Most 
experiments however show that cracks grown by fatigue tend to have a 
blunter shape at the ends, see for example [55,71]. Note that the 1/4 
power represents this better than 1/2. 
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One further point to make before concluding this chapter is that 
for small £ the inverse of the B matrix (Eqn. 2.29) is singular and 
the asymptotic behavior of relations 2.32 is of the form, 

^ij = ( cons ^ an ^) i ^ + 0(£ ^ . (2.48) 

The constants are defined in Appendix F. It would seem that the 
contribution of the stress terms (Eqn. 2.31) for the case of a semi- 
ellipse where u~£~(l-t ) ' would be unbounded and to the -3/2 power 
rather than -1/2 as predicted by Eqn. 2.37. However when the terms of 
Eqn. 2.31 are combined, the two leading order terms cancel and we are 
left with the singular nature predicted by Eqn. 2.37, see Appendix F. 
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Table 2.1 Crack profiles approximating a constant 
depth using Eqns. 2.46,47. 


Rectangular Profile (£ = .6) 


+ 

U 1 

3 

5 

10 

20 

exact 

l 

.0 

.6000 

.6000 

.6000 

.6000 

.6000 

.6000 

.1 

.5985 

.6000 

.6000 

.6000 

.6000 

.6000 

.2 

.5939 

.6000 

.6000 

.6000 

.6000 

.6000 

.3 

.5860 

.6000 

.6000 

.6000 

.6000 

.6000 

.4 

.5744 

.5997 

.6000 

.6000 

.6000 

.6000 

.5 

.5584 

.5987 

.5999 

.6000 

.6000 

.6000 

.6 

.5367 

.5958 

.5996 

.6000 

.6000 

.6000 

.7 

.5070 

.5882 

.5980 

.6000 

.6000 

.6000 

.8 

.4648 

.5689 

.5906 

.5993 

.6000 

.6000 

.9 

.3961 

.5170 

.5579 

.5900 

.5992 

.6000 

.95 

.3353 

.4536 

.5037 

.5585 

.5898 

.6000 

.98 

.2677 

.3705 

.4200 

.4862 

.5440 

.6000 


Table 2.2 Crack profiles approximating a semi- 
ellipse using Eqns. 2.46,47. 

Semi-Elliptic profile, (£ = .6(l-t^)*^) 


M 

4 - 

1 

3 

5 

10 

20 

exact 

.0 

.6000 

.6000 

.6000 

.6000 

.6000 

.6000 

.1 

.5985 

.5970 

.5970 

.5970 

.5970 

.5970 

.2 

.5939 

.5879 

.5879 

.5879 

.5879 

.5879 

.3 

.5860 

.5724 

.5724 

.5724 

.5724 

.5724 

.4 

.5744 

.5501 

.5499 

.5499 

.5499 

.5499 

.5 

.5584 

.5202 

.5196 

.5196 

.5196 

.5196 

.6 

.5367 

.4818 

.4801 

.4800 

.4800 

.4800 

.7 

.5070 

.4335 

.4292 

.4285 

.4285 

.4285 

.8 

.4648 

.3726 

.3630 

.3601 

.3600 

.3600 

.9 

.3961 

.2915 

.2736 

.2636 

.2617 

.2615 

.95 

.3353 

.2304 

.2122 

.1954 

.1888 

.1873 

.98 

.2677 

.1802 

.1587 

.1387 

.1267 

.1194 
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Table 2.3 Normalized stress intensity factors for 
the crack profiles given in table 2.1 for applied 
tension . 

Rectangular Profile (£ = .6), Tension 



M 1 

3 

5 

10 

20 

00 

t 

0 

.258 

.271 

.272 

.273 

.273 

.273 

1 

.258 

.270 

.272 

.272 

.272 

.273 

2 

.256 

.268 

.269 

.270 

.270 

.270 

3 

.253 

.263 

.265 

.265 

.266 

.266 

4 

.249 

.256 

.258 

.259 

.259 

.259 

5 

.243 

.246 

.250 

.249 

.249 

.250 

6 

.236 

.235 

.237 

.238 

.238 

.239 

7 

.225 

.219 

.220 

.221 

.222 

.222 

8 

.210 

.199 

.197 

.197 

.198 

.199 

9 

.185 

.172 

.166 

.161 

.161 

.163 

95 

.163 

.151 

.145 

.136 

.130 

.132 

98 

.138 

.128 

.124 

.117 

.107 

.098 


Table 2.4 Normalized stress intensity factors for 
the crack profiles given in table 2.1 for pure 
bending. 


Rectanguli 

ar Prof 

ile 

(£ = • 

6) , Bending 


M 

1 

3 

5 

10 

20 

00 

t 

.0 

.144 

152 

.153 

.153 

.153 

.153 

.1 

.145 

151 

.152 

.152 

.152 

.152 

.2 

.146 

148 

.149 

.149 

.149 

.149 

.3 

.148 

144 

.144 

.145 

.145 

.145 

.4 

.151 

136 

.137 

.137 

.137 

.137 

.5 

.154 

126 

.126 

.126 

.126 

.128 

.6 

.158 

116 

.114 

.114 

.114 

.114 

.7 

.162 

103 

.097 

.958 

.096 

.096 

.8 

.165 

093 

.077 

.071 

.071 

.071 

.9 

.166 

.087 

.060 

.040 

.034 

.033 

.95 

.161 

.089 

.060 

.029 

.012 

.006 

.98 

.150 

.091 

.066 

.034 

.009 

-.013 
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Table 2.5 Normalized stress intensity factors for 
the crack profiles given in table 2.2 for applied 
tension. 

Semi-elliptic Profile (£q = .6), Tension 



U 1 

3 

5 

10 

20 

00 

b 

0 

.258 

.246 

.245 

.245 

.244 

.244 

1 

.258 

.246 

.245 

.244 

.244 

.244 

2 

.256 

.245 

.244 

.243 

.243 

.243 

3 

.253 

.243 

.243 

.242 

.242 

.242 

4 

.249 

.241 

.240 

.240 

.239 

.239 

5 

.243 

.238 

.236 

.236 

.236 

.236 

6 

.236 

.234 

.232 

.231 

.231 

.231 

7 

.225 

.228 

.226 

.225 

.225 

.225 

8 

.210 

.218 

.218 

.217 

.217 

.217 

9 

.185 

.201 

.206 

.208 

.208 

.207 

95 

.163 

.184 

.193 

.201 

.204 

.203 

98 

.138 

.162 

.173 

.189 

.200 

.205 


Table 2.6 Normalized stress intensity factors for 
the crack profiles given in table 2.2 for pure 
bending. 

Semi-elliptic Profile (£q = .6), Bending 


4- 

M 1 

3 

5 

10 

20 

00 

U 

0 

.144 

.135 

.134 

.133 

.133 

.133 

1 

.145 

.136 

.135 

.135 

.135 

.134 

2 

.146 

.141 

.140 

.139 

.139 

.139 

3 

.148 

.149 

.148 

.147 

.147 

.147 

4 

.151 

.160 

.159 

.158 

.158 

.158 

5 

.154 

.176 

.175 

.174 

.174 

.172 

6 

.158 

.191 

.190 

.189 

.189 

.189 

7 

.162 

.209 

.210 

.209 

.209 

.208 

8 

.165 

.227 

.233 

.233 

.232 

.231 

9 

.166 

.239 

.253 

.261 

.261 

.259 

95 

.161 

.236 

.257 

.274 

.281 

.280 

98 

.150 

.219 

.244 

.273 

.293 

.302 
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Figure 2.3a Force and Displacement quantities as 
defined by plate or shell theory that are used in 
the mode 1 line-spring model. 















Figure 2.4 The superposition used to solve part- 
through crack problems with the line-spring model. 
All solutions are obtained for the problem in the 
lower right (the perturbation problem) where the 
only loads are applied to the crack surfaces. 





CHAPTER 3 


Through Cracks in Plates 

In this chapter the singular integral equations for a cracked 
plate under both symmetric (mode 1) and skew-symmetric (modes 2,3) 
loadings will be derived. The plate theory includes transverse shear 
deformation. For mode 1 loading there is very little to add to the 
existing literature [6,9-13] . The thin plate limit examined in these 
papers will be reconsidered. For the skew-symmetric case stress 
intensity factor solutions found in Refs. [14,15] for a single crack 
will be supplemented. Also some results for the double crack case 
will be presented. 

3.1 Formulation 

The governing equations, both dimensional (Eqns. 3.1a~16a, 18a, 
19a) and non-dimensional (Eqns. 3. lb-16b, 18b, 19b) are listed below. 
The dimensional relationships are defined in Appendix A. From 
equilibrium 
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Vj = 0 , 


9M 9M , 

XX X X _ 5 v = 0 

9x 9y 12(1+1/) x 


9M 10 9M 99 

— — + — — - V =0 

9xj 9 x 2 V 2 ° ’ 


9M 9M , 

xy . _H. _ 9 V = 0 

9x 9y 12(1 +i/) y ’ 


(3.4a,b) 


(3 . 5a,b) 


where q(x,y) is normal loading to the plate surface. The other 
variables are standard plate quantities (see Fig. 2.3). From 
kinematical considerations, 
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1 f 9u 9v 


xy 2 1 9y 9x 
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(3.7a,b) 
(3 . 8a, b) 
(3.9a,b) 
(3. 10a, b) 


where 0. and 0 9 are the total rotations of the normals. For classical 
plate theory they are zero showing that normals to the plate surface 
stay normal, i.e. there is no deformation transversely. The 
constitutive relations (Hooke’s law) are, 
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(3 . 11a, b) 


t = N - j/N 

xx xx yy 


he ll = E ^ N ll ' ^ N 22^ ’ 

he 22 = E (N 22 " ’ £ yy = N yy ' ^xx ’ 

he l2 = 2fi N 12 ’ C xy = ^ 1+ ^ N xy ’ 

where E is Young’s modulus and v is Poisson’s ratio, 

bending, 
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where , 


Eh" 


D = 

12(lV) 

The linear transverse shear stress-strain relationships are. 


0, = ri V. , 6 = V , 

1 hB 1 ’ x x ’ 
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2 ~ hB 2 


Vo , e y = v y , 


(3 . 12a, b) 

(3. 13a, b) 
From plate 

(3. 14a, b) 
(3. 15a, b) 

(3. 16a, b) 

(3-17) 

(3 . 18a, b) 
(3. 19a, b) 
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where 


12(1 + 1 /) 


(3.20) 


From here on only the non-dimensional variables will be used. Define 


<f>(x,y) such that 


<=**-*, N 

xx g y 2 yy 


, = _8Li_ 

xy 9x9y ’ 


(3.21) 


and Eqns . 3. lb, 2b are satisfied. Next combine Eqns . 3. 6b, 7b with 


3. lib, 12b to obtain, 

I s = N - i/N , I 1 = N - i/N 
0x xx yy oy yy xx 

Next use Eqns. 3.8b, 13b to write, 
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After substituting 3.22 into 3.24 we obtain, 
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(1 + I/) a^ N xy = 2 {[ 0y 2 


Using 3.21 this becomes, 


= 0 , 


where 


(3.26) 
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(3.27) 



Next using 3.3b-5b we can write, 
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Substitute 1 

Eqns . 3 . 

14b-16b into 3.28 

to obtain, 
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(3 . 30) 

Substitute 

for ^ 

and 

/? according to 

Eqns . 

3.9b 

,10b together with 

3. 18b, 19b, 









d 3 p 

r x 

d 3 p 

r v 

a 2 i 

r 9V a 2 

1 X 0 w 

av 

Y 

a 2 
0 w 

1 

/r> r. . \ 


9x 3 

3x^3y 

ax 2 1 

l 9x 9 X 2 " 9 i 

” a 2 
9y 

J ' 


Next 

use Eqns. 3.3b 
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Eqns. 3.32,33 are now substituted back into Eqn. 3.29 to obtain, 
V 4 w = { + 12(l-i/ 2 )]q(x,y) . 
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Next use Eqn . 3.4b with substitutions from 3. 14b, 3. 16b and 3.18b with 
3.9b to write, 


« . _ 1 ( 12(1+1') y2fl Uv 0_ 

h 0 X _ 12 ( 1^) 21 5 K 2 9y 


9/t 9/> 


9y l 9x 9y 


Similar substitutions with Eqn. 3.5b leads to, 
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Eqns. 3.26,34,35,36 become, 
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(3.35) 


(3.36) 


(3.37) 


(3.38) 

(3.39) 

(3.40) 

(3.41) 

(3.42) 

(3.43) 


where q(x,y) has been assumed to be zero. To solve Eqns. 3.40-43 we 
introduce the Fourier transform, 


0(x,y) = hr \ ^(x,a)e" 1Qy dfl , 


(3.45) 


with identical definitions for w(x,y), ff(x, y) and fl(x,y). After 
making use of the relationships, 

TV f(x,x)e^d y . 8 $ - a 2 T , 
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(3.46) 


Eqns. 3.40-43 are reduced to the following ordinary differential 


equations , 
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Assuming symmetry of loading and geometry with respect to x, the 
transformed solution for x>0 of Eqns. 3.47-50 is, 
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Ctajexpl-x^) 172 ]}.- 1 ^ , 


(3.53) 


0( x ,y) = 2 f \ A 5 ( fl ) e Rx e lfly da 


(3.54) 


where 
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/ t ( l - z /) J 

For either the symmetric or the skew-symmetric problem there are five 

conditions with which to determine six constants, A^(a), i=l,...,5, 

and C(a). This shows that one constant is extra and we take 

C(q) = 0 , ( 3 - 56 ) 

and proceed to show that the problem can be uniquely solved without 

it. Now that the four unknowns, w,^,^, and 0 are known in terms of 

the five unknown coefficients, the other plate variables are expressed 

in terms of them. N , N , and N are already expressed in this 

xx yy xy 

form in Eqn. 3.21. The other important expressions are, 
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(3.63) 
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Now if Eqns. 3.51-54 are substituted into Eqns. 3.21,57-65 the 
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. + 00 

4 ^(l-^) 2 ^ \ aRA 5 (a)e' Rx e' iay da , (3.71) 

+ 00 

M = §J f {(l-i/)a 2 [(2/clal-x)A 4 (a) - A 3 (a)j + 

* * —00 

2t'lalA 4 (a)}e” la * V^ ay da - 
+00 

- ^(l-^) 2 2 ^ j aRA 5 (a)e" Rx e" lQy da , (3.72) 

—00 

M xy = - 7 ( 1 -^) 2 ^ J a|(xlal- 2 /ca 2 -l)A 4 (a) + lalA 3 (a) e ' a ' x e iay da 

+ 00 

(i-i/) 2 ^ j (a 2 + R 2 )A 5 (a)e _Rx e" iay da , (3.73) 

-00 

+00 

.. k ( 2. / \ -lalx -iay , 

\ = 'J J * A 4 <“ )e e d “ ' 

— 00 

-f 00 

- 2^ 1_i/ ^2r I aA 5( a ) e RXe iay da > ( 3 - 74 ) 

+ 00 

V = -i* f alalA. (a)e" lfllx e da ♦ 

y * J m 4 V ' 

■' —00 

+ 00 

+ fd-iz)^ | RA & (a)e Rx e lfly da , (3.75) 

— 00 



|^j a 2 [-(l+i/) lalA^a) + A 2 (a) (-l + i/-lalx(l+i/))]e~ lfll V iay da 
* "" (3.76) 


9v 1 
9y ~ 2ir 


1 00 

I [(lwjAjW 

- 00 


A 0 (a) (-2lal+xa 2 +i/a 2 x)]e ' a ' x e iay da 

(3.77) 


46 


3.2 Symmetric loading , Mode 1 . 

The symmetry conditions are, 

N v (0,y) = 0 , (3.78) 

A / 

M (0,y) = 0 , (3.79) 

A / 

V x (0,y) = 0 . (3.80) 

After using this information in Eqns. 3.68,73,74 we obtain 

A i (a) = ih V a) » (3. si) 

V a) = * (g |af )+1 A 4 (a) , (3.82) 

A 5 (a) = lS A 4 (a) • (3-83) 


This eliminates three of the five unknown constants leaving only A 2 (a) 
and A^(a). The following two mixed boundary conditions will determine 
them . 


I N x X (° +,y ) = -f l( y ) ’ y in L n * 

(3.84) 

u (0 + ,y) = 0 , y outside of , 

(3.85) 

' M xx(° +,y ) = “ f 2^ y ^ ’ y in L n » 

i 

(3.86) 

/? x (0 + ,y) = 0 , y outside of , 

(3.87) 

where 


L n = ( a 2’ b 2^’ ’ ^ a n ,b n^ ’ 

(3.88) 

each section (a^,b^) defining a crack on x=0. 

Note that since all 


length quantities are normalized with respect to the plate thickness 
h, each section is actually (a^/h,b^/h). After using Eqns. 3.81-83 in 
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Eqns. 3.66,76,71 and 69 we obtain the following, 
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(3.92) 


Note that Eqns. 3.89,90 are uncoupled from 3.91,92 for simple f^y) in 
the mixed boundary conditions 3.84,86. 


3.2.1 Tension. 


The singular integral equation for tension will be derived first. 
Consider Eqn. 3.90. 
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From Eqns. 3.44,45 we invert 3.93, 
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and then integrate by parts twice noting that u(t) is zero at 
infinity . 
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o r +0 ° 

= -a I u(t)e iat dt , 

J -00 

or 

A 2 (a) = 2 1 » 

where use has been made of Eqn. 3.85* Now Agfa) 
Eqn. 3.89 and the displacement u(t) becomes the 
problem. After defining 
u x (t) = u(t) , 
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is substituted into 
only unknown in the 


e" iay da , (3.98) 

da dt . (3.99) 

(3.100) 

(3.101) 

(3.102) 
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For a single crack in tension Eqn . 3.102 becomes, 

i r + a u.(t) R °i 

Y f ~r~T2 dt = f l (y) xx ~ hE = E ' 
-a (t-y) 

The solution is 


(3.103) 


, , n o , 2 2 . 1/2 

u l(y) = 2 | (a -y ) 


(3.104) 


If we substitute this back into Eqn. 3.101, the stress in front of the 


crack is, 

o, (y) 


r+a « , 2 2,1/2 


lYl _ 1 _ r 2 2 -y r 
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°° r 
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To determine the stress intensity factor, we use Eqn. G.10, 
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(3.106) 
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Therefore 


00 i * 
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No w determine the stress intensity factor using Eqn. G.ll. 
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where the following substitutions have been made, 


(3.108) 


= “ fT , (3.109) 


v-lzH u 

K “ 1+1/ ’ ^ ~ 2(1+1/) 


(3.110) 


Therefore using either stress or displacement the result is the same. 
This should not be taken for granted because the equations predicting 
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stress and displacement are from plate theory, while the stress 
intensity factor is defined in terms of elasticity theory. It is 
important to note that the classical plate theory is identical to 
Reissner’s theory for tension, Eqn. 3.101. 

In Fig. 3.1a at the end of the chapter the stress intensity 
factors for two identical cracks with a/h=l are plotted for varying 
separation distance. 


3.2.2 Bending . 

For the bending problem from Eqn. 3.91 

+00 

£ x (0>y) = u 2 (y) = tp f A 4 (a)K(a 2 -R 2 )e~ iay da . (3.111) 

—00 

After inversion, making use of Eqn. 3.55, A 4 (a) in terms of the new 
unknown, u 2 (t) is, 

A 4 (a) = ~2" I u 2 (t)e iat dt . (3.112) 


This is substituted into Eqn. 3.91, 
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After using Eqn. 3.100 and the following integrals, 
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K Q (/ilt-yl)] ♦ ^^K^lt-yl)} , 


(3.115) 


1/2 


where 

>- b?*r = <>»> 

we obtain 


1/2 


(3.116) 




42 

a; 


K 2 (/? I t-y I ) -K q (^ I t-y I ) ] + 1 ^ ' 1 "^ K 2 (/? 1 t-yl)}dt 


(3.117) 


which is valid for all y. Kg and Kq are modified Bessel functions of 
the second kind. If y is in L^, we use Eqn. 3.87 to write, 

2 N 

■ + at ♦ , 

L 


*2<x> - ia w 1 f, 7^ dt * h 1. »aW*2a0r.t) dt , (3.118) 


■L n (t-y)- 


where 


K 22 (y,t) - J1.0.IW,) * * ^K^t-yl)- 

K 0 (/Jlt-yl)] + 127(1 ~^ K 2 (/?lt-yl) - 7 ln(^lt-yl)} . (3.119) 

(t-y) 

It is convenient to write this Fredholm kernel in terms of a single 
variable, 

- ilfSo ■ z ^ lt " yl • (3120> 

where 

K(») = * S. - «o« * 4K 2 (z) * ^2 K 2 (z) } ' (3121) 
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To show that K(z) is a Fredholm kernel, the small z expansions for the 
Bessel functions are, 

K 0 (z) ~ -ln(z/2) - 7 e - (z/2) 2 ln(z/2) + 0(z 2 ) . (3.122) 

K 2 (z) ~ 2/z 2 -1/2 -l/2(z/2) 2 ln(z/2) - l/2(z/2) 2 ( 7 e+ 5/4) 

- l/6(z/2) 4 ln(z/2) + 0(z 4 ) , (3.123) 

where Euler’s constant, 7 = .5772157.... Substitution of these 

’ 'e 

expansions into Eqn. 3.121 leads to the following behavior for K(z), 
^0 K ( z > ~ {ln( Z /2) + ( 7e -23/4) + (z/2) 2 ln(z/2) + ...} . (3.124) 

For simple plate bending, 


f 2 (y) 



(3.125) 


The log singularity has been separated from the Fredholm kernel, 
see Eqn. 3.119. In such a case it was found helpful to handle this 
part in closed form. However it is possible that the contribution of 
the log term is nearly equal to, but of opposite sign as the rest of 
the kernel. Separate treatment here could lead to convergence 
problems especially for geometries (a/h approaching 00 for Eqn. 3.118) 
where the coefficient of the log term gets large. In many problems 
this coefficient is small and a closed form analysis of the log is not 
necessary. See Appendix I for the effect of this log behavior on the 
numerical convergence. It should be noted that if the unknown were 
the derivative of the rotation, this log term would be replaced by, 

(t-y) In (/Jl t-y I ) , (3.126) 
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which is non-singular and easier to integrate (see. Appendix I). This 
is the least desirable feature of the strongly singular formulation. 
The Fredholm kernel is essentially divided by (t-y) , or alternatively, 
the infinite integrals which determine the Fredholm kernel decay more 
slowly by a factor of a, see Appendix J, section 4. This means more 
asymptotic analysis for equal decay between the two methods. For 
example the infinite integral for the tension problem, Eqn. 3.100 
would be replaced by, 

i • (' +0 ° i 

x^O I sina(t-y)e “ X da = — . (3.127) 

In most problems the infinite integrals must be evaluated numerically 
so this factor of a becomes important, see Chapter 5. 

For a single crack of half length a, Eqn. 3.118 may be written as 
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Tv) 2? J 1 u 2<t r > K( ?^ lr - sl) dr 

-1<s<1 


XX 


(3.128) 


If we define 


u 2 (t) = 8 XX g(r) , ? = ^ lr -sl = z = /flt-yl , (3.129) 

the equation becomes, 

i f 1 dr * (a/h) 2 f + L g (r) R ( ff) dt = -1 , (3.130) 

* -1 (r-s) Z ni V) -1 

This equation must be solved numerically, see Appendix E for an 
explanation of the collocation method. From section 2 of Appendix G, 
and Eqn. 3.130 the stress intensity factor (actually the maximum value 
at the plate surface) will be given by, 
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(3.131) 


k 


1 



= f(l) 


f(-l) , 


where 


g(r) = f (r) (1-r 2 ) 1 / 2 , -l<r<l . (3.132) 
The stress intensity factor of Eqn. 3.131 is predicted by either 
stresses (Eqn. G.10) or displacements (Eqn. G.ll). 

The governing equations for classical plate bending are identical 
to 3.1-20 with the exception that the transverse shear deformation, 
0 £ in Eqns. 3.18,19 are zero, or B (Eqn. 3.20) is infinite. The 
symmetry conditions, Eqns. 3.78-80, cannot be separately satisfied. 
For classical plate bending, 

N xy (0,y) = 0 , (3.133) 

dM 

-fy*- + v x (°>y) = 0 . (3.134) 
The result of this formulation for the determination of the rotation 


is, 


3+1/ h 
1+v 24a 


■ r 1 

JT 7 , 


u 2 ( h r) 


dr = 


-1 (r-s) 
or in terras of g(r), 
r+1 


xx 


l<s<l 


3+t/ 1 r 

i+i/ * J 


g(r) 


dt = -1 


-1 (r-s) 

This equation can be solved in closed form. 


6E 


12 

6E 


{ 


M. 


[y 2 -(a/h) 2 ] 1/2 


1 


} . 


(3.135) 


(3.136) 


(3.137) 
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-a/h<y<a/h 


(3.138) 


, , 1 * 1 / 24a °2 

u 2 y s STi 



Eqn. 3.137 predicts 



1 


y 


while Eqn. 3.138 predicts 


k i i+j/ 


00 . 3 + 1/ 

°2 U 


(3.139) | 

I 

i 


(3.140) 


This inconsistency shows that the classical plate theory is inadequate 
to solve for crack tip SIFs for bending. It is also true for out-of- 
plane shear and for twisting. 

In Fig. 3.2 the normalized stress intensity factor as a function 
of crack length to plate thickness ratio is plotted for Reissner’s 
theory. Table 3.1 lists some values. Note that for large h/a the 
limit is one, the same as the classical prediction using the stress 
intensity factor defined in terms of stress, Eqn. 3.139. The other 
limit, the thin plate limit, is not so clear. It has been reported by 
[6] that in the limit as h/a goes to zero, the stress intensity factor 
for the Reissner plate, (Eqn. 3.131) approaches the value (l+i/) / (3+1/) 
as predicted by Eqn. 3.140 from the classical theory, (note that h— 0 
is not valid for Reissner’s theory) . Another way of putting this is 
that Eqn. 3.130 becomes 3.136. The evidence provided by table 3.1 for 
a/h = 1000 seems to indicate that this is not the case. Numerically 
it is very difficult to obtain convergent results in the long 
crack/thin plate domain using the methods of Appendix E, and for 
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further results some kind of asymptotic analysis with a specially 
suited numerical scheme seems appropriate. As an aside, for this 
geometry, a power series (Eqn. E.29) was not adequate using single 
precision (14 digits). The coefficients were as high as 1.X10 , for 
example see table E.l. The problem was solved using Chebychev 
polynomials. The following analysis is provided to support the claim 
that the curve in Fig. 3.2 does not "reach" the value (l+J') / (3+y) . 


3.2.3 Thin Plate Bending . 

We consider the large a/h limit of Eqn. 3.130. Only the Fredholm 
kernel need be analyzed. First define 

r+1 


I(s,a/h) = 5^)(a/h) 2 { g(r)K(j) dr 

f 'eMK(S) dr , 


£_ f *l 
2k(1+v) J j 

where p=P( a/h) is introduced for convenience. From Appendix H, 

lm Trs.a/M = ----- / 1 

P 


(3.141) 


ff (l+iv) 


f 


g(r) 


dr = 


1 (r-s)‘ 


?r(l+l/) 


f 1& ^- dr , IsKl, 
+1/) J 1 r-s ’ 

(3.142) 


i{l+v) 


J , 


-1 (r-s)‘ 


dr = 


*(l+v) 


+ V (r) 


-1 


r-s 


dr , I s I >1 , 


(3.143) 

= ? , y "near" 1, ie. p( 1-y) = 0(1) . (3.144) 

If Eqn. 3.142 were valid for lsl=h/alyl<l then in the limit as p 
approaches infinity, Eqn. 3.130 would be identical to Eqn. 136 and 
therefore the stress intensity factor would be (1+^) / (3+1/) . But this 
is not the case. Figs. 3.3a-c compare I(s,a/h) to the limiting 
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integrals above. The numerically determined function for g(r) was 
used to compute these integrals. See Figs. 3.4-5 for plots of 
g(r),f(r) as defined in Eqn. 3.132, and Fig. 3.6 for the ratio of g(0) 
from Reissner’s theory to g(0) from the classical theory. Also see 
table 3.2 for numerical values of this ratio. This table shows that 
in the limit as h+0, Reissner’s theory behaves like the classical 
theory away from the crack tip. With regard to Fig. 3.3, the distinct 
difference between I(s,a/h) and the limiting integrals is that 
I(s,a/h) is continuous at s=l . The "spike" created when I(s,a/h) goes 
from 1 to 1 + gives a contribution to the stress intensity factor that 
makes it different from (1+z/) / (3+1/) • This contribution is of 
significance because it is located at the crack tip. In order to 
proceed further in the analysis, the area of the spike, which would 
represent a normalized force (or couple), must be determined. 
Consider the following: 

« - £ * ii ) ds - <3145) 


lim 

p +» 2t(1+i/) J i 


ITS) 1 , g(r) 1 0 KWds dr * 3?P ' 


(3.146) 


2?(fc0 /_j« (r) { 


-16 


u + ! K 2 (u) ) dr + 3^ ’ U= ^ (1 " r) • 


(3.147) 


Again the behavior of this integral near r=l makes it difficult to 
analyze. Note that the order one contribution to M coming from the 
"outer solution" of g(r), Eqns. 3.129,138, drops out. 
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lim lim T , M \ 1 

s-1* I(s - a/h) JTT 


lim lim T/ mx i — 1 

p+* 0 s*l + I(s^/h) ~ \p . 


The limiting value of the stress intensity factor was not found 
but we can make the following conclusion. Since I(s,a/h) for I s I > 1 
has the behavior of Eqn. 3.143, 

, (3.148) 

where from Eqn. 3.143, it may be stated that 

(3.149) 

This order analysis is supported by Fig. 3.3. This tells us that the 

magnitude of the integrated Fredholm kernel, i.e. I(s,a/h), which 

represents a normalized stress resultant term, (actually a couple), 

becomes infinite according to Eqn. 3.149. Again since we are dealing 

with a region where />(l-s) is of order one, the "thickness" or support 

of the spike is of order (1-s) or p * . Therefore the area under the 

spike, given by eqn 3.147, which represents normalized force, should 

- 1/2 

go to zero as p 1 . In order to determine the stress intensity 

factor for h/a approaching zero the coefficient of this leading order 

term must be known. If the area were of order one, the contribution 

- 1/2 

to the stress intensity factor would be of order (1-s) ' , see Sih 

[72] . If the value of stress resultant were of order one, the area 
would be zero and there would be no contribution. But the limit is 
between these two cases and the contribution is finite, probably 
resulting in a stress intensity factor that can be drawn within the 
space provided by the lower plot of Fig. 3.2. 

Some other results for the bending problem are given at the end of 
the chapter. In Fig. 3.7 the normalized bending stresses ahead of the 
crack tip are plotted for a/h=l and 10 (Eqn. 3.117). In table 3.3 
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some results for crack interaction are listed for four different crack 


length ratios, (this table may also be found in [59]). Fig. 3.1 
provides a plot of the interaction of equal length cracks where a/h=l 
for tension, bending, out-of-plane shear and twisting to compare how 
strong the interaction is for the various loadings. In-plane-shear is 
identical to tension, (shown later in this chapter). 


3 . 3 Skew-Symmetric loading , Modes 2 fc 3 
The symmetry conditions are 

N xx ( °,y) = 0 , (3150) 

M xx (°,y) = 0 • ( 3151 ) 

After using this information in Eqns. 3.66,71 we obtain, 

A 1 (a) = 0 , (3.152) 

A 3 (a) = {2*I«I + (I^T5 t}a 4 («) + 2a(l _l/ ) RA 5 ( a ) * (3.153) 

This eliminates two of the five unknown constants leaving only 

A (a), A (a) and A _(a) . The following mixed boundary conditions will 

2 4 5 

determine them. 

V x (0 + ,y) = -f 3 (y) , y in L n * (3.154) 

w(0 + ,y) - 0 , y outside of , (3.155) 

N (0 + ,y) = -f 4 (y) , y in L , (3.156) 

v(0 + ,y) = 0 , y outside of L r , (3.157) 

M xy (0 + ,y) = -f 5 (y) , y in L n > (3.158) 
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/? y (0 + ,y) = 0 , y outside of . (3.159) 

If Eqns . 3.152,153 are substituted into Eqns . 3.52,68,70,73,74 and 77, 
the quantities appearing in 3.154-159 may be expressed in terms of the 
unknowns as follows: 

,+00 

V x ( x ,y) = j a 2 A 4 (a)e~ ,alx e~ iay da 
—00 

- f J aA 5 (a)e~ R V iay da , (3.160) 


+ 00 

»(*,y) = it I (l-y)| B | * * 



(3.161) 

* /' + 00 

N xy (x ’ y)= 2^J a(l-xlal)A 2 (a)e- |a!x e~ iay da , 
* —00 

(3.162) 

+00 

= 2 ~ J Agfa) a^x-2lal+i/xfl^je * a * x e ^ ay da , 

M x y ( X ’ y ) = “ 7 ( 1 ^)^ J { a 4 ( q ) [xalal-a+ f ^] 
w -00 

(3.163) 



+00 

■ I (“ 2 ** 2 )A 5 (a)e' Rx e‘ i0), da , 

(3.164) 


Py( K >y) = 2» JJ A 4 (“)[»* (ii)lj * 

- ^(l-i/)RA 5 (a) je lalx e lfly da + j RA s (a)e Rx e lQy da . 

(3.165) 
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Note that N is uncoupled from M and V . The 
xy xy x 

N can be seen to be the same as for tension, 
xy 

with 3.162,163. The result for 


integral equation for 
compare Eqns. 3.89,90 


u 4 (t) =- v (0 + , t) , 


(3.166) 


is 


N xy (0.y) = 


1 _ 

2k 


{ U 4 (t) 

J L n (t-y) 2 


dt 


for all y 


(3.167) 


or 


- f 4 (y) = h i 


^00 


L n (t-y) 


n dt , for y in L 
2 n 


(3.168) 


For in-plane-shear, 


<12 a 4 


(3.169) 


f 4( y ) xy hE E 
All through crack results for tension are also valid for in-plane- 


shear. To solve the coupled problem of M and V^, first define 


u„(t) = w(0 + ,t) , Ut .(t) = p( 0 + ,t) . 


(3.170) 


The unknowns A ^(a) and A & (a) can then be expressed as, 
. / . — i ( 1 —i/) I a I ( iat J<L 

V a) = ~2 a J T u 5 (t)e dt ’ 


(3.171) 


... -2ifl 
" /cR(l-i/) 


\ u 3 (t)e lflt 


dt 


2a 2 

+ 


R #tR(l-i/)J J L 


1, u 5 (t) 


e i0t dt . 


(3.172) 
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It remains only to substitute these expressions into Eqns . 3.160 and 
164 and to evaluate the infinite integrals in a way similar to the 
bending problem. The equations become, 



(3.173) 


M xy (0 ’ y) = h 1, { u 5 (t) [ 1 ir i 4 ' K S5 (z) ] * u 3 (t)K 53 (z) } dt ,i 


(t-y) 


(3.174) 


where 


K 33 (z) = p 2 {- ln(z) + [K 2 (z) - \ ] + [k q (z) + ln(z)]} , (3.175) 

z 

K 35 (z) = H - [ z * »] K 2 (z) * zK 0 (z) } - (3.176) 


“ - H ' 4K 0< Z > - 4K 2< Z > * ~2 K 2« 

z z z 


K 5 5 ( z > = 12(W lnU) 

+ In (z) - [2 K q (z) + 21n(z)] } , 

K 53 (z > - l2(ffj){ i * [ z * z] K 2 (z > - zK 0 (z) } ' 


(3.177) 

(3.178) 


If Eqns. 3.154,158 are applied to 3.173,174 the singular integral 
equations become, 

h i 7TT5 dt * k I, {"3 (t >*33( z) * “ 6 (t)K 35 (x)}dt = -f 3 (y) 

n (3.179) 


L (t-y)' 

n v j i 


Ur(t) 


i -~T2 dt + h L { u 5^ K 55 (z) + ^ 3 (t)K 53 (z)}dt 


L„(t-y) 


= -f 5 (y) . (3.180) 

The through crack loading for out-of-plane shear is, 
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and for twisting, 

. S 12 "s 

* H *y = f E - i 


( 3 . 181 ) 


(3.182) 


For small z, 

k 33 (z) ~ £ 2 {-ln(z/2)-(l/2 + 7 e ) _ 3/2(z/2) 2 ln(z/2) + . . .} , (3.183) 

k 35 (z) ~ /?{-z/21n(z/2) + (9/8-7 e /2)z-2/3(z/2) 3 ln(z/2)4...j ,(3.184) 

K 55 ( z) ~ j2Tl^{ ln(z/2) + ( V 2 ^ ’ (3 - 185) 

K 53 (z) ~ i2Tl^{ (z/2)ln( z /2) + ( 7 e / 2 ' 9/8 ) Z+2/3(z/2)3ln( z /2 ) + - -} • 

W (3.186) 

The effect of this behavior on convergence is shown in Appendix I. 

The collocation method was used to solve Eqns . 3.179,180 with 
f (y) given by 3.181,182 for a single crack, (tables 3.4-6, see also 
Ref. [15] ) , for two identical interacting cracks, (Figs. 3.1c,d), and 
for two interacting cracks of different size, (table 3.7a,b). The 
notation for the double crack is given in Fig. 3.8a,b. For a single 
crack, the stresses ahead of the crack tip are plotted in Figs. 
3.9a,b. 
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Table 3.1 The effect of Poisson’s ratio V and 
crack length to plate thickness ratio a/h on the 
normalized bending stress intensity factor. 

See also Figure 3.2. ff=6M/h^. 

\ (h/2) 
a fiT 


a/h 

.05 

.1 

.25 

.5 

1 . 

2 . 

4. 

6 . 

10 . 

100 . 

200 . 

1000 . 


i /=0 

.9851 

.9583 

.8735 

.7804 

.7020 

.6518 

.6211 

.6091 

.5984 

.5803 


i/=.3 

.9885 

.9676 

.8992 

.8193 

.7475 

.6997 

.6701 

.6446 

.6481 

.6306 

.6292 

.6276 


l/=.5 

.9900 

.9717 

.9111 

.8383 

.7707 

.7247 

.6960 

.6847 

.6746 

.6575 
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Table 3.2 The ratio of crack surface rotation for 
Reissner’s theory to that of the classical theory 
at the center of a cracked plate subjected to 
bending, i/-.3. See also Figure 3.6. 


a/h 

/> R (0)//J c (0) 

+0 

2.538+(3+i/)/(l+l/) 

.5 

1.892 

1.0 

1.551 

1.5 

1.394 

2.0 

1.309 

2.5 

1.255 

3.0 

1.219 

4.0 

1.172 

5.0 

1.142 

6.0 

1.122 

7.0 

1.107 

8.0 

1.095 

10.0 

1.079 

100.0 

1.011 

200.0 

1.006 

1000.0 

1.000 

400 

1. 
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Table 3.3 Bending stress intensity factors for a 

2 

plate with two collinear cracks. a=6M/h , V- , 3 

r _ b r a i _ •, _ b 2 a 2 . , \ 

[a- 2 -l,c- 2 ,d-a 2 b 1 J 

PLATE BENDING 



d/a 

c/a 

0.1 

0.25 

0.5 

1 

2 

00 


i 

.8799 

.8551 

.8313 

.8045 

.7798 

.7475 

k, (a,) 

0.5 

.8071 

.7938 

.7821 

.7698 

.7593 

.7475 

i 1 

0.25 

.7711 

.7647 

.7598 

.7551 

.7513 

.7475 

o\ a 

0.1 

.7532 

.7512 

.7500 

.7490 

.7482 

.7475 


1 

1.294 

1.076 

.9599 

.8697 

.8049 

.7475 

Mb.) 

0.5 

1.063 

.9143 

.8458 

.7995 

.7698 

.7475 

1 1 

0.25 

.9161 

.8220 

.7863 

.7663 

.7550 

.7475 

aJ a 

0.1 

.8088 

.7678 

.7563 

.7514 

.7498 

.7475 


1 

1.294 

1.076 

.9599 

.8697 

.8049 

.7475 

k i ( a o ) 

0.5 

1.012 

.8405 

.7498 

.6786 

.6261 

.5794 

J . Z 

0.25 

.7990 

.6595 

.5867 

.5297 

.4872 

.4496 

afaT 

0.1 

.5647 

.4577 

.4037 

.3627 

.3325 

.3060 


1 

.8799 

.8551 

.8313 

.8045 

.7798 

.7475 

k 1 ( b 2 ) 

0.5 

.7395 

.7071 

.6771 

.6434 

.6132 

.5794 


0.25 

.6275 

.5867 

.5507 

.5135 

.4816 

.4496 

afa' 

0.1 

.4817 

.4293 

.3917 

.3577 

.3308 

.3060 
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Table 3.4 The effect of crack length to plate 
thickness ratio a/h on the normalized stress 
intensity factors for out-of-plane shear and for 

twisting. o^3\/ (2h) , a^=6M/h^, v= . 3. 


OUT- OF -PLANE SHEAR TWISTING 



k 2 (h/2) 

k 3 (o) 

k 2 (h/2) 

k 3 (°) 


a 3 ^r 



o c JIT 

o 

a/h 

.01 

.0000 

1.0009 

.9991 

-.0000 

.05 

.0007 

1.0138 

.9862 

-.0003 

.1 

.0039 

1.0398 

.9587 

-.0018 

.25 

.0336 

1 . 1402 

.8557 

-.0121 

.5 

.1400 

1.3223 

.7056 

-.0359 

1 .0 

.4656 

1 . 6760 

.5218 

-.0697 

1.5 

.8510 

2.0142 

.4186 

-.0850 

2.0 

1.2615 

2.3425 

.3527 

-.0913 

3.0 

2.1201 

2.9800 

.2732 

-.0934 

4.0 

3.0067 

3 . 6007 

.2268 

-.0910 

5.0 

3.9100 

4.2099 

.1961 

-.0876 

6.0 

4 . 8249 

4.8107 

.1742 

-.0840 

8.0 

6.6784 

5.9938 

.1448 

-.0776 

10.0 

8.5539 

7.1592 

.1257 

-.0722 
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Table 3.5 The effect of crack length to plate 
thickness ratio a/h on the normalized stress 
intensity factors for out-of-plane shear and for 

twisting. a 3 =3V/(2h), a 5 =6M/h^, i/=0. 


OUT-OF-PLANE SHEAR TWISTING 



k 2 (h/2) 

k 3 (0) 

k 2 (h/2) 

k 3 (°) 


a 3 ir 




a/h 

.01 

.0000 

1.0009 

.9989 

-.0000 

.1 

.0039 

1.0397 

.9471 

-.0022 

.5 

.1368 

1 . 3232 

.6530 

-.0422 

1.0 

.4442 

1 . 6831 

.4669 

-.0770 

1.5 

.8005 

2 . 0321 

.3696 

-.0910 

2.0 

1.1765 

2.3739 

.3095 

-.0959 

3.0 

1.9578 

3.0431 

.2388 

-.0960 

4.0 

2.7609 

3.6992 

.1982 

-.0925 

5.0 

3.5770 

4.3463 

.1716 

-.0883 

6.0 

4.4022 

4.9867 

.1527 

-.0843 

8.0 

6.0709 

6.2529 

.1274 

-.0773 

10.0 

7.7568 

7 . 5048 

.1109 

-.0716 
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Table 3.6 The effect of crack length to plate 
thickness ratio a/h on the normalized stress 
intensity factors for out-of-plane shear and for 

twisting. <7 2 = 3V/(2h), ag=6M/h^, i/=.5 


OUT-OF-PLANE SHEAR TWISTING 



k 2 (h/2) 

k 3 (°) 

k 2 (h/2) 

k 3 (°) 


o 3 nr 




a/h 

.01 

.0000 

1 . 0009 

.9992 

-.0000 

.1 

.0039 

1.0397 

.9640 

-.0015 

.5 

.1414 

1.3219 

.7326 

-.0327 

1.0 

.4761 

1.6725 

.5523 

-.0655 

1.5 

.8765 

2.0051 

.4469 

-.0814 

2.0 

1.3051 

2.3263 

.3782 

-.0884 

3.0 

2.2049 

2.9470 

.2939 

-.0916 

4.0 

3.1364 

3 . 5486 

.2441 

-.0899 

5.0 

4.0870 

4.1372 

.2111 

-.0869 

6.0 

5.0506 

4.7164 

.1874 

-.0836 

8.0 

7.0049 

5 . 8542 

.1555 

-.0775 

10.0 

8.9840 

6.9720 

.1348 

-.0724 
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Table 3.7a Stress intensity factors for a plate 
with two collinear cracks subjected to out-of- 
plane shear loading, o = 3V/(2h), u~. 3. 

f ^1 a l k 9 _a 2 1 

I a = = 1 , c = d = a 2 -b x J 

PLATE, OUT-OF-PLANE SHEAR 



d/a 

c/ a 

0.1 

0.25 

0.5 

1 

2 

00 


1 


1.702 

1.675 

1.669 

1.673 

1.676 

k„(a ) 

0.5 

1.736 

1.699 

1.682 

1.675 

1.675 

1.676 

O J. 

0.25 

1.708 

1.688 

1.679 

1.676 

1.676 

1.676 

o\ a 

0.1 

1.687 

1.680 

1.677 

1.676 

1.676 

1.676 


1 

2.909 

2.124 

1.812 

1.694 

1.677 

1.676 

k (b ) 

0.5 

2.349 

1.906 

1.745 

1.687 

1.677 

1.676 

O J. 

0.25 

2.028 

1.783 

1.706 

1.680 

1.676 

1.676 

aJ a 

0.1 

1.804 

1.707 

1.684 

1.677 

1.676 

1.676 


1 

2.909 

2.124 

1.812 

1.694 

1.677 

1.676 

ko(a 9 ) 

0.5 

1.348 

.9231 

.7425 

.6719 

.6613 

.6611 

O Z. 

0.25 

.6723 

.4362 

.3319 

.2908 

.2849 

.2850 

o \ a 

0.1 

.2835 
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Figure 3.1a-d Normalized stress intensity factors 
in a plate with two identical collinear cracks of 
half length a/h=l loaded in tension (a) , bending 
(b) , out-of-plane shear (c) , and twisting (d) . 
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Figure 3.3a-c Plots of the Fredholm integral term 
from Reissner’s theory of plate bending (Eqns. 
3.129, 140) for a/h=10 (a), a/h=100 (b) , a/h-1000 

(c) , (solid lines), compared to the limit from 
Appendix E, (dashed lines). 
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Figure 3.3 continued. 
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Figure 3.3 continued. 
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Figure 3.4 plots of the normalized rotation for 
plate bending for a/h-10, 100, 1000 from Reissner’s 
theory compared to classical theory, Z/-.3, 

P( y/a) = (a/h) (a/E) g(y/a). 
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Figure 3.5 plots of the normalized rotation 
divided by the weight function, [1- (y/a) 2 ] ^ 2 for 
plate bending for a/h=10, 100, 1000 from Reissner’s 
theory compared to classical theory, i/=. 3 
^(y/a) = (a/h)(a/E)f(y/a)[l-(y/a) 2 ] 1/2 . 
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Figure 3.6 The ratio of crack surface rotation for 
Reissner’s theory to that of the classical theory 
at the center of a cracked plate subjected to 
bending, See also Table 3.2. 
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Figure 3.7 Bending stresses in front of the crack 
tip for a/h=.5,10. v=.3 
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(b) 


Figure 3.8a,b Geometry of the double crack for (a) 
unequal length and (b) equal length cracks. 
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Figure 3.9a,b Stresses in front of the crack tip 
resulting from out-of-plane shear loading (a) , and 
from twisting (b) . u =. 3 
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Figure 3.9a,b continued. 
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CHAPTER 4 


Part-Through Cracks in Plates 


The singular integral equations for part-through crack problems 
are obtained directly from the corresponding through crack equations 
combined with the compliance relations of Chapter 2. The edge crack 
SIFs needed for these relations are derived and presented in Appendix 
C. All line-spring model (LSM) solutions presented in this section 

are normalized with respect to the edge crack solution for the 
corresponding loading and crack depth at the center of the given part- 
through crack, see section C.4 of Appendix C. 

4. 1 Mode 1. 

From Eqns. 3.102,118, 2.31, and from the superposition of Fig. 

2.4, the integral equations for the symmetrically loaded part-through 


crack 


are , 


i r u i (fc) 

2i J, 7~2 dt - TllM*) - 'Jl2 ,, 2 (y) 

l (t-y) 


o oo 

5 = -a. 

x 1 


(4.1) 


7(1 -u 2 ) f U 2 (t) 
2 * \(t-y) 2 


dt + 12jf+u) k 1 T U 2^ K(z) dt 


-7i2 u i(y) - 7 22 u 2 (y ) 


K = -V 6 ’ 


where 


z = /?lt-yl , 

K(z) = {~^f + ^ - 4 K q (z) + 4K 2 (z) + K 2 (z)} . 


(4.2) 

(4.3) 

(4.4) 


z z 
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This problem has already been solved for a Reissner plate [48] . 
The early line-spring model stress intensity factor solutions utilized 
the classical plate bending theory which in Chapter 3 was shown to be 
inadequate for through crack stress intensity factor determination. 
Recall that the LSM provides stress intensity factors along the crack 
front of a surface crack such that -a<y<a, while the solution to a 
through crack gives the SIF at y=±a. For the classical formulation, 



while Eqn. 4.1 stays the same. It was also shown in Chapter 3 that 
for large a/h the Reissner plate bending rotation approaches that of 
the classical solution except at the endpoints, see Figs. 3.4-6 and 
table 3.2. Since the LSM does not use the solution at the endpoints, 


it is expected that for long cracks, the classical and Reissner 
theories become identical. This is shown in Figs. 4.1-4 where the LSM 
for both theories is compared to the 3-D Finite element solution of 
Newman and Raju, [33], see also [43]. In these figures Kit and Klb 
correspond to the edge-cracked strip SIF solution for tension and 
bending respectfully. For a/h smaller than about 2, which is the 
realistic geometry range for part-through cracks, the transverse shear 
theory shows significant improvement over the classical theory. For 
larger a/h it seems that the extra expense of integrating the Fredholm 
kernel, Eqn. 4.4, is unnecessary. Also as a/h gets larger, the 
numerical solution of 4.1,2 gets more difficult. With regard to table 
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3.2, it is rather surprising that the classical theory gives such good 
results for a/h as small as 2. Probably the reason is that tension, 
which is the same for both theories, dominates the behavior of the 
solution. Otherwise the difference would be of the order of 1056 for 
a/h as high as 7. 

In tables 4.1-10a,b the normalized SIFs along the crack front for 
both rectangular (a) and semi-elliptical (b) cracks are listed for 
tension and bending. The value of the normalized SIF at the center of 
a semi-elliptical crack for various crack lengths and depths is given 
in table 4.11 and the effect of Poisson’s ratio on this quantity is 
shown in table 4.12. The only difference between this solution and 
the previous solutions which use Reissner plate theory [48] is the 


compliance functions, i.e. 


7^ of Eqns . 4.1,2. 


For f<.8 the curves 


used here, Eqns. C.102 with coefficients listed in table C.2, are 


slightly more accurate, see Eqns. C. 108, 109. This improved accuracy 


is minimized after going through the solution process because of 


normalization such that the results of tables 4.1-10 differ from those 


using Eqns. C.102 by at most .002, an insignificant amount considering 
the approximate nature of the model. The contribution given here is 
for deep cracks, i.e. .8<f<.95. As noted in Appendix C, the 
compliance curves can actually be extrapolated to £-1 because they 
match the asymptotic behavior given by Benthem and Koiter [65] . 
Although the values in these tables for crack depths of .9 and .95 are 
small, the normalization factor, which is the corresponding stress 
intensity factor for the edge-cracked strip, is very large. Tables 
4.13,14 list the stress intensity factors at the maximum penetration 
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point of a semi-elliptical crack normalized with respect to the 
solution of the edge-cracked strip for both the corresponding depth 
(4. 13a, 14a) and for comparative purposes, with respect to a depth of 
.2 (4. 13b, 14b). The results for tension, table 4.13, show that the 
driving force, (dimensional SIF) , does not simply increase with crack 
depth like the solution for the edge crack. For bending, table 4.14, 
the driving force is maximum for shallow cracks because of the 
constraining effect of the ends which actually causes interference and 
negative SIFs for deep cracks as discussed in the next section. 


4.1.1 Contact Bending 

The boundary conditions of the bending through crack problem 

oo 

specify the crack surface loading, o This can only be satisfied if 
tension is applied (superimposed) to open the crack to prevent 
interference due to bending rotation. The crack opening displacements 
due to tension and bending loads are such that contact will first 
occur at the ends of the crack, therefore the condition for no contact 
is satisfied if the combined stress intensity factor (tension plus 
bending component) at the corner on the compressive side of the plate 
is zero. The necessary ratio of tension to bending is 

"l s k 1 ( h / 2 ) 

°2 a 2D Ja 

where the subscript D refers to dimensional. 

There is a similar problem with bending of a part-through crack. 
As can be seen from tables 4.1-10a,b, the stress intensity factors due 


(4.6) 
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to bending change sign as the crack gets deeper. Since a negative SIF 
has no meaning, these solutions require a superposition of a tensile 
solution to make K/K^>0. The contact curve for the through crack 

oo 

case where O ^ is zero in Eqn. 4.6, can be obtained from the line- 
spring model by finding the K/Kq^= 0 curve. Along this curve, imagined 
to be a crack front, the crack opening displacement is cusp shaped. 
This solution is obtained by an iterative process where the "crack 
depth" L(y)/h, is the unknown and the condition 


K = IF 




+ a 2 g 2 


(y)] = o 


(4.7) 


is used to determine it. These curves for various a/h values are 
given in table 4.15. A more useful problem is to determine the 
reduction in the stress intensity factor at the corner for bending 
with interference, see Fig. 4.5. The line-spring model can be used to 
approximate this quantity as shown in the next section. 


4.1.2 Using the LSM to Calcu la te S I Fs at the Cor ners 

In the development of the line-spring model, the net ligament of 
the part-through crack is replaced with "net ligament" stresses. In 
solving the problem these stresses are determined. There is no 
diff erence between this problem and a through crack problem with these 
net ligament stresses applied as additional crack surface loads. 
Therefore in the same way that SIFs are calculated for a through 
crack, SIFs at the corners of a surface crack, i.e. y-±a, z~h/2 can be 
calculated and with no extra work. The problem with this idea is that 
close to the endpoints the net ligament stresses as provided by the 


C -SL 
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model are not accurate and this has a significant effect on the crack 
tip stress intensity factors. 

As discussed in Chapter 2, section 2.3 and in Appendix C, the 
crack shape controls the endpoint behavior. For example the net 
ligament stresses are forced to zero at the ends of a rectangular 
crack yet have a square root singularity in the case of a semi- 
ellipse. In Appendix F it is shown that for the ellipse the stress 
intensity factor at the corner as predicted by the LSM is zero. 
Numerically this could not be shown but the results indicate a 
diminishing value as more terms are taken in solving the integral 
equation. The only crack profile that will make the net ligament 
stresses finite is the 1/4 power curve, i.e. 

My) A = f = « 0 (l-sV /4 • < 4 - 8 > 

The technique of section 2.3, presented again in Eqns. 4.9,10, where 
this behavior is imposed at the ends of the crack profile in order to 
get well behaved net ligament stresses, did not work. The corner 
stress intensity factor was too sensitive to M, the number of terms in 
the series giving the crack profile: 

( = £ 0 (l-s 2 ) n - C 0 ^ 1_s2 ) 1/4h ^ S ^ ’ (4-9) 

where 

h (s) = (l-s 2 ) n1 / 4 = ]Ta.s 21 . (4.10) 

i-0 1 

Probably the best geometry for approximating the corner stress 
intensity factor is one for which crack depth at the end is non zero. 
In this case as noted previously the net ligament stresses as 
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predicted by the line-spring model go to zero at the endpoints. Since 
the net ligament stresses restrict the crack from opening, the error 
of the method should overestimate the correct value of the SIF. Note 
that the "actual" net ligament stresses (normalized with respect to 
the stress at "infinity") are probably between zero (for deep cracks) 
and one (for shallow cracks), while the normalized applied 
perturbation load is negative one. 

The simplest problem that satisfies this geometry condition is 
the rectangular crack. The tension and bending cases are given in 
Fig. 4.6 as a function of the crack depth for a/h=l . Note that as the 
crack depth goes to one, the through crack value is approached in a 
manner similar to the case when two collinear cracks approach each 
other where behavior at the outer crack tip resembles that of one long 
crack instead of two, see Figs. 3.1a-d. In Fig. 4.7 plots similar 
to those of Fig. 4.6 are presented for the crack shape given in Eqn. 
4.8. This figure is included only for purposes of comparison. 

The contact problem of the last section also satisfies the 
condition of non-zero crack depths at the ends. Results for the 
"corrected" bending stress intensity factor are presented in Fig. 4.8. 
This plot shows how the interference of bending reduces the stress 
intensity factor from the value calculated when Eqn. 4.6 is assumed to 
be satisfied. 

This method is of course very approximate. From the results of 
Fig. 4.6 it seems as though the tension case is wrong because the 
stress intensity factor exceeds the through crack value of one. This 
is due to the contribution from induced bending. It is conceivable 
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that at the corner opposite the constraint, crack growth is more 
likely than without the constraint although total failure of the plate 
is less likely. In Newman’s finite element results, [33], there are 
some geometries where this occurs but only by about 2 % ( k(h/2)/ala 
=1.023 for a/h=.4, IiQ/h=.8), not the 20% that is calculated here, 
although it should be noted that the semi-ellipse has a constraining 
effect on the corner that the rectangle does not. I believe that the 
trend is correct, however the result should be considered only 
approximate . 

Perhaps a method for approximating the value of the SIF at the 
corner of a semi-ellipse, or for any other profile, is to use the 
rectangular crack that has an equal amount of net ligament as the 
shape being considered. This simply results in a shift along the L^/h 
axis of Fig. 4.6. For the semi-ellipse this shift factor which 
results from equating the area of an ellipse to that of a rectangle 
is : 

<V h > rectangle = <V h > seal-ellipse ' < 411 > 
In Fig. 4.9 this shifted curve is presented along with some 
corresponding values from Ref. [33]. These results are quite close 
but for some other geometries the method does not predict such good 
agreement. One would think that the model would predict an upper 
bound because the material is redistributed away from the ends and 
placed in the central portion. This should allow the crack to open 
more therefore increasing the SIF. This is observed in most, but not 
all cases. Especially for shorter crack lengths, say a/h<l, does this 
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reasoning fail. For large a/h the approximation in some cases 
overestimates the finite element value by as much as 50%. 

Part of the problem with this method is in the interpretation of 
the SIF obtained. In a plate theory the stress distribution, and 
therefore, the stress intensity factor distribution, through the 
thickness is assumed, see Appendix G. The value of the SIF that is 
being attributed to the corner is actually the sum of the tension 
component (constant through the thickness) and the bending component 
(linear) . To expect good results for a semi-ellipse is wishful 
thinking. In fact, the elasticity solution of Benthem [1] indicates 
that at a free surface, the SIF is zero for mode 1. It is interesting 
to note that the values obtained from this method compare rather well 
to the results by Mattheck et. al. [41] where the "corner" SIF is 
averaged in order to get a general idea of the surface crack to grow 
outwards. Comparison is good for all geometries given in this 
reference. Perhaps the interpretation of the LSM approximation should 
also be regarded as an average, especially taking into account the 
results from Benthem. More work needs to be done to use the model to 
investigate this problem. 

Theocaris and Wu [53,54] have devised a technique which uses the 
LSM and classical plate theory to obtain the SIF distribution over the 
entire range, including the corner. To obtain the value at the 
corner, they equate the SIF from the LSM (which is in a plane 
perpendicular to the plate surface) to the SIF from the plate with a 
through crack (which is in a plane parallel to the plate surface) . 
They assume the semi-elliptical crack profile has some small, non-zero 
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depth at the endpoint which is measured experimentally. The 
shortcoming of this method, besides assuming that there is a 
displacement at the endpoint, is that the classical plate theory is 
used which is inadequate to solve for through crack SIFs that involve 
bending as the part-through crack problem always does. This same 
technique cannot be applied to the Reissner plate because of 
convergence problems. Theocaris and Wu have solved the integral 
equations in closed form so this difficulty is overcome [53], 

4.1.3 Doubl e Cracks 

Crack interaction introduces more of a three-dimensional nature 
to the problem. For through cracks the plate theory should be 
accurate for crack tip separations of the order of the plate 
thickness. The justification for letting the cracks get closer 
together comes from asymptotic properties of the theory that for 
example are correct in terms of elasticity theory for small cracks, 
i.e. a/h approaching zero. The part-through crack problem is 
different. The model is inaccurate near the end, both along the crack 
front, and in terras of its influence on the solid at lyl>a as shown in 
the last section. Note that essentially the singular stress field 
causes the interaction. The contribution from the Fredholm kernel is 
secondary, especially at small separations where the problem is most 
interesting. 

For the semi ellipse, the most studied geometry in the 
literature, it was shown in Appendix F that a singular stress field 
does not exist, although numerically this is nearly impossible to show 
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because of convergence difficulties. This means that numerically 
there will be a singular stress field. Therefore the crack 

interaction problem for this crack shape cannot be properly solved. 
In table 4.16 the tension solution to two symmetrically positioned 
surface cracks is presented. The geometry of the problem is shown in 
Fig. 3.8b. Results for both the semi-ellipse and the 1/4 power curve 
of Eqn. 4.8 are included in this table. The difference in the 

behavior of the solution for two nearly similar crack shapes, for -.98 
<s<0, shows that the line-spring model does not predict the correct 
trends. The semi-ellipse has a SIF that is nearly constant, whereas 
the other curve varies considerably. For a larger separation it 
should not be expected to be nearly as accurate as for a single crack. 

Perhaps the SIF in the center of the crack will be reasonably 

accurate. Results for a semi-elliptical crack under both tension and 
bending are given in table 4.17. These results can also be found in 
Ref. [59]. 

4 . 2 Modes 2 and 3 

From Eqns. 3.168,179,180, 2.31, and from the superposition of 

Fig. C.l, the integral equations for the skew symmetrically loaded 
part-through crack are: 

i r b 2 u„(t) i r b r 'i 

J 77 72 dt + 2t J { u 3( t ) K 33(“) + u 5^^ K 35^ z d dt " 

a (t-y) a 

- 7 33 u 3 (y) = -V x = - 8 ( 1 + 1 /) /5 " 3 , (4.12) 
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} 


(4.13) 


l r b u 4 ( b ) 


2* I , A 

a (t-y) 

7<- 2 4 f 


2 dt - 7 44 u 4 (y) - 7 45 u 5 (y) = - 


5 = -o A 

xy 4 


f b u,.(t) , 

> r "i 


{u 5 (t)K 5 5 ( z ) + u 3 (t)K 53 (z)j dt 


a (t-y) 


7 5 4 U 4 (y) " 7 5 5 U 5 (y) = xy = ~V 6 


where 


z=/Jlt-yl, a<y<b , 

K 33 (z) = ^ 2 {-ln(z) + [K 2 (z) - ^ ] + [k q (z) + ln(z)]} 


(4.14) 

(4.15) 

(4.16) 


12 ( 1 + 1 /) 


*W Z ) 12(1+i/) { 


= 3 . 

3 

z 


k 2 ( z ) + zK 0 ( z )} > 

(4.17) 

+ [*§ - *2 + 4K 0 (z) ' 4K 2 (z) 

- ~ 2 

z z 

z 

+ 2ln(z)] ] , 

(4.18) 

z + |]K 2 (z) - zK q (z) } . 

(4.19) 


Again it is noted that in crack propagation studies this solution may 
be used only if the crack grows in its own plane. Results for crack 
lengths of a/h = .5, 1., 2., 4., and crack depths of L^/h = .2, .4, 
.6, .8, .9, .95 are given in tables 4.19-21a,b for rectangular (a) and 
semi- elliptical (b) cracks for out-of-plane shear, in-plane-shear and 
for twisting. Because there are two stress intensity factors (modes 
2,3), normalization will be with respect to the primary value obtained 
from the edge-cracked strip at the maximum depth, see section C.4 of 
Appendix C. In the tables and figures this normalization factor will 
be denoted by K20, K3I0, and K3T0 for out-of plane shear, in-plane 
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shear, and twisting, respectively. Profiles of the SIFs for a/h=l, 
V -. 3 are given in Figs. 4. 10-15. Note that because of the symmetry of 
the problem the secondary stress intensity factor at the center of the 
crack is zero. When the primary loading is mode 3, (twisting or in- 
plane shear), out-of-plane crack growth which results from mode 2 
contributions is minimized in the central portion of the crack front. 
The model also shows that the secondary value is insignificant 
throughout the range. For the rectangular crack this is expected, but 
for the semi-ellipse this should not be the case. As in the mode 1 
problem for which the model works well, it can only be hoped that the 
inaccuracies towards the ends do not significantly affect the solution 
in the center. The value of the SIF at the center of a semi- 
elliptical crack is listed in table 4.22 for various crack lengths and 
depths for all loading cases. The closer the value in these tables is 
to one, the closer the conditions are to plane strain. For the 
loading case of out-of-plane shear, plane strain conditions are more 
easily met than in the mode 1 cases of tension and bending, which are 
shown in Table 4.11. The opposite is true for in plane shear and 
twisting. The effect of Poisson’s ratio on the solution is shown in 
table 4.23. 

The method of approximating the value of the "corner" SIF of a 
semi elliptical crack used in Sec. 4.1.2 for the mode 1 case is 
applied here. The results are given in table 4.24. As discussed in 
Appendix G, the work of Benthem [1] shows that at a free surface the 
stress singularity for shear (modes 2 and 3) is greater than .5. The 
plate theory used predicts a zero value for the mode 3 SIF at the 
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surface because of the assumed parabolic shear distribution, when in 
fact it should be infinite. Therefore as with the mode 1 prediction 
the numbers obtained from this method should be regarded as an average 
value that gives some idea of outward crack growth. 
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Table 4.1a,b Normalized stress intensity factors 
for a rectangular (a), or semi-elliptical (b) , 
surface crack in a plate under tension or bending 
loads, a/h=.5, i/=.3 


Rectangular crack, Tension. 


! 

L 0 /h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

i o. 


.784 

.428 

.193 

.0595 

.0206 

.00767 

' .1 


.783 

.427 

.192 

.0594 

.0205 

.00765 

.2 


.779 

.423 

.190 

.0588 

.0203 

.00756 

; .3 


.773 

.417 

.187 

.0579 

.0199 

.00741 

.4 


.762 

.407 

.183 

.0565 

.0194 

.00719 

1 .5 


.747 

.393 

.177 

.0545 

.0186 

.00689 

.6 


.724 

.374 

.169 

.0519 

.0176 

.00648 

.7 


.688 

.348 

.158 

.0484 

.0162 

.00593 

.8 


.631 

.311 

.142 

.0432 

.0143 

.00515 

.9 


.523 

.253 

.118 

.0345 

.0111 

.00392 

.95 


.417 

.205 

.096 

.0267 

.0083 

.00290 

.98 


.301 

.157 

.071 

.0182 

.0055 

.00190 

1 

i 

i 

V h 

Rectangular 
.2 .4 

crack , 
.6 

Bending. 

.8 

.9 

.95 

; y/a 

1 0 . 


.765 

.339 

.0620 

-.0308 

-.0236 

-.0121 

1 1 


.764 

.338 

.0614 

-.0309 

-.0236 

-.0121 

.2 


.760 

.333 

.0594 

-.0312 

-.0235 

-.0120 

.3 

1 


.752 

.326 

.0561 

-.0316 

-.0234 

-.0119 

.4 


.741 

.314 

.0513 

-.0322 

-.0232 

-.0117 

.5 


.724 

.298 

.0447 

-.0329 

-.0229 

-.0113 

.6 


.699 

.277 

.0361 

-.0337 

-.0223 

-.0109 

.7 


.660 

.247 

.0249 

-.0342 

-.0214 

-.0102 

.8 


.598 

.205 

.0102 

-.0339 

-.0196 

-.0091 

.9 


.480 

.139 

-.0091 

-.0308 

-.0161 

-.0072 

.95 


.366 

.087 

-.0201 

-.0258 

-.0125 

-.0054 

.98 


.239 

.038 

-.0237 

-.0187 

-.0085 

-.0036 
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Table 4.1b Normalized stress intensity factors 
for a semi-elliptical surface crack in a plate 
under tension or bending loads, a/h=.5, l/=.3 


Semi-elliptical crack, Tension. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 








0 . 


.729 

.390 

.174 

.0499 

.0158 

.00547 

.1 


.728 

.390 

.174 

.0500 

.0159 

.00546 

.2 


.724 

.388 

.174 

.0503 

.0160 

.00547 

.3 


.717 

.385 

.173 

.0507 

.0163 

.00554 

.4 


.708 

.381 

.172 

.0512 

.0166 

.00567 

.5 


.695 

.376 

.169 

.0515 

.0170 

.00583 

.6 


.677 

.369 

.166 

.0514 

.0173 

.00598 

.7 


.654 

.361 

.162 

.0506 

.0173 

.00603 

.8 


.622 

.351 

.157 

.0484 

.0166 

.00584 

.9 


.571 

.342 

.152 

.0452 

.0151 

.00525 

.95 


.526 

.340 

.153 

.0440 

.0142 

.00485 

.98 


.474 

.347 

.163 

.0460 

.0145 

.00484 



Semi- 

-elliptical crack, Bend 

ing. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 








0 . 


.709 

.306 

.053 

-.0281 

-.0198 

-.00960 

.1 


.709 

.307 

.055 

-.0273 

-.0194 

-.00934 

.2 


.709 

.310 

.059 

-.0249 

-.0182 

-.00867 

.3 


.708 

.316 

.066 

-.0208 

-.0164 

-.00776 

.4 


.706 

.324 

.076 

-.0151 

-.0139 

-.00667 

.5 


.704 

.335 

.089 

-.0077 

-.0107 

-.00539 

.6 


.699 

.348 

.105 

.0018 

-.0067 

-.00383 

.7 


.692 

.364 

.124 

.0132 

-.0017 

-.00189 

.8 


.678 

.385 

.147 

.0269 

.0044 

.00054 

.9 


.649 

.413 

.178 

.0432 

.0117 

.00347 

.95 


.616 

.437 

.202 

.0542 

.0162 

.00519 

.98 


.569 

.467 

.233 

.0661 

.0205 

.00675 
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Table 4.2a,b Normalized stress intensity factors 
for a rectangular (a), or semi-elliptical (b) , 
surface crack in a plate under tension or bending 
loads, a/h=l , i/=.3 


Rectangular crack, Tension. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 








0 . 


.864 

.561 

.273 

.0844 

.0293 

.0112 

.1 


.863 

.559 

.273 

.0841 

.0292 

.0112 

.2 


.861 

.555 

.270 

.0833 

.0289 

.0111 

.3 


.857 

.549 

.266 

.0819 

.0284 

.0109 

.4 


.850 

.538 

.259 

.0798 

.0277 

.0106 

.5 


.840 

.523 

.251 

.0769 

.0266 

.0101 

.6 


.825 

.502 

.239 

.0731 

.0252 

.0095 

.7 


.800 

.471 

.222 

.0679 

.0233 

.0088 

.8 


.755 

.425 

.199 

.0605 

.0205 

.0077 

.9 


.655 

.347 

.163 

.0487 

.0161 

.0059 

.95 


.541 

.279 

.132 

.0382 

.0123 

.0044 

.98 


.399 

.208 

.098 

.0266 

.0083 

.0030 



Rectangular crack, 

Bending. 




V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 


.852 

.492 

.153 

-.0101 

-.0210 

-.0128 

.1 


.851 

.490 

.152 

-.0104 

-.0210 

-.0128 

.2 


.848 

.486 

.149 

-.0111 

-.0211 

-.0128 

.3 


.844 

.478 

.145 

-.0122 

-.0213 

-.0128 

.4 


.837 

.466 

.137 

-.0140 

-.0216 

-.0128 

.5 


.826 

.448 

.127 

-.0162 

-.0218 

-.0127 

.6 


.809 

.424 

.114 

-.0192 

-.0221 

-.0125 

.7 


.782 

.389 

.096 

-.0227 

-.0222 

-.0121 

.8 


.733 

.336 

.071 

-.0267 

-.0218 

-.0114 

.9 


.624 

.246 

.033 

-.0297 

-.0195 

-.0096 

.95 


.500 

.169 

.006 

-.0283 

-.0161 

-.0076 

.98 


.345 

.091 

-.013 

-.0227 

-.0115 

-.0052 
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Table 4.2b Normalized stress intensity factors 
for a semi-elliptical surface crack in a plate 
under tension or bending loads, a/h=l , l/=.3 




Semi-elli 

ptical crack, Tension. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.817 

.507 

.244 

.0725 

.0235 

.00833 

.1 


.816 

.506 

.244 

.0726 

.0235 

.00830 

.2 


.810 

.503 

.243 

.0727 

.0236 

.00825 

.3 


.800 

.498 

.242 

.0730 

.0238 

.00825 

.4 


.786 

.491 

.239 

.0731 

.0240 

.00830 

.5 


.766 

.481 

.236 

.0731 

.0242 

.00838 

.6 


.740 

.469 

.231 

.0725 

.0243 

.00842 

.7 


.706 

.452 

.225 

.0712 

.0240 

.00835 

.8 


.657 

.431 

.217 

.0687 

.0232 

.00807 

.9 


.581 

.401 

.207 

.0654 

.0218 

.00752 

.95 


.513 

.379 

.203 

.0644 

.0213 

.00726 

.98 


.438 

.359 

.205 

.0665 

.0219 

.00742 



Semi- 

-elliptical crack 

, Bendi 

ng. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.804 

.441 

.133 - 

.0114 

-.0186 

-.01064 

.1 


.804 

.441 

.134 - 

.0102 

-.0180 

-.01023 

.2 


.802 

.444 

.139 - 

.0068 

-.0161 

-.00914 

.3 


.798 

.449 

.147 - 

.0012 

-.0131 

-.00763 

.4 


.792 

.455 

.158 

.0065 

-.0093 

-.00585 

.5 


.783 

.463 

.172 

.0163 

-.0045 

-.00382 

.6 


.771 

.472 

.189 

.0280 

.0010 

-.00152 

.7 


.752 

.482 

.208 

.0415 

.0073 

.00107 

.8 


.722 

.492 

.231 

.0568 

.0145 

.00398 

.9 


.665 

.499 

.259 

.0747 

.0225 

.00719 

.95 


.606 

.500 

.280 

.0867 

.0275 

.00911 

.98 


.531 

.496 

.302 

.0996 

.0325 

.01096 
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Table 4.3a,b Normalized stress intensity factors 
for a rectangular (a), or semi-elliptical (b) , 
surface crack in a plate under tension or bending 
loads, a/h=l , u=.0 


Rectangular crack, Tension. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 

.838 

.521 

.254 

.0815 

.0290 

.0112 

.1 


.837 

.520 

.253 

.0813 

.0289 

.0111 

.2 


.835 

.516 

.251 

.0804 

.0286 

.0110 

.3 


.831 

.510 

.247 

.0791 

.0281 

.0108 

.4 


.824 

.500 

.241 

.0771 

.0273 

.0105 

.5 


.814 

.487 

.233 

.0743 

.0262 

.0100 

.6 


.799 

.468 

.222 

.0705 

.0247 

.0094 

.7 


.774 

.440 

.208 

.0654 

.0228 

.0086 

.8 


.729 

.398 

.186 

.0582 

.0200 

.0075 

.9 


.630 

.326 

.153 

.0467 

.0156 

.0057 

.95 


.519 

.262 

.124 

.0365 

.0119 

.0043 

.98 


.381 

.197 

.092 

.0253 

.0080 

.0028 



Rectangular 

crack, 

Bending. 




V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.824 

.446 

.130 

-.0123 

-.0198 

-.0118 

.1 


.823 

.444 

.129 

-.0125 

-.0199 

-.0118 

.2 


.820 

.440 

.127 

-.0132 

-.0200 

-.0118 

.3 


.816 

.433 

.122 

-.0143 

-.0202 

-.0118 

.4 


.809 

.422 

.116 

-.0159 

-.0204 

-.0117 

.5 


.798 

.406 

.107 

-.0180 

- . 0207 

-.0117 

.6 


.781 

.384 

.095 

-.0207 

-.0210 

-.0115 

.7 


.754 

.352 

.079 

-.0239 

-.0211 

-.0112 

.8 


.705 

.303 

.056 

-.0275 

-.0207 

-.0105 

.9 


.597 

.221 

.023 

-.0298 

-.0185 

-.0089 

.95 


.476 

.150 

-.001 

-.0280 

-.0153 

-.0070 

.98 


.326 

.079 

-.017 

-.0221 

-.0109 

-.0048 
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Table 4.3b Normalized stress intensity factors 
for a semi-elliptical surface crack in a plate 
under tension or bending loads, a/h=l , V -. 0 


Semi-elliptical crack, Tension. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.791 

.473 

.228 

0699 

.0232 

.00829 

.1 


.790 

.472 

.228 

0699 

.0232 

.00825 

.2 


.785 

.470 

.227 

.0699 

.0232 

.00817 

.3 


.776 

.466 

.225 

.0699 

.0233 

.00813 

.4 


.764 

.460 

.222 

.0697 

.0236 

.00814 

.5 


.747 

.451 

.219 

.0692 

.0234 

.00815 

.6 


.724 

.441 

.214 

.0682 

.0232 

.00812 

.7 


.693 

.428 

.208 

.0663 

.0227 

.00797 

.8 


.649 

.410 

.200 

.0635 

.0217 

.00759 

.9 


.578 

.387 

.192 

.0600 

.0201 

.00695 

.95 


.515 

.369 

.190 

.0591 

.0195 

.00665 

.98 


.442 

.355 

.194 

.0613 

.0200 

.00678 



Semi- 

-ellipti 

cal crack 

, Bend 

ing. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.776 

.401 

.113 - 

.0129 

-.0174 

-.00966 

.1 


.776 

.402 

.115 - 

.0119 

-.0168 

-.00931 

.2 


.774 

.405 

.119 - 

.0089 

-.0152 

-.00838 

.3 


.771 

.410 

.126 - 

.0039 

-.0127 

-.00710 

.4 


.768 

.417 

.137 

.0029 

-.0094 

-.00558 

.5 


.762 

.427 

.150 

.0116 

-.0052 

-.00383 

.6 


.752 

.438 

.166 

.0222 

-.0003 

-.00182 

.7 


.737 

.450 

.186 

.0347 

.0054 

.00052 

.8 


.712 

.465 

.209 

.0491 

.0121 

.00320 

.9 


.661 

.479 

.239 

.0665 

.0197 

.00625 

.95 


.607 

.486 

.261 

.0785 

.0246 

.00812 

.98 


.535 

.488 

.286 

.0914 

.0295 

.00992 
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Table 4.4a,b Normalized stress intensity factors 
for a rectangular (a), or semi-elliptical (b) , 
surface crack in a plate under tension or bending 
loads, a/h=l , V~ . 5 


Rectangular crack, Tension. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 


.891 

.615 

.308 

.0927 

.0314 

.0119 

.1 


.890 

.613 

.307 

.0924 

.0313 

.0119 

.2 


.888 

.609 

.304 

.0915 

.0310 

.0118 

.3 


.885 

.602 

.300 

.0899 

.0305 

.0116 

.4 


.879 

.591 

.292 

.0876 

.0297 

.0113 

.5 


.870 

.575 

.282 

.0844 

.0286 

.0108 

.6 


.856 

.552 

.268 

.0802 

.0271 

.0102 

.7 


.833 

.519 

.249 

.0744 

.0251 

.0094 

.8 


.791 

.469 

.223 

.0664 

.0222 

.0083 

.9 


.695 

.383 

.181 

.0536 

.0176 

.0065 

.95 


.580 

.307 

.146 

.0423 

.0136 

.0049 

.98 


.431 

.228 

.109 

.0297 

.0092 

.0033 



Rectangular 

crack , 

Bending . 




V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 








0 . 


.881 

.554 

.194 

-.0024 

-.0206 

-.0136 

.1 


.881 

.553 

.193 

-.0027 

-.0207 

-.0136 

.2 


.879 

.548 

.189 

-.0035 

-.0208 

-.0136 

.3 


.874 

.540 

.184 

-.0049 

-.0210 

-.0136 

.4 


.868 

.527 

.175 

-.0070 

-.0214 

-.0136 

.5 


.858 

.508 

.164 

-.0097 

-.0219 

-.0135 

.6 


.843 

.482 

.148 

-.0133 

-.0223 

-.0134 

.7 


.819 

.444 

.127 

-.0177 

-.0226 

-.0131 

.8 


.773 

.387 

.098 

-.0229 

-.0225 

-.0123 

.9 


.667 

.288 

.053 

-.0279 

-.0206 

-.0105 

.95 


.542 

.201 

.020 

-.0280 

-.0173 

-.0084 

.98 


.380 

.113 

-.006 

-.0234 

-.0126 

-.0058 
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Table 4.4b Normalized stress intensity factors 
for a semi-elliptical surface crack in a plate 
under tension or bending loads, a/h=l , 


Semi-elliptical crack, Tension. 


y/a 

W h 

.2 

.4 

.6 

.8 

.9 

.95 

0 . 


.848 

.554 

.273 

0789 

.0254 

.00895 

.1 


.845 

.553 

.273 

0799 

.0255 

.00892 

.2 


.839 

.549 

.272 

0802 

.0256 

.00888 

.3 


.828 

.543 

.270 

0807 

.0259 

.00891 

.4 


.811 

.534 

.268 

.0811 

.0263 

.00900 

.5 


.789 

.522 

.264 

.0814 

.0266 

.00912 

.6 


.759 

.506 

.259 

.0812 

.0269 

.00924 

.7 


.720 

.485 

.251 

.0801 

.0268 

.00924 

.8 


.666 

.457 

.241 

.0778 

.0262 

.00904 

.9 


.582 

.417 

.227 

.0742 

.0249 

.00855 

.95 


.509 

.387 

.219 

.0727 

.0242 

.00830 

.98 


.429 

Semi- 

.358 .217 

-elliptical crack 

.0741 .0248 

, Bending. 

.00846 


L 0 /h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.837 

.496 

.167 - 

.0052 

-.0188 

-.01147 

.1 


.836 

.496 

.169 - 

.0039 

-.0180 

-.01097 

.2 


.833 

.499 

.174 

.0001 

-.0157 

-.00964 

.3 


.828 

.502 

.182 

.0066 

-.0122 

-.00782 

.4 


.820 

.507 

.193 

.0154 

-.0076 

-.00567 

.5 


.809 

.512 

.208 

.0263 

-.0022 

-.00326 

.6 


.793 

.518 

.225 

.0392 

.0041 

-.00061 

.7 


.769 

.523 

.244 

.0538 

.0112 

.00231 

.8 


.733 

.527 

.265 

.0699 

.0188 

.00545 

.9 


.667 

.523 

.289 

.0880 

.0271 

.00881 

.95 


.602 

.513 

.305 

.0996 

.0322 

.01078 

.98 


.521 

.497 

.322 

.1119 

.0372 

.01266 
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Table 4.5a,b Normalized stress intensity factors 
for a rectangular (a), or semi-elliptical (b) , 
surface crack in a plate under tension or bending 
loads, a/h=1.5 , i/=.3 


Rectangular crack, Tension. 


y/a 

V h 

.2 

.4 

.6 

.8 

.9 

.95 

0 . 


.899 

.639 

.333 

.1037 

.0357 

.0137 

.1 


.898 

.638 

.332 

.1034 

.0355 

.0136 

.2 


.897 

.634 

.329 

.1024 

.0352 

.0135 

.3 


.893 

.627 

.324 

.1006 

.0346 

.0132 

.4 


.888 

.616 

.317 

.0981 

.0337 

.0129 

. 5 


.880 

.601 

.307 

.0946 

.0324 

.0124 

.6 


.868 

.580 

.292 

.0898 

.0307 

.0117 

.7 


.849 

.549 

.272 

.0832 

.0283 

.0107 

.8 


.813 

.500 

.244 

.0739 

.0250 

.0094 

.9 


.727 

.413 

.198 

.0592 

.0196 

.0073 

. 95 


.617 

.332 

.159 

.0465 

.0151 

.0055 

.98 


.465 

.246 

.118 

.0327 

.0103 

.0037 


Rectangular crack, Bending. 


y/a 

V h 

.2 

.4 

.6 

.8 

.9 

.95 

0 . 


.890 

.582 

.222 

.0084 

-.0173 

-.0126 

.1 


.889 

.581 

.221 

.0081 

-.0174 

-.0126 

.2 


.887 

.576 

.218 

.0072 

-.0176 

-.0126 

.3 


.884 

.568 

.212 

.0056 

-.0179 

-.0127 

.4 


.878 

.556 

.203 

.0032 

-.0184 

-.0127 

. 5 


.870 

.539 

.192 

.0000 

-.0191 

-.0128 

.6 


.857 

.514 

.175 

-.0042 

-.0199 

-.0128 

.7 


.836 

.478 

.153 

- . 0098 

-.0207 

-.0127 

.8 


.797 

.422 

.121 

-.0169 

-.0214 

-.0123 

.9 


.702 

.322 

.071 

-.0251 

- . 0208 

-.0109 

.95 


.582 

.230 

.032 

-.0276 

-.0182 

-.0090 

.98 


.417 

.133 

-.000 

-.0245 

-.0136 

-.0064 
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Table 4.5b Normalized stress intensity factors 
for a semi-elliptical surface crack in a plate 
under tension or bending loads, a/h=1.5 , l /=. 3 


Semi-elliptical crack, Tension. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.858 

.577 

.295 

.0895 

.0291 

.0104 

.1 


.856 

.576 

.294 

.0895 

.0291 

.0103 

.2 


.849 

.571 

.293 

.0897 

.0292 

.0102 

.3 


.837 

.564 

.291 

.0899 

.0294 

.0102 

.4 


.820 

.554 

.287 

.0900 

.0296 

.0102 

.5 


.797 

.541 

.282 

.0898 

.0298 

.0103 

.6 


.767 

.523 

.276 

.0890 

.0298 

.0103 

.7 


.726 

.500 

.267 

.0873 

.0295 

.0102 

.8 


.670 

.469 

.254 

.0844 

.0286 

.0099 

.9 


.582 

.424 

.238 

.0801 

.0271 

.0094 

.95 


.506 

.389 

.227 

.0781 

.0264 

.0091 

.98 


.422 

.352 

.221 

.0786 

.0268 

.0092 



Semi- 

-elliptical crack 

, Bendi 

ng- 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.848 

.521 

.191 

.0040 

-.0162 

-.01078 

.1 


.847 

.522 

.193 

.0054 

-.0153 

-.01025 

.2 


.844 

.524 

.198 

.0095 

-.0129 

-.00884 

.3 


.838 

.527 

.206 

.0161 

-.0092 

-.00690 

.4 


.830 

.531 

.217 

.0251 

-.0044 

-.00463 

.5 


.818 

.535 

.231 

.0362 

.0013 

-.00211 

.6 


.801 

.540 

.247 

.0491 

.0077 

.00063 

.7 


.776 

.543 

.265 

.0636 

.0148 

.00358 

.8 


.738 

.544 

.285 

.0795 

.0224 

.00673 

.9 


.669 

.535 

.307 

.0974 

.0307 

.01009 

.95 


.600 

.519 

.320 

.1087 

.0358 

.01207 

.98 


.513 

.493 

.331 

.1200 

.0407 

.01394 


Table 4.6a,b Normalized stress intensity factors 
for a rectangular (a), or semi-elliptical (b) , 
surface crack in a plate under tension or bending 
loads, a/h=2 , J/=.3 


Rectangular crack, Tension. 


y/a 

V h 

.2 

.4 

.6 

.8 

.9 

.95 

0 . 


.920 

.693 

.382 

.120 

.0408 

.0155 

.1 


.920 

.692 

.381 

.120 

.0407 

.0155 

.2 


.918 

.688 

.378 

.119 

.0403 

.0153 

.3 


.915 

.681 

.373 

.117 

.0396 

.0151 

.4 


.910 

.671 

.364 

.114 

.0386 

.0147 

.5 


.903 

.656 

.353 

.110 

.0372 

.0141 

.6 


.893 

.635 

.337 

.104 

.0353 

.0134 

.7 


.877 

.604 

.314 

.097 

.0326 

.0123 

.8 


.847 

.555 

.282 

.086 

.0287 

.0108 

.9 


.772 

.464 

.228 

.068 

.0225 

.0083 

.95 


.669 

.375 

.182 

.053 

.0173 

.0063 

.98 


.515 .277 

Rectangular 

.134 
crack , 

.038 

Bending. 

.0118 

.0042 


V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.913 

.645 

.279 

.0254 

-.0136 

-.0121 

.1 


.912 

.644 

.278 

.0250 

-.0137 

-.0121 

.2 


.910 

.639 

.274 

.0239 

-.0140 

-.0121 

.3 


.907 

.631 

.267 

.0220 

-.0144 

-.0122 

.4 


.902 

.619 

.258 

.0192 

-.0151 

-.0123 

.5 


.895 

.602 

.245 

.0152 

-.0159 

-.0124 

.6 


.884 

.577 

.226 

.0100 

-.0171 

-.0126 

.7 


.866 

.542 

.201 

.0029 

-.0185 

-.0127 

.8 


.834 

.485 

.164 

-.0066 

-.0202 

-.0126 

.9 


.752 

.380 

.105 

-.0193 

-.0210 

-.0117 

.95 


.640 

.279 

.056 

-.0254 

-.0194 

-.0100 

.98 


.472 

.168 

.013 

-.0252 

-.0151 

-.0073 
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Table 4.6b Normalized stress intensity factors 
for a semi-elliptical surface crack in a plate 
under tension or bending loads, a/h=2 , l/=.3 

Semi-elliptical crack, Tension. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.883 

.627 

.336 

.104 

.0336 

.0120 

.1 


.880 

.625 

.335 

.104 

.0337 

.0119 

.2 


.873 

.620 

.333 

.104 

.0338 

.0118 

.3 


.860 

.611 

.330 

.104 

.0340 

.0118 

.4 


.841 

.598 

.326 

.104 

.0343 

.0118 

.5 


.815 

.581 

.319 

.104 

.0346 

.0119 

.6 


.781 

.558 

.310 

.103 

.0346 

.0119 

.7 


.737 

.530 

.298 

.101 

.0342 

.0119 

.8 


.676 

.491 

.281 

.097 

.0332 

.0115 

.9 


.582 

.435 

.258 

.091 

.0314 

.0109 

.95 


.501 

.390 

.241 

.088 

.0304 

.0105 

.98 


.413 

.344 

.227 

.086 

.0303 

.0105 



Semi- 

-elliptical crack 

, Bending. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.875 

.578 

.239 

.0180 

-.0135 

-.01066 

.1 


.874 

.579 

.241 

.0196 

-.0125 

-.01002 

.2 


.870 

.580 

.245 

.0242 

-.0097 

-.00834 

.3 


.863 

.581 

.253 

.0316 

-.0054 

-.00604 

.4 


.852 

.582 

.264 

.0416 

.0001 

-.00338 

.5 


.838 

.584 

.277 

.0536 

.0066 

-.00481 

.6 


.818 

.584 

.291 

.0672 

.0136 

.00259 

.7 


.789 

.582 

.307 

.0822 

.0212 

.00580 

.8 


.746 

.575 

.323 

.0981 

.0291 

.00911 

.9 


.670 

.553 

.338 

.115 

.0374 

.0125 

.95 


.595 

.525 

.343 

.125 

.0422 

.0144 

.98 


.503 

.485 

.344 

.133 

.0465 

.0162 
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Table 4.7a,b Normalized stress intensity factors 
for a rectangular (a), or semi-elliptical (b) , 
surface crack in a plate under tension or bending 
loads, a/h=3 , l /=. 3 


Rectangular crack, Tension. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 








0 . 


.944 

.766 

.461 

.150 

.0495 

.0184 

.1 


.944 

.765 

.460 

.149 

.0493 

.0183 

.2 


.942 

.761 

.456 

.148 

.0489 

.0182 

.3 


.940 

.754 

.449 

.146 

.0481 

.0179 

.4 


.936 

.743 

.430 

.142 

.0470 

.0175 

.5 


.930 

.729 

.426 

.137 

.0453 

.0169 

.6 


.922 

.708 

.407 

.130 

.0431 

.0160 

.7 


.909 

.678 

.382 

.121 

.0399 

.0148 

.8 


.886 

.630 

.343 

.107 

.0351 

.0130 

.9 


.827 

.537 

.279 

.085 

.0274 

.0100 

.95 


.738 

.440 

.222 

.066 

.0209 

.0075 

.98 


.588 

.327 

.162 

.046 

.0142 

.0051 



Rectangular 

crack , 

Bending . 




V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 








0 . 


.939 

.729 

.370 

.0565 

-.0065 

-.0108 

.1 


.939 

.727 

.369 

.0560 

-.0066 

-.0108 

.2 


.937 

.723 

.365 

.0545 

-.0069 

-.0109 

.3 


.934 

.715 

.357 

.0520 

-.0075 

-.0110 

.4 


.930 

.703 

.346 

.0484 

-.0084 

-.0111 

.5 


.924 

.686 

.330 

.0433 

-.0096 

-.0114 

.6 


.915 

.662 

.308 

.0364 

-.0112 

-.0117 

.7 


.901 

.627 

.279 

.0270 

-.0135 

-.0121 

.8 


.875 

.572 

.235 

.0138 

-.0165 

-.0125 

.9 


.811 

.465 

.162 

-.0060 

-.0199 

-.0125 

.95 


.715 

.354 

.099 

-.0188 

-.0203 

-.0113 

.98 


.551 

.224 

.038 

-.0245 

-.0172 

-.0087 
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Table 4.7b Normalized stress intensity factors 
for a semi-elliptical surface crack in a plate 
under tension or bending loads, a/h~3 , l/=. 3 


Semi-elliptical crack, Tension. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.913 

.695 

.400 

.128 

.0411 

.0144 

.1 


.910 

.693 

.399 

.128 

.0412 

.0144 

.2 


.901 

.685 

.396 

.128 

.0415 

.0143 

.3 


.886 

.673 

.392 

.129 

.0419 

.0144 

.4 


.865 

.656 

.384 

.130 

.0424 

.0145 

.5 


.836 

.633 

.374 

.128 

.0428 

.0147 

.6 


.798 

.603 

.360 

.127 

.0429 

.0148 

.7 


.749 

.565 

.341 

.123 

.0424 

.0147 

.8 


.682 

.515 

.316 

.117 

.0410 

.0143 

.9 


.581 

.444 

.281 

.108 

.0383 

.0134 

.95 


.495 

.387 

.254 

.101 

.0362 

.0127 

.98 


.402 

.330 

.228 

.095 

.0348 

.0123 



Semi- 

-elliptical crack 

, Bending. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.907 

.657 

.315 

.0434 

-.0081 

-.01004 

.1 


.905 

.657 

.316 

.0452 

-.0069 

-.00924 

.2 


.900 

.656 

.320 

.0506 

-.0034 

-.00713 

.3 


.891 

.654 

.327 

.0591 

.0019 

-.00424 

.4 


.879 

.651 

.226 

.0703 

.0086 

-.00095 

.5 


.861 

.647 

.346 

.0834 

.0161 

.00254 

.6 


.837 

.639 

.357 

.0977 

.0241 

.00611 

.7 


.803 

.628 

.367 

.113 

.0323 

.00966 

.8 


.754 

.608 

.374 

.127 

.0403 

.0131 

.9 


.670 

.569 

.375 

.140 

.0479 

.0164 

.95 


.589 

.527 

.367 

.146 

.0516 

.0179 

.98 


.492 

.470 

.351 

.149 

.0542 

.0192 
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Table 4.8a,b Normalized stress intensity factors 
for a rectangular (a), or semi-elliptical (b) , 
surface crack in a plate under tension or bending 
loads, a/h=4 , */= . 3 


Rectangular crack, Tension. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 








0 . 


.957 

.812 

.523 

.176 

.0571 

.0207 

.1 


.957 

.811 

.521 

.176 

.0569 

.0206 

.2 


.956 

.807 

.517 

.174 

.0564 

.0205 

.3 


.954 

.800 

.510 

.171 

.0555 

.0202 

.4 


.950 

.790 

.499 

.167 

.0542 

.0197 

.5 


.946 

.776 

.484 

.161 

.0524 

.0191 

.6 


.938 

.756 

.463 

.153 

.0499 

.0182 

.7 


.927 

.726 

.434 

.142 

.0463 

.0169 

.8 


.907 

.680 

.392 

.126 

.0408 

.0149 

.9 


.858 

.588 

.321 

.099 

.0318 

.0114 

.95 


.782 

.489 

.255 

.076 

.0240 

.0085 

.98 


.639 

.366 

.185 

.053 

.0162 

.0057 



Rect&ngul&r 

crack , 

Bending. 




V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 








0 . 


.954 

.782 

.442 

.0852 

.00057 

-.0093 

.1 


.953 

.781 

.440 

.0846 

.00043 

-.0093 

.2 


.952 

.776 

.435 

.0828 

-.00001 

-.0094 

.3 


.950 

.769 

.427 

.0797 

-.00077 

-.0096 

.4 


.946 

.757 

.414 

.0752 

-.00188 

-.0098 

.5 


.941 

.741 

.397 

.0690 

-.00340 

-.0101 

.6 


.933 

.717 

.373 

.0607 

-.00545 

-.0106 

.7 


.920 

.683 

.340 

.0493 

-.00825 

-.0111 

.8 


.899 

.629 

.291 

.0332 

-.0122 

-.0119 

.9 


.846 

.524 

.209 

.0078 

-.0177 

-.0126 

.95 


.762 

.410 

.136 

-.0107 

-.0201 

-.0121 

.98 


.607 

.268 

.062 

-.0223 

-.0185 

-.0098 
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Table 4.8b Normalized stress intensity factors 
for a semi-elliptical surface crack in a plate 
under tension or bending loads, a/h=4 , V -. 3 


Semi-elliptical crack, Tension. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.930 

.741 

.450 

.149 

.0475 

.0165 

.1 


.927 

.738 

.449 

.149 

.0477 

.0164 

.2 


.918 

.729 

.445 

.150 

.0481 

.0164 

.3 


.901 

.715 

.439 

.150 

.0487 

.0165 

.4 


.878 

.693 

.429 

.150 

.0494 

.0168 

.5 


.847 

.665 

.415 

.149 

.0500 

.0171 

.6 


.807 

.630 

.396 

.146 

.0502 

.0173 

.7 


.755 

.584 

.371 

.141 

.0495 

.0172 

.8 


.685 

.526 

.338 

.133 

.0474 

.0166 

.9 


.579 

.445 

.292 

.119 

.0434 

.0154 

.95 


.491 

.382 

.258 

.109 

.0402 

.0143 

.98 


.397 

.319 

.224 

.099 

.0375 

.0135 



Semi 

-ellipti 

cal crack 

, Bendi 

ng- 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.926 

.710 

.374 

.0663 

-.0027 

-.00918 

.1 


.924 

.709 

.375 

.0683 

-.0013 

-.00824 

.2 


.918 

.707 

.379 

.0742 

.0027 

-.00577 

.3 


.908 

.702 

.384 

.0834 

.0088 

-.00241 

.4 


.894 

.696 

.390 

.0952 

.0163 

.00137 

.5 


.874 

.687 

.397 

.109 

.0247 

.00531 

.6 


.847 

.673 

.403 

.123 

.0333 

.00924 

.7 


.810 

.654 

.407 

.137 

.0417 

.0130 

.8 


.758 

.626 

.406 

.149 

.0494 

.0164 

.9 


.669 

.575 

.395 

.158 

.0557 

.0193 

.95 


.585 

.523 

.377 

.159 

.0580 

.0205 

.98 


.486 

.459 

.350 

.157 

.0588 

.0211 
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Table 4.9a,b Normalized stress intensity factors 
for a rectangular (a), or semi-elliptical (b) , 
surface crack in a plate under tension or bending 
loads, a/h=6 , i/=. 3 


Rectangular crack , Tension . 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.971 

.866 

.613 

.224 

.0710 

.0246 

.1 


.971 

.865 

.612 

.223 

.0708 

.0246 

.2 


.970 

.862 

.607 

.221 

.0702 

.0244 

.3 


.969 

.856 

.599 

.217 

.0690 

.0240 

.4 


.966 

.848 

.586 

.212 

.0674 

.0235 

.5 


.962 

.835 

.569 

.204 

.0651 

.0228 

.6 


.957 

.816 

.546 

.194 

.0619 

.0218 

.7 


.948 

.789 

.514 

.180 

.0575 

.0203 

.8 


.931 

.744 

.466 

.160 

.0511 

.0181 

.9 


.893 

.657 

.385 

.126 

.0398 

.0140 

.95 


.834 

.558 

.309 

.096 

.0297 

.0103 

.98 


.709 

.425 

.224 

.066 

.0196 

.0067 


V h 

Rectangular ■ 
.2 .4 

crack, 

.6 

Bending. 

.8 

.9 

.95 

y/a 

0 . 


.969 

.845 

.548 

.137 

.0143 

-.00622 

.1 


.968 

.844 

.546 

.137 

.0141 

-.00626 

.2 


.968 

.840 

.540 

.134 

.0135 

-.00641 

.3 


.966 

.834 

.531 

.130 

.0124 

-.00665 

.4 


.963 

.823 

.516 

.124 

.0108 

-.00700 

.5 


.959 

.809 

.497 

.116 

.0087 

-.00748 

.6 


.953 

.787 

.469 

.104 

.0058 

-.00812 

.7 


.943 

.755 

.432 

.090 

.0020 

-.00899 

.8 


.925 

.704 

.377 

.069 

-.0035 

-.0102 

.9 


.884 

.603 

.284 

.035 

-.0121 

-.0120 

.95 


.819 

.489 

.196 

.007 

-.0179 

-.0126 

.98 


.683 

.336 

.102 

-.015 

-.0196 

-.0112 
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Table 4.9b Normalized stress intensity factors 
for a semi-elliptical surface crack in a plate 
under tension or bending loads, a/h=6 , l/=.3 

Semi-elliptical crack, Tension. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.950 

.800 

.526 

.186 

.0588 

.0199 

.1 


.947 

.796 

.524 

.186 

.0590 

.0199 

.2 


.936 

.785 

.518 

.186 

.0597 

.0200 

.3 


.919 

.766 

.508 

.186 

.0607 

.0203 

.4 


.893 

.740 

.493 

.186 

.0619 

.0209 

.5 


.860 

.705 

.472 

.183 

.0627 

.0214 

.6 


.817 

.661 

.444 

.178 

.0627 

.0217 

.7 


.761 

.606 

.408 

.169 

.0613 

.0215 

.8 


.687 

.537 

.362 

.155 

.0576 

.0205 

.9 


.577 

.443 

.300 

.133 

.0507 

.0183 

.95 


.486 

.373 

.256 

.117 

.0452 

.0164 

.98 


.390 

.304 

.215 

.102 

.0402 

.0148 



Semi- 

-elliptical crack, 

Bending. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.947 

.777 

.463 

.107 

.0078 

-.00713 

.1 


.945 

.775 

.463 

.109 

.0095 

-.00597 

.2 


.938 

.771 

.465 

.115 

.0144 

-.00292 

.3 


.927 

.763 

.467 

.125 

.0217 

.00188 

.4 


.911 

.751 

.467 

.138 

.0305 

. 00574 

.5 


.888 

.735 

.469 

.151 

.0400 

.0104 

.6 


.858 

.713 

.468 

.164 

.0491 

.0148 

.7 


.818 

.683 

.459 

.175 

.0573 

.0187 

.8 


.761 

.642 

.443 

.181 

.0636 

.0218 

.9 


.667 

.576 

.412 

.180 

.0667 

.0237 

.95 


.580 

.515 

.381 

.173 

.0661 

.0239 

.98 


.478 

.442 

.341 

.163 

.0636 

.0233 
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Table 4.10a,b Normalized stress intensity factors 
for a rectangular (a), or semi-elliptical (b) , 
surface crack in a plate under tension or bending 
loads, a/h=10 , V - . 3 


Rectangular crack, Tension. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.983 

.917 

.723 

.305 

.0966 

.0315 

.1 


.983 

.916 

.721 

.304 

.0963 

.0314 

.2 


.982 

.914 

.717 

.300 

.0953 

.0312 

.3 


.981 

.910 

.708 

.295 

.0937 

.0307 

.4 


.980 

.903 

.695 

.287 

.0912 

.0300 

.5 


.977 

.893 

Q.T 7 

.276 

.0879 

.0291 

.6 


.973 

.880 

.652 

.262 

.0834 

.0278 

.7 


.967 

.855 

.617 

.242 

.0774 

.0260 

.8 


.955 

.815 

.564 

.215 

.0688 

.0233 

.9 


.926 

.735 

.472 

.171 

.0541 

.0183 

.95 


.883 

.642 

.385 

.131 

.0403 

.0134 

.98 


.788 

.506 

.281 

.088 

.0257 

.0083 



Rectangular crack, 

Bending. 




V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 


.981 

.904 

.676 

.226 

.0406 

.00012 

.1 


.981 

.903 

.674 

.225 

.0403 

.00000 

.2 


.980 

.901 

.668 

.222 

.0393 

-.00020 

.3 


.979 

.895 

.659 

.216 

.0376 

-.00061 

.4 


.978 

.888 

.644 

.207 

.0351 

-.00120 

.5 


.975 

.876 

.623 

.195 

.0317 

-.00201 

.6 


.971 

.859 

.593 

.179 

.0273 

-.00306 

.7 


.964 

.832 

.552 

.158 

.0214 

-.00447 

.8 


.951 

.786 

.490 

.129 

.0133 

-.00641 

.9 


.919 

.694 

.384 

.082 

.0003 

-.00954 

.95 


.873 

.586 

.283 

.041 

-.0106 

-.0120 

.98 


.769 

.429 

.166 

.002 

-.0186 

-.0126 
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Table 4.10b Normalized stress intensity factors 
for a semi-elliptical surface crack in a plate 
under tension or bending loads, a/h=10 , l/=.Z 


Semi-elliptical crack, Tension. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 








0 . 


.968 

.862 

.624 

.245 

.0780 

.0255 

.1 


.965 

.857 

.621 

.245 

.0784 

.0256 

.2 


.953 

.843 

.611 

.244 

.0796 

.0261 

.3 


.935 

.819 

.595 

.244 

.0813 

.0269 

.4 


.907 

.786 

.571 

.241 

.0830 

.0279 

.5 


.871 

.743 

.538 

.235 

.0839 

.0288 

.6 


.825 

.689 

.497 

.224 

.0830 

.0292 

.7 


.766 

.623 

.445 

.207 

.0793 

.0285 

.8 


.688 

.542 

.381 

.181 

.0716 

.0262 

.9 


.574 

.436 

.300 

.145 

.0587 

.0218 

.95 


.481 

.360 

.246 

.120 

.0493 

.0185 

.98 


.383 

.287 

.197 

.098 

.0410 

.0155 



Semi 

-elliptical crack, 

Bending. 



V h 

.2 

.4 

.6 

.8 

.9 

.95 

y/a 








0 . 


.966 

.846 

.576 

.173 

.0274 

-.00266 

.1 


.964 

.844 

.576 

.176 

.0296 

-.00116 

.2 


.957 

.837 

.574 

.182 

.0357 

.00275 

.3 


.944 

.824 

.570 

.192 

.0445 

.00797 

.4 


.926 

.806 

.564 

.204 

.0549 

.0136 

.5 


.901 

.781 

.553 

.215 

.0653 

.0191 

.6 


.868 

.749 

.537 

.223 

.0745 

.0240 

.7 


.824 

.708 

.512 

.225 

.0810 

.0277 

.8 


.763 

.653 

.475 

.219 

.0832 

.0296 

.9 


.664 

.572 

.419 

.200 

.0792 

.0290 

.95 


.575 

.502 

.373 

.182 

.0733 

.0272 

.98 


.471 

.422 

.322 

.161 

.0661 

.0248 
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Table 4.11 Normalized stress intensity factor at 
the center of a semi-elliptical crack subjected to 
tension and bending, i/=.3 


a/h 

.5 

1. 

1.5 

Tension 

2 . 3 . 

4 . 

5 . 

6 . 

8 . 

10 * 

V h 

.1 

.910 

.945 

.959 

.967 

.976 

.981 

.984 

.987 

.990 

.992 

.2 

.729 

.817 

.858 

.883 

.913 

.930 

.942 

.950 

.961 

.968 

.3 

.545 

.662 

.724 

.765 

.817 

.850 

.873 

.889 

.912 

.927 

.4 

.390 

.507 

.577 

.627 

.695 

.741 

.774 

.800 

.837 

.862 

.5 

.268 

.365 

.430 

.479 

.552 

.605 

.646 

.679 

.728 

.763 

.6 

.174 

.244 

.295 

.336 

.400 

.450 

.491 

.526 

.581 

.624 

.7 

.102 

.146 

.179 

.207 

.253 

.291 

.324 

.353 

.402 

.443 

.8 

.050 

A 79 
. yj i 

.089 

.104 

.128 

.149 

.168 

.186 

.217 

.245 

.85 

.031 

.045 

.055 

.064 

.079 

.092 

.104 

.115 

.135 

.153 

.9 

.012 

.024 

.029 

.034 

.041 

.048 

.053 

.059 

.069 

.078 

.95 

.005 

.008 

.010 

.012 

.014 

.016 

.018 

.020 

.023 

.025 

a/h 

.5 

1. 

1.5 

Bending 
2 . 3 . 

4 . 

5 . 

6 . 

8 . 

10 

V h 

.1 

.907 

.943 

.957 

.966 

.975 

.981 

.984 

.986 

.990 

.992 

.2 

.709 

.804 

.848 

.875 

.907 

.926 

.938 

.947 

.959 

.966 

.3 

.495 

.626 

.696 

.741 

.799 

.836 

.861 

.879 

.904 

.921 

.4 

.306 

.441 

.521 

.578 

.657 

.710 

.748 

.777 

.818 

.846 

.5 

157 

.271 

.346 

.404 

.490 

.552 

.599 

.637 

.693 

.734 

.6 

053 

.133 

.191 

.239 

.315 

.374 

.422 

.463 

.527 

.576 

.7 - 

007 

.038 

.074 

.105 

.157 

.201 

.240 

.273 

.331 

.378 

.8 - 

028 - 

.011 

.004 

.018 

.043 

.066 

.087 

.107 

.142 

.173 

.85 - 

027 - 

.020 

-.012 

-.005 

.009 

.022 

.035 

.046 

.068 

.088 

.9 - 

020 - 

.019 

-.016 

-.014 

-.008 - 

.003 

.003 

.078 

.018 

.027 

.95 -. 

005 - 

.011 

-.011 

-.011 

-.010 - 

.009 - 

.008 - 

.007 - 

.005 

-.003 
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Table 4.12 The effect of Poisson’s ratio on the 
normalized stress intensity factor at the center 
of a semi-elliptical crack subjected to tension 
and bending, a/h=l . 


V 

0 . 

Tension 

.3 

.5 

0 . 

Bending 
.3 .5 

V h 

.1 

.935 

.945 

.956 

.933 

.943 

.954 

.2 

.791 

.817 

.848 

.776 

.804 

.837 

.3 

.628 

.662 

.707 

.587 

.626 

.676 

.4 

.473 

.507 

.554 

.401 

.441 

.496 

.5 

.339 

.365 

.406 

.239 

.271 

.319 

.6 

.228 

.244 

.273 

.113 

.133 

.167 

.7 

.138 

.146 

.163 

.029 

.038 

.056 

.8 

.070 

.073 

.080 

-.013 

-.011 

-.005 

.85 

.044 

.045 

.049 

-.019 

-.020 

-.017 

.9 

.023 

.024 

.025 

-.017 

-.019 

-.019 

.95 

.008 

.008 

.009 

-.010 

-.011 

-Oil 
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Table 4.13a,b Normalized stress intensity factor 
at the center of a semi-elliptical surface crack 
subjected to tension. In 13a the normalization 
factor is for the corresponding depth edge crack 
given by Lq/}i. The data in 13b is normalized with 


respect to a crack depth 


a/h 

V h - 2 

.4 

.6 

.5 

.729 

.390 

.174 

1 . 

.817 

.507 

.244 

1.5 

.858 

.577 

.295 

2. 

.883 

.627 

.336 

3. 

.913 

.695 

.400 

4. 

.930 

.741 

.450 

5 . 

.942 

.774 

.491 

6. 

.950 

.800 

.526 

8. 

.961 

.837 

.581 

10. 

.968 

.862 

.624 



Table 4.13b 




L 0 /h .2 

.4 

.6 

a/h 




.5 

.729 

.852 

.890 

1 . 

.817 

1.107 

1.248 

1.5 

.858 

1.261 

1.506 

2. 

.883 

1.368 

1.714 

3. 

.913 

1.518 

2.044 

4. 

.930 

1.618 

2.301 

5. 

.942 

1.691 

2.511 

6. 

.950 

1.747 

2.687 

8. 

.961 

1.827 

2.969 

10. 

.968 

1.882 

3.186 


of .2 for all L Q /h, u=.3 


.8 

.9 

.95 

0499 

.0158 

.00547 

0725 

.0235 

.00833 

0895 

.0291 

.0104 

104 

.0336 

.0120 

1 OO 

Ail 1 

A1 4 4 

X 

. KJ*± X X 


149 

.0475 

.0165 

168 

.0534 

.0182 

186 

.0588 

.0199 

217 

.0688 

.0228 

245 

.0780 

.0255 


.8 

.9 

.95 

.873 

.849 

.864 

1.268 

1.263 

1.317 

1.564 

1.563 

1.638 

1.814 

1.806 

1.889 

2.240 

2.209 

2.283 

2.608 

2.554 

2.603 

2.941 

2.867 

2.884 

3.245 

3.158 

3.139 

3.792 

3.695 

3.603 

4.276 

4.190 

4.025 
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Table 4.14a,b Normalized stress intensity factor 
at the center of a semi-elliptical surface crack 
subjected to bending. In 14a the normalization 
factor is for the corresponding depth edge crack 
given by L^/h. The data in 14b is normalized with 

respect to a crack depth of .2 for all L^/h, V-.3 



V 

.2 

.4 

.6 

.8 

.9 .95 

a/h 







.5 


.709 

.306 

.0532 

-.0281 

-.0198 -.00960 

1. 


.804 

.441 

.133 

-.0114 

-.0186 -.0106 

1.5 


.848 

.521 

.191 

-.0400 

-.0162 -.0108 

2. 


.875 

.578 

.239 

-.0180 

-.0135 -.0107 

3. 


.907 

.857 

.315 

.0434 

-.00813 -.0100 

4. 


.926 

.710 

.374 

.0663 

-.00273 -.00918 

5. 


.938 

.748 

.422 

.0873 

.00258 -.00819 

6. 


.947 

.777 

.463 

.107 

.00779 -.00713 

8. 


.959 

.818 

.527 

.142 

.0178 -.00492 

10. 


.966 

.846 

.576 

.173 

.0274 -.00266 



Table 

4.14b 







V 

.2 

.4 

.6 

.8 

.9 

.95 

a/h 

.5 


.709 

.516 

.167 

-.249 

-.496 

-.680 

1 . 


.804 

.774 

.417 

-.101 

-.466 

-.754 

1 ., 

5 

.848 

.881 

.601 

-.0355 

-.405 

-.764 

2. 


.875 

.836 

.751 

-.190 

-.339 

-.755 

3. 


.907 

1.110 

.989 

.385 

-.204 

-.712 

4. 


.926 

1.199 

1.175 

.588 

-.0685 

-.650 

5. 


.938 

1.263 

1.326 

.774 

.0647 

-.580 

6. 


.947 

1.312 

1.453 

.947 

.195 

-.505 

8. 


.959 

1.382 

1.655 

1.259 

.447 

-.348 

10. 


.966 

1.430 

1.810 

1.536 

.687 

-.188 
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COOO^OiCn^OOlOK - 1 


Table 4.15 Contact curve for through crack 
bending without addition of tensile field to 
prevent interference as approximated by the line- 
spring model, l/=.3 


a/h 


y/a 

.0 


.5 

1.0 

1.5 

2.0 

3.0 

690 

.774 

.818 

.846 

.881 

689 

.774 

.818 

.846 

.880 

687 

.772 

.816 

.844 

.879 

683 

.768 

.813 

.841 

.877 

678 

.763 

.808 

.837 

.873 

669 

.754 

.800 

.830 

.868 

659 

.744 

.791 

.822 

.861 

645 

.729 

.776 

.808 

.849 

622 

.706 

.753 

.786 

.829 

584 

.665 

.712 

.745 

.790 


4.0 

5.0 

6.0 

8.0 

10.0 

902 

.916 

.927 

.941 

.950 

901 

.916 

.926 

.941 

.950 

900 

.915 

.925 

.940 

.950 

898 

.913 

.924 

.939 

.949 

895 

.911 

.922 

.937 

.947 

891 

.906 

.918 

.934 

.944 

885 

.901 

.913 

.930 

.941 

875 

.892 

.905 

.924 

.936 

857 

.877 

.892 

.912 

.926 

821 

.844 

.861 

.886 

.903 
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Table 4.16 Normalized stress intensity factors 
are listed at positions along the crack front of 
two collinear, symmetric part- through cracks 

subjected to tension such that ±b defines the inner 
crack tip and *c refers to the outer tip. Two 
different crack shapes are used for four different 
values of the separation distance, b. results are 
given for the crack from b to c. 
v=. 3, (c-b)/(2h)=a/h, s=2/ (c-b) [y- (c+b) /2] 

£=f 0 (i-s 2 ) 1/2 £=£ 0 (i-s 2 ) 1/4 


s 

b=.l 

b=.5 

b=l. 

b+» 

b=.l 

b=.5 

b=l. 

b-»« 

98 

.279 

.230 

.218 

.205 

.186 

.153 

.145 

.138 

95 

.266 

.224 

.213 

.203 

.212 

.178 

.170 

.163 

90 

.262 

.226 

.216 

.207 

.234 

.200 

.192 

.185 

80 

.262 

.233 

.225 

.217 

.255 

.225 

.217 

.210 

70 

.264 

.240 

.232 

.225 

.266 

.240 

.232 

.225 

60 

.265 

.244 

.238 

.231 

.273 

.250 

.242 

.236 

51 

.265 

.248 

.242 

.236 

.278 

.256 

.249 

.243 

40 

.266 

.250 

.245 

.239 

.281 

.262 

.256 

.249 

30 

.265 

.252 

.247 

.242 

.283 

.266 

.260 

.253 

20 

.265 

.253 

.248 

.243 

.284 

.268 

.262 

.256 

10 

.264 

.253 

.249 

.244 

.284 

.269 

.264 

.258 

0 

.263 

.253 

.249 

.244 

.283 

.269 

.264 

.258 

10 

.262 

.252 

.249 

.244 

.281 

.268 

.263 

.258 

20 

.261 

.251 

.248 

.243 

.278 

.266 

.262 

.256 

30 

.259 

.250 

.246 

.242 

.274 

.263 

.259 

.253 

40 

.256 

.247 

.244 

.239 

.269 

.259 

.254 

.249 

51 

.252 

.244 

.240 

.236 

.262 

.252 

.248 

.243 

60 

.248 

.239 

.236 

.231 

.254 

.244 

.240 

.236 

70 

.241 

.233 

.230 

.225 

.242 

.233 

.230 

.225 

80 

.233 

.225 

.221 

.217 

.226 

.217 

.214 

.210 

90 

.224 

.216 

.212 

.207 

.199 

.192 

.189 

.185 

95 

.221 

.212 

.209 

.203 

.176 

.170 

.167 

.163 

98 

.226 

.217 

.213 

.205 

.151 

.145 

.142 

.138 
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Table 4.17 The normalized stress intensity 
factor at the maximum penetration point of two 
interacting semi-elliptical surface cracks for 
both tension and bending loads, i/=.3 


_ Vi _ , _ Vi , _ . 

^ “ r>l_ -l » C — t Q — S'Q , 


2h 


2 1 


X 0 r b l +a l b 2 +a 2l 

r = - 5> A = 2 ’ B= 2 J 


PLATE TENSION 



d/a 

0.1 

0.25 

0.5 

1 

2 

00 


c/a 








1 

.397 

.392 

.386 

.379 

.374 

.366 

R (A) 

0.5 

.382 

.378 

.375 

.371 

.368 

.366 


0.25 

.373 

.371 

.369 

.368 

.366 

.366 

K to 

0.1 

.367 

.367 

.366 

.366 

.366 

.366 


1 

.397 

.392 

.386 

.379 

.374 

.366 

K t (B) 

0.5 

.300 

.293 

.286 

.279 

.274 

.269 


0.25 

.217 

.209 

.203 

.198 

.194 

.190 

K to 

0.1 

.136 

.130 

.126 

.124 

.124 

.123 


PLATE BENDING 


K b (A) 

1 

0.5 

0.25 

0.1 

.313 

.292 

.280 

.273 

.306 

.287 

.275 

.273 

.299 

.282 

.275 

.272 

.290 

.278 

.273 

.272 

.283 

.274 

.272 

.272 

.272 

.272 

.272 

.272 

K b0 


1 

.313 

.301 

.299 

.290 

.283 

.272 

K,( B ) 

0.5 

.197 

.188 

.179 

.171 

.164 

.272 

u 

0.25 

.101 

.091 

.083 

.076 

.072 

.069 

K b0 

0.1 

.012 

.0045 

-.0004 

-.0038 

-.0057 

-.0058 
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Table 4.18a,b Normalized stress intensity factors 
for a rectangular (a), or semi-elliptical (b) , 
surface crack in a plate under out-of -plane shear, 
in-plane shear, or twisting loads, a/h=.5 , V~ . 3 


Rectangular crack, Out-of -plane shear 
Mode 2, K2/K20 



V h 2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 

.998 

.960 

.810 

.568 

.429 

.344 

.1 

.997 

.959 

.807 

.566 

.427 

.342 

.2 

.997 

.956 

.799 

.557 

.420 

.336 

.3 

.997 

.950 

.786 

.544 

.408 

.327 

.4 

.996 

.942 

.766 

.524 

.392 

.313 

.5 

.995 

.928 

.738 

.497 

.370 

.295 

.6 

.994 

.909 

.699 

.461 

.341 

.271 

.7 

.991 

.877 

.645 

.415 

.304 

.241 

.8 

.985 

.823 

.566 

.352 

.256 

.201 

.9 

.968 

.706 

.438 

.260 

.186 

.146 

.95 

.932 

.575 

.328 

.189 

.134 

.104 

.98 

.858 

.409 

.217 

.122 

.086 

.066 



Uode 

3, K3/K20(xi00) 




V h 2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 

.000 

.000 

.000 

.000 

.000 

.000 

.1 

.026 

.057 

-.027 

-.204 

-.234 

-.209 

.2 

.051 

.112 

-.056 

-.404 

-.463 

-.413 

.3 

.076 

.163 

-.089 

-.598 

-.680 

-.605 

.4 

.099 

.207 

-.127 

-.780 

-.879 

-.779 

.5 

.120 

.241 

-.173 

-.946 

-1.05 

-.926 

.6 

.138 

.261 

-.229 

-1.09 

-1.18 

-1.04 

.7 

.149 

.261 

-.296 

-1.19 

-1.26 

-1.09 

.8 

.151 

.230 

-.378 

-1.23 

-1.26 

-1.08 

.9 

.132 

.146 

-.465 

-1.13 

-1.09 

-.914 

.95 

.104 

.063 

-.483 

-.941 

-.869 

-.714 

.98 

.067 

-.022 

-.426 

-.673 

-.597 

-.484 
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Table 4.18a continued, Normalized stress intensity 
factors for a rectangular surface crack in a plate 
under in-plane shear loading, a/h=.5 , i/=. 3 

Rectangular crack, In-plane shear 




Mode 

3, K3/K3I0 





V h 2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.780 

.584 

.513 

.420 

.316 

.240 

.1 

.779 

.582 

.512 

.418 

.314 

.239 

.2 

.776 

.578 

.508 

.414 

.311 

.236 

.3 

.769 

.571 

.502 

.408 

.305 

.231 

.4 

.760 

.560 

,492 

,397 

,296 

.224 

.5 

.746 

.545 

.478 

.383 

.283 

.213 

.6 

.725 

.524 

.460 

.364 

.266 

.199 

.7 

.692 

.495 

.434 

.337 

.243 

.181 

.8 

.638 

.451 

.396 

.299 

.211 

.155 

.9 

.534 

.379 

.333 

.235 

.161 

.116 

.95 

.430 

.316 

.272 

.179 

.119 

.085 

.98 

.321 

.251 

.199 

.121 

.078 

.055 



Mode 2 

!, K2/K3IO(xiOO) 




V h 2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.000 

.000 

.000 

.000 

.000 

.000 

.1 

-.091 

-.279 

-.274 

.135 

-.067 

-.038 

.2 

-.181 

-.553 

-.540 

.265 

-.132 

-.075 

.3 

-.269 

-.816 

-.788 

.384 

-.191 

-.108 

.4 

-.354 

-1.06 

-1.01 

.487 

-.241 

-.136 

.5 

-.435 

-1.28 

-1.19 

.568 

-.280 

-.158 

.6 

-.510 

-1.46 

-1.32 

.619 

-.304 

-.171 

.7 

-.576 

-1.58 

-1.38 

.633 

-.308 

-.173 

.8 

-.629 

-1.62 

-1.33 

.594 

-.287 

-.160 

.9 

-.657 

-1.47 

-1.10 

.475 

-.227 

-.126 

.95 

-.644 

-1.22 

-.847 

.355 

-.169 

-.093 

.98 

-.596 

-.879 

-.567 

.233 

-.110 

-.061 
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Table 4.18a cont. Normalized stress intensity 
factors for a rectangular surface crack in a plate 
under twisting loads, a/h=.5 , l/=.3 

Rectangular crack, Twisting 




Mode 

3, K3/K3T0 




V h 2 

.4 

.6 

.8 

.9 

y/a 

0 . 

.754 

.443 

.124 

-.723 

-2.61 

.1 

.753 

.441 

.122 

-.725 

-2.61 

.2 

.749 

.436 

.115 

-.730 

-2.61 

.3 

.743 

.426 

.105 

-.740 

-2.61 

.4 

.732 

.412 

.089 

-.752 

-2.60 

.5 

.716 

.392 

.068 

-.767 

-2.58 

.6 

.693 

.364 

.040 

-.782 

-2.53 

.7 

.656 

.326 

.002 

-.791 

-2.45 

.8 

.596 

.268 

-.046 

-.782 

-2.28 

.9 

.480 

.176 

-.109 

-.709 

-1.90 

.95 

.366 

.100 

-.138 

-.592 

-1.50 

.98 

.235 

.027 

-.136 

-.426 

-1.03 



Mode 

2, K2/K3T0 




V h 2 

.4 

.6 

.8 

.9 

y/a 

0 . 

.00000 

.00000 

.0000 

.0000 

.0000 

.1 

-.00101 

-.00381 

-.0058 - 

.0096 

-.0217 

.2 

-.00202 

-.00755 

-.0114 

.0189 

-.0425 

.3 

- . 00301 

-.0111 

-.0167 

.0275 

-.0618 

.4 

-.00396 

-.0145 

-.0214 

.0350 

-.0785 

.5 

-.00487 

-.0175 

-.0253 

.0410 

-.0916 

.6 

-.00571 

-.0199 

-.0281 

.0450 

- . 1001 

.7 

-.00644 

-.0217 

-.0294 

.0463 

-.1024 

.8 

-.00703 

-.0222 

-.0284 - 

.0438 

-.0962 

.9 

-.00734 

-.0202 

-.0236 

.0352 

-.0767 

.95 

-.00720 

-.0168 

-.0182 

.0265 

-.0523 

.98 

-.00666 

-.0121 

-.0122 

.0174 

-.0374 


.95 


7.45 

7.44 

7.41 

7.37 

7.29 

7.16 

6.95 

6.62 

6.03 

4.89 

3.76 

2.54 


.95 


.000 

.057 

.111 

.162 

.205 

.239 

.261 

.266 

.249 

.198 

.147 

.096 
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Table 4.18b Normalized stress intensity factors 
for a semi-elliptical surface crack in a plate 
under out-of-plane shear, in-plane shear, or 
twisting loads, a/h=.5 , i/=. 3 



Semi- 

■elliptical 

crack, Out- 

-of-plane 

shear 




Uode 

2, K2/K20 





V h - 2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.988 

.883 

.685 

.467 

.350 

.277 

.1 

.982 

.880 

.684 

.466 

.348 

.273 

.2 

.963 

.871 

.683 

.465 

.343 

.262 

.3 

.931 

.855 

.680 

.464 

.337 

.251 

.4 

.884 

.830 

.675 

.464 

.332 

.242 

.5 

.821 

.795 

.668 

.465 

.330 

.237 

.6 

.740 

.745 

.657 

.469 

.332 

.236 

.7 

.636 

.672 

.637 

.476 

.340 

.241 

.8 

.501 

.564 

.596 

.485 

.355 

.254 

.9 

.319 

.387 

.487 

.478 

.374 

.275 

.95 

.198 

.249 

.354 

.423 

.362 

.277 

.98 

.103 

.132 

.200 

.295 

.288 

.234 


Mode 3, K3/K20(X100) 


y/a 

L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

0 . 

.000 

.000 

.000 

.000 

.000 

.000 

.1 

.024 

.171 

-.027 

-.143 

-.155 

-.133 

.2 

.048 

.336 

-.049 

-.274 

-.300 

-.256 

.3 

.070 

.489 

-.044 

-.379 

-.426 

-.363 

.4 

.090 

.623 

-.015 

-.443 

-.520 

-.447 

.5 

.108 

.736 

.048 

-.449 

-.568 

-.499 

.6 

.123 

.825 

.151 

-.376 

-.546 

-.500 

.7 

.134 

.891 

.295 

-.203 

-.423 

-.420 

.8 

.141 

.943 

.482 

.086 

-.160 

-.220 

.9 

.142 

1.01 

.722 

.496 

.262 

.134 

.95 

.139 

1.12 

.898 

.767 

.540 

.371 

.98 

.132 

1.30 

1.07 

1.01 

.765 

.555 
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Table 4.18b cont. Normalized stress intensity 
factors for a semi-elliptical surface crack in a 
plate under in-plane shear loading, a/h=.5 , v ~ . 3 




Semi 

-ellipti 

cal 

crack , 

In-plane 

shear 






Mode 

3 ? 

K3/K3I0 





V h 

.2 


.4 


.6 

.8 

.9 

.95 

y/a 










0. 


.738 


.547 


.467 

.350 

.249 

.184 

.1 


.737 


.546 


.465 

.350 

.249 

.183 

.2 


.734 


.542 


.462 

.350 

.250 

.181 

.3 


.730 


.537 


.455 

.349 

.250 

.179 

.4 


.723 


.529 


.446 

.348 

.252 

.180 

.5 


.714 


.518 


.433 

.344 

.254 

.182 

.6 


.702 


.506 


.415 

.335 

.253 

.184 

.7 


.685 


.492 


.393 

.319 

.247 

.182 

.8 


.661 


.477 


.367 

.290 

.228 

.171 

.9 


.622 


.465 


.340 

.248 

.190 

.142 

.95 


.583 


.467 


.336 

.228 

.166 

.121 

.98 


.540 


.480 


.348 

.226 

.157 

.111 





Mode 

2, K2/K3I0( 

X 

| 




V h 

.2 


.4 


.6 

.8 

.9 

.95 

y/a 










0. 


.000 


.000 


.000 

.000 

.000 

.000 

.1 

- 

.087 


.229 

- 

.207 

-.107 

-.058 

-.037 

.2 

- 

.168 


.450 

- 

.412 

-.213 

-.116 

-.071 

.3 

- 

.239 

- 

.656 

- 

.614 

-.320 

-.172 

-.103 

.4 

- 

.295 


.838 

- 

.809 

-.428 

-.229 

-.135 

.5 

- 

.331 

- 

.984 

- 

.994 

-.539 

-.288 

-.169 

.6 

- 

.341 

-1 

.08 

1 

.16 

-.654 

-.352 

-.206 

.7 

- 

. 323 

-1 

.10 

1 

.30 

-.777 

-.427 

-.252 

.8 

- 

.270 

-1 

.01 

-1 

.36 

-.904 

-.515 

-.309 

.9 

- 

.177 

- 

.732 

1 

.22 

1.00 

-.618 

-.385 

.95 

- 

.110 

- 

.477 

- 

.924 

-.937 

-.638 

-.415 

.98 

- 

.057 

- 

.254 

- 

.534 

-.677 

-.528 

-.367 
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Table 4.18b cont. Normalized stress intensity 
factors for a semi-elliptical surface crack in a 
plate under twisting loads, a/h=.5 , v =. 3 

Semi-elliptical crack, Twisting 


Mode 3, K3/K3T0 



V h 2 

.4 

.6 

.8 

.9 

.95 

y/a 







0. 

.712 

.411 

.103 

-.636 

-2.17 

-6.01 

.1 

.713 

.413 

.108 

-.625 

-2.15 

-5.92 

.2 

.714 

.419 

.124 

-.592 

-2.08 

-5.70 

.3 

.717 

.431 

.149 

-.533 

-1.97 

-5.39 

.4 

.720 

.447 

.186 

-.445 

-1.79 

-4.99 

.5 

.724 

.468 

.235 

-.320 

-1.53 

-4.44 

.6 

.729 

.496 

.297 

-.149 

-1.16 

-3.63 

.7 

.733 

.531 

.375 

.078 

-.628 

-2.40 

.8 

.734 

.577 

.472 

.370 

.124 

-.578 

.9 

.724 

.645 

.604 

.741 

1.13 

1.98 

.95 

.702 

.703 

.713 

.994 

1.76 

3.59 

.98 

.667 

.765 

.831 

1.23 

2.30 

4.87 



Mode 

2, K2/K3T0 





L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.00000 

.00000 

.0000 

.0000 

.0000 

.000 

.1 

- . 00097 

.00320 

-.0046 

.0080 

-.0179 

-.045 

.2 

-.00189 

-.00631 

-.0093 

.0160 

-.0351 

-.087 

.3 

-.00269 

-.00922 

-.0138 

.0238 

-.0516 

-.124 

.4 

- . 00333 

-.0118 

-.0182 

.0316 

- . 0674 

-.159 

.5 

- . 00373 

-.0139 

-.0224 

.0394 

-.0831 

-.193 

.6 

- . 00386 

-.0153 

-.0262 

.0473 

-.0994 

-.229 

.7 

-.00366 

-.0156 

-.0293 

.0554 

-.117 

-.269 

.8 

- . 00307 

-.0144 

-.0308 

.0638 

-.138 

-.319 

.9 

- . 00202 

-.0105 

-.0277 

.0698 

-.161 

-.383 

.95 

-.00126 

-.00686 

-.0209 

.0650 

-.164 

-.405 

.98 

- . 00065 

-.00365 

-.0121 

.0468 

-.135 

-.354 
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Table 4.19a,b Normalized stress intensity factors 
for a rectangular (a), or semi-elliptical (b) , 
surface crack in a plate under out-of -plane shear, 
in-plane shear, or twisting loads, a/h=l . , l/=.3 

Rectangular crack, Out-of -plane shear 
Mode 2, K2/K20 


y/a 

V h 2 

.4 

.6 

.8 

.9 

.95 

0 . 

1.00 

.994 

.957 

.839 

.730 

.644 

.1 

1.00 

.994 

.955 

.836 

.727 

.640 

.2 

1.00 

.993 

.949 

.825 

.715 

.629 

.3 

.999 

.990 

.939 

.807 

.696 

.610 

.4 

.999 

.986 

.923 

.780 

.668 

.583 

.5 

.999 

.979 

.899 

.744 

.630 

.547 

.6 

.998 

.969 

.864 

.694 

.581 

.501 

.7 

.997 

.950 

.812 

.628 

.517 

.443 

.8 

.994 

.915 

.731 

.537 

.434 

.367 

.9 

.985 

.826 

.587 

.401 

.315 

.263 

.95 

.968 

.709 

.452 

.293 

.226 

.187 

.98 

.919 

.534 

.306 

.190 

.145 

.119 




Mode 

3, K3/K20(X10) 




L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 

0. 

.0000 

.0000 

.0000 

.0000 

.000 

.000 

.1 

.0031 

.0212 

.0060 

-.0298 

-.052 

-.056 

.2 

.0063 

.0427 

.0115 

-.0599 

-.103 

-.112 

.3 

.0095 

.0646 

.0157 

- . 0905 

-.153 

-.165 

.4 

.0127 

.0870 

.0180 

-.122 

- . 201 

-.215 

.5 

.0160 

.110 

.0177 

-.153 

- . 245 

-.260 

.6 

.0192 

.132 

.0136 

-.184 

-.284 

-.297 

.7 

.0221 

.153 

.0044 

-.212 

-.313 

-.322 

.8 

.0240 

.169 

-.0119 

-.234 

-.325 

-.326 

.9 

.0229 

.174 

-.0385 

-.236 

-.299 

-.290 

.95 

.0192 

.167 

.0562 

-.211 

-.249 

-.235 

.98 

.0134 

.151 

-.0626 

-.161 

-.178 

-.164 
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Table 4.19a cont. Normalized stress intensity 
factors for a rectangular surface crack in a plate 
under in-plane shear loading, a/h=l . , i /-, 3 


Rectangular crack, In-plane shear 


Mode 3, K3/K3I0 



V h - 2 

.4 

.6 

.8 

.9 

.95 

y/a 







0. 

.826 

.669 

.625 

.570 

.472 

.384 

.1 

.826 

.668 

.624 

.568 

.470 

.382 

.2 

.824 

.665 

.620 

.564 

.466 

.378 

.3 

.821 

.659 

.613 

.555 

.457 

.370 

.4 

.816 

.651 

.603 

.543 

.445 

.359 

.5 

.809 

.639 

.589 

.526 

.428 

.344 

.6 

.796 

.621 

.570 

.502 

.404 

.323 

.7 

.775 

.593 

.541 

.469 

.372 

.295 

.8 

.736 

.549 

.498 

.421 

.327 

.255 

.9 

.646 

.468 

.424 

.340 

.254 

.194 

.95 

.540 

.392 

.354 

.265 

.191 

.144 

.98 

.405 

.308 

.268 

.183 

.128 

.095 



Mode 2, 

K2/K3I0(X10) 




V h 2 

.4 

.6 

.8 

.9 

.95 


y/a 

0. 

.0000 

.000 

.000 

.000 

.000 

.0000 

.1 

-.0105 

-.043 

-.063 

-.049 

-.031 

-.0200 

.2 

-.0211 

-.086 

-.125 

-.096 

-.060 

-.0392 

.3 

-.0320 

-.128 

-.185 

-.140 

-.088 

-.0567 

.4 

-.0432 

-.170 

-.240 

-.178 

-.111 

-.0715 

.5 

-.0548 

-.211 

-.289 

-.209 

-.129 

-.0827 

.6 

-.0665 

-.248 

-.327 

-.229 

-.140 

-.0893 

.7 

-.0780 

-.279 

-.349 

-.236 

-.142 

-.0898 

.8 

-.0882 

-.298 

-.346 

-.222 

-.131 

-.0825 

.9 

-.0950 

-.286 

-.296 

-.178 

-.103 

-.0639 

.95 

-.0951 

-.249 

-.232 

-.133 

.076 

-.0468 

.98 

-.0905 

-.188 

-.158 

-.873 

-.049 

-.0302 
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Table 4.19a cont. Normalized stress intensity 
factors for a rectangular surface crack in a plate 
under twisting loads, a/h=l. , J/=.3 

Rectangular crack, Twisting 




Mode 

3, K3/K3T0 





V h 2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.806 

.555 

.310 

-.354 

-2.01 

-6.48 

.1 

.805 

.554 

.308 

-.358 

-2.02 

-6.49 

.2 

.804 

.550 

.302 

-.369 

-2.03 

-6.51 

.3 

.800 

.543 

.291 

-.389 

-2.06 

-6.55 

.4 

.795 

.532 

.274 

-.417 

-2.10 

-6.59 

.5 

.786 

.515 

.251 

-.455 

-2.15 

-6.63 

.6 

.773 

.491 

.218 

-.504 

-2.20 

-6.66 

.7 

.749 

.455 

.172 

-.564 

-2.24 

-6.62 

.8 

.705 

.397 

.104 

-.630 

-2.24 

-6.40 

.9 

.605 

.291 

.004 

-.673 

-2.07 

-5.63 

.95 

.487 

.193 

-.073 

-.628 

-1.75 

-4.60 

.98 

.336 

.091 

-.116 

-.497 

-1.27 

-3.25 



Mode 

2, K2/K3T0 





V h 2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

. 00000 

.0000 

.0000 

.0000 

.000 

.000 

.1 

-.00117 

-.0058 

-.0126 

-.0267 

-.063 

-.171 

.2 

- . 00236 

-.0116 

-.0250 

-.0527 

-.125 

-.337 

.3 

-.00357 

-.0174 

-.0369 

-.0770 

-.182 

-.491 

.4 

-.00483 

-.0231 

-.0480 

-.0989 

-.233 

-.625 

.5 

-.00612 

-.0286 

-.0579 

-.117 

-.274 

-.733 

.6 

-.00743 

-.0337 

-.0658 

-.130 

-.301 

-.804 

.7 

-.00871 

-.0380 

-.0705 

-.135 

-.310 

-.824 

.8 

-.00985 

-.0405 

-.0702 

-.129 

-.293 

-.774 

.9 

-.0106 

-.0390 

-.0603 

-.105 

-.234 

-.613 

.95 

-.0106 

-.0339 

-.0475 

-.0791 

-.175 

-.454 

.98 

-.0101 

-.0256 

-.0325 

-.0522 

-.114 

-.295 
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Table 4.19b Normalized stress intensity factors 
for a semi-elliptical surface crack in a plate 
under out-of-plane shear, in-plane shear, or 
twisting loads, a/h=l . , i/=.3 



Semi- 

■elliptical 

crack , 

Out-of -pi 

ane shear 




Mode 

2, K2/K20 




V h 2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.996 

.953 

.851 

.693 

.576 

.487 

.1 

.989 

.949 

.848 

.690 

.571 

.477 

.2 

.969 

.935 

.840 

.682 

.557 

.453 

.3 

.939 

.910 

.826 

.670 

.538 

.425 

.4 

.888 

.875 

.805 

.655 

.518 

.399 

.5 

.823 

.826 

.776 

.637 

.498 

.377 

.6 

.740 

.760 

.736 

.616 

.479 

.360 

.7 

.634 

.671 

.680 

.590 

.462 

.346 

.8 

.499 

.548 

.593 

.551 

.442 

.333 

.9 

.318 

.366 

.437 

.466 

.398 

.308 

.95 

.197 

.232 

.295 

.356 

.328 

.263 

.98 

.102 

.123 

.161 

.213 

.212 

.178 



Mode 

3, K3/K20(X10) 




V h 2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.0000 

.0000 

.0000 

.0000 

.0000 

.000 

.1 

.0048 

.0125 

.0031 

-.0283 

- . 0405 

-.040 

.2 

.0094 

.0250 

.0080 

-.0523 

-.0766 

-.075 

.3 

.0135 

.0375 

.0165 

- . 0680 

-.104 

-.102 

.4 

.0170 

.0498 

.0299 

-.0712 

-.119 

-.118 

.5 

.0197 

.0616 

.0489 

-.0583 

-.116 

-.120 

.6 

.0215 

.0726 

.0733 

-.0266 

-.0914 

-.102 

.7 

.0221 

.0823 

.102 

.0245 

-.0410 

-.062 

.8 

.0216 

.0907 

.135 

.0924 

.0351 

.005 

.9 

.0196 

.0964 

.170 

.173 

.131 

.092 

.95 

.0176 

.0989 

.193 

.223 

.187 

.144 

.98 

.0153 

.101 

.217 

.272 

.239 

.188 
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Table 4.19b cont. Normalized stress intensity 
factors for a semi-elliptical surface crack in a 
plate under in-plane shear loading, a/h=l. , l/=.3 


Semi-elliptical crack, In-plane shear 
Mode 3, K3/K3I0 



V h -2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 

.800 

.635 

.577 

.489 

.382 

.299 

.1 

.799 

.634 

.575 

.487 

.381 

.295 

.2 

.795 

.629 

.568 

.483 

.376 

.288 

.3 

.789 

.622 

.557 

.475 

.370 

.279 

.4 

.780 

.612 

.542 

.463 

.362 

.271 

.5 

.767 

.598 

.521 

.446 

.352 

.263 

.6 

.750 

.582 

.496 

.421 

.336 

.253 

.7 

.726 

.563 

.466 

.389 

.311 

.236 

.8 

.690 

.541 

.433 

.346 

.275 

.209 

.9 

.627 

.513 

.399 

.297 

.227 

.170 

.95 

.567 

.496 

.387 

.277 

.204 

.149 

.98 

.493 

.483 

.393 

.277 

.200 

.144 



Mode 

2, K2/K3I0(X10) 




L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 

.0000 

.000 

.000 

.000 

.0000 

.0000 

.1 

-.0133 

-.043 

-.050 

-.031 

-.0174 

-.0101 

.2 

-.0259 

-.083 

-.099 

-.063 

-.0347 

-.0199 

.3 

-.0368 

-.121 

-.145 

-.094 

-.0519 

-.0296 

.4 

-.0452 

-.153 

-.189 

-.124 

-.0695 

-.0396 

.5 

-.0503 

-.176 

-.227 

-.155 

-.0878 

-.0506 

.6 

-.0514 

-.188 

-.257 

-.184 

-.107 

-.0630 

.7 

-.0478 

-.186 

-.273 

-.210 

-.127 

-.0769 

.8 

-.0390 

-.162 

-.265 

-.228 

-.146 

-.0915 

.9 

-.0246 

-.110 

-.208 

-.218 

-.154 

-.1019 

.95 

-.0148 

-.069 

-.142 

-.175 

-.136 

-.0948 

.98 

-.0075 

-.036 

-.077 

-.107 

-.916 

-.0675 
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Table 4.19b cont. Normalized stress intensity 
factors for a semi-elliptical surface crack in a 
plate under twisting loads, a/h=l. , l /=. 3 

Semi-elliptical crack, Twisting 




Mode 

3, K3/K3T0 





L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 






0. 

.779 

.523 

.277 

-.335 

-1.71 

-5.27 

.1 

.780 

.525 

.282 

-.322 

-1.68 

-5.16 

.2 

.781 

.532 

.297 

-.281 

-1.59 

-4.88 

.3 

.782 

.543 

.323 

-.212 

-1.43 

-4.45 

.4 

.784 

.559 

.359 

-.109 

-1.19 

-3.88 

.5 

.786 

.581 

.408 

.030 

-.863 

-3.10 

.6 

.786 

.608 

.470 

.213 

-.413 

-2.03 

.7 

.783 

.642 

.547 

.445 

.186 

-.567 

.8 

.771 

.684 

.644 

.734 

.957 

1.38 

.9 

.737 

.739 

.779 

1.11 

1.93 

3.86 

.95 

.690 

.774 

.884 

1.37 

2.58 

5.46 

.98 

.618 

.800 

1.00 

1.65 

3.23 

6.99 



Mode 

2, K2/K3T0 





V h 2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.00000 

.0000 

.0000 

.0000 

.000 

.000 

.1 

-.00147 

-.0057 

-.0103 

.0210 

-.050 

-.133 

.2 

-.00285 

-.0112 

-.0204 - 

.0417 

-.098 

-.253 

.3 

-.00407 

-.0163 

-.0302 - 

.0618 

-.143 

-.358 

.4 

-.00502 

-.0207 

-.0394 - 

.0810 

-.184 

-.449 

.5 

-.00561 

-.0241 

-.0476 

.0991 

-.222 

-.533 

.6 

-.00577 

-.0260 

-.0543 - 

.116 

-.259 

-.613 

.7 

-.00540 

-.0259 

-.0581 

.130 

-.292 

-.690 

.8 

-.00443 

-.0229 

-.0571 

.140 

-.321 

-.761 

.9 

-.00281 

-.0158 

-.0455 

.132 

-.325 

-.791 

.95 

-.00170 

-.0100 

-.0313 - 

.106 

-.281 

-.712 

.98 

-.00086 

-.0052 

-.0107 - 

.0644 

-.187 

-.497 
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Table 4.20a,b Normalized stress intensity factors 
for a rectangular (a) , or semi-elliptical (b) , 
surface crack in a plate under out-of-plane shear, 
in-plane shear, or twisting loads, a/h=2. , i/=.3 


Rectangular crack, Out-of -plane shear 


Mode 2, K2/K20 



L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

1.00 

1.00 

1.00 

.984 

.955 

.921 

.1 

1.00 

1.00 

.999 

.983 

.952 

.917 

.2 

1.00 

1.00 

.998 

.976 

.942 

.905 

.3 

1.00 

1.00 

.995 

.965 

.925 

.885 

.4 

1.00 

.999 

.989 

.947 

.899 

.853 

.5 

1.00 

.997 

.979 

.919 

.860 

.809 

.6 

1.00 

.994 

.961 

.877 

.806 

.749 

.7 

.999 

.987 

.929 

.813 

.730 

.668 

.8 

.998 

.969 

.867 

.714 

.621 

.557 

.9 

.994 

.915 

.733 

.548 

.456 

.399 

.95 

.977 

.826 

.587 

.407 

.329 

.283 

.98 

.995 

.670 

.414 

.268 

.212 

.180 



Mode 

3, K3/K20(X10) 




L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.0000 

.0000 

.0000 

.0000 

.000 

.000 

.1 

.0016 

.0072 

.0114 

-.0066 

-.034 

-.052 

.2 

.0034 

.0148 

.0227 

-.0151 

-.071 

-.106 

.3 

.0054 

.0232 

.0339 

-.0274 

-.112 

-.163 

.4 

.0078 

.0327 

.0445 

-.0456 

-.159 

-.224 

.5 

.0108 

.0435 

.0535 

-.0718 

-.214 

-.290 

.6 

.0145 

.0556 

.0591 

-.108 

-.276 

-.359 

.7 

.0191 

.0678 

.0579 

-.155 

-.341 

-.424 

.8 

.0241 

.0768 

.0443 

-.211 

-.400 

-.472 

.9 

.0275 

.0725 

.0070 

-.263 

-.421 

-.467 

.95 

.0257 

.0556 

-.0279 

-.267 

-.381 

-.405 

.98 

.0197 

.0291 

-.0585 

-.229 

-.294 

-.300 
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Table 4.20a cont. Normalized stress intensity 
factors for a rectangular surface crack in a plate 
under in-plane shear loading, a/h=2. , i/=.3 

Rectangular crack, In-plane shear 


Mode 3, K3/K3I0 



L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.841 

.709 

.699 

.706 

.641 

.559 

.1 

.841 

.709 

.698 

.704 

.640 

.558 

.2 

.841 

.707 

.695 

.700 

.634 

.552 

.3 

.840 

.705 

.691 

.692 

.625 

.542 

.4 

.838 

.700 

.684 

.680 

.611 

.528 

.5 

.835 

.693 

.673 

.663 

.591 

.508 

.6 

.830 

.683 

.657 

.639 

.563 

.481 

.7 

.820 

.664 

.633 

.604 

.525 

.444 

.8 

.799 

.631 

.592 

.551 

.468 

.390 

.9 

.738 

.556 

.515 

.457 

.372 

.303 

.95 

.646 

.472 

.437 

.367 

.287 

.228 

.98 

.512 

.381 

.345 

.263 

.196 

.153 



Mode 

2, K2/K3I0(X10) 




L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.0000 

.000 

.000 

.000 

.000 

.000 

.1 

-.0053 

-.026 

-.054 

-.070 

-.061 

-.049 

.2 

-.0110 

-.054 

-.110 

-.140 

-.122 

-.098 

.3 

-.0176 

-.085 

-.170 

-.210 

-.180 

-.143 

.4 

-.0256 

-.122 

-.236 

-.278 

-.235 

-.184 

.5 

-.0357 

-.165 

-.306 

-.343 

-.282 

-.219 

.6 

-.0484 

-.216 

-.380 

-.399 

-.317 

-.242 

.7 

-.0643 

-.273 

-.447 

-.435 

-.334 

-.250 

.8 

-.0829 

-.329 

-.490 

-.435 

-.320 

-.234 

.9 

-.101 

-.359 

-.463 

-.365 

-.256 

-.182 

.95 

-.106 

-.337 

-.383 

-.279 

-.189 

-.133 

.98 

-.109 

-.274 

-.272 

-.185 

-.123 

-.085 
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Table 4.20a cont. Normalized stress intensity 
factors for a rectangular surface crack in a plate 
under twisting loads, a/h=2. , l /=. 3 

Rectangular crack, Twisting 




Mode 

3, K3/K3T0 





V h 2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.823 

.608 

.434 

.012 

-1.15 

-4.53 

.1 

.823 

.607 

.433 

-.008 

-1.16 

-4.55 

.2 

.822 

.605 

.428 

-.004 

-1.19 

-4.61 

.3 

.821 

.602 

.421 

-.025 

-1.23 

-4.71 

.4 

.819 

.596 

.409 

-.057 

-1.30 

-4.85 

.5 

.816 

.587 

.391 

-.101 

-1.39 

-5.03 

.6 

.810 

.573 

.364 

-.163 

-1.51 

-5.26 

.7 

.799 

.549 

.323 

-.250 

-1.67 

-5.54 

.8 

.776 

.504 

.256 

-.370 

-1.85 

-5.81 

.9 

.708 

.406 

.132 

-.532 

-1.99 

-5.78 

.95 

.607 

.300 

.023 

-.597 

-1.88 

-5.18 

.98 

.448 

.165 

-.077 

-.551 

-1.51 

-3.96 



Mode 

2, K2/K3T0 





L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.00000 

.0000 

.0000 

.000 

.000 

.000 

.1 

-.00059 

-.0035 

-.0103 

-.031 

-.086 

-.251 

.2 

-.00123 

-.0073 

-.0211 

-.063 

-.172 

-.502 

.3 

-.00197 

-.0115 

-.0326 

-.095 

-.258 

-.748 

.4 

-.00287 

-.0164 

-.0453 

-.128 

-.342 

-.986 

.5 

-.00399 

-.0223 

-.0592 

-.160 

-.421 

-1.20 

.6 

-.00541 

-.0292 

-.0737 

-.190 

-.489 

-1.38 

.7 

-.00718 

-.0369 

-.0874 

-.212 

-.534 

-1.49 

.8 

-.00926 

-.0446 

-.0967 

-.218 

-.534 

-1.47 

.9 

-.0113 

-.0488 

-.0923 

-.189 

-.448 

-1.21 

.95 

-.0118 

-.0458 

-.0767 

-.147 

-.340 

-.906 

.98 

-.0121 

-.0373 

-.0546 

-.098 

-.224 

-.591 
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Table 4.20b Normalized stress intensity factors 
for a semi-elliptical surface crack in a plate 
under out-of -plane shear, in-plane shear, or 
twisting loads, a/h=2. , j/=. 3 

Semi-elliptical crack, Out-of -plane shear 


Mode 2, K2/K20 



L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.999 

.986 

.950 

.876 

.799 

.723 

.1 

.992 

.981 

.946 

.870 

.789 

.704 

.2 

.972 

.964 

.931 

.852 

.760 

.658 

.3 

.938 

.935 

.906 

.823 

.718 

.601 

.4 

.889 

.893 

.871 

.786 

.670 

.544 

.5 

.824 

.837 

.823 

.741 

.619 

.491 

.6 

.740 

.762 

.761 

.687 

.567 

.442 

.7 

.634 

.665 

.680 

.623 

.512 

.395 

.8 

.498 

.536 

.568 

.538 

.446 

.344 

.9 

.317 

.354 

.395 

.403 

.347 

.271 

.95 

.196 

.224 

.259 

.281 

.252 

.201 

.98 

.102 

.119 

.140 

.159 

.147 

.120 



Mode 

3, K3/K20(xi0) 




L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.0000 

.0000 

.000 

.0000 

.000 

.000 

.1 

.0060 

.0189 

.015 

-.0257 

-.055 

-.065 

.2 

.0116 

.0373 

.032 

-.0446 

-.101 

-.118 

.3 

.0166 

.0550 

.052 

-.0504 

-.129 

-.151 

.4 

.0206 

.0712 

.076 

-.0383 

-.131 

-.160 

.5 

.0232 

.0851 

.103 

-.0515 

-.105 

-.139 

.6 

.0243 

.0959 

.134 

.0489 

.046 

-.087 

.7 

.0237 

.1023 

.163 

.119 

.039 

-.006 

.8 

.0213 

.1031 

.189 

.197 

.142 

.094 

.9 

.0170 

.0970 

.207 

.271 

.244 

.196 

.95 

.0140 

.0901 

.214 

.309 

.296 

.247 

.98 

.0113 

.0828 

.218 

.340 

.338 

.284 
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Table 4.20b cont. Normalized stress intensity 
factors for a semi-elliptical surface crack in a 
plate under in-plane shear loading, a/h=2. , i /=. 3 

Semi-elliptical crack, In-plane shear 




Mode 

3, K3/K3I0 




L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 

.829 

.687 

.659 

.623 

.532 

.442 

.1 

.828 

.686 

.656 

.619 

.528 

.434 

.2 

.824 

.681 

.647 

.608 

.516 

.417 

.3 

.817 

.672 

.631 

.590 

.497 

.395 

.4 

.807 

.660 

.610 

.564 

.474 

.371 

.5 

.792 

.644 

.583 

.531 

.444 

.346 

.6 

.772 

.625 

.550 

.489 

.407 

.317 

.7 

.744 

.602 

.513 

.440 

.362 

.281 

.8 

.701 

.573 

.472 

.384 

.309 

.237 

.9 

.624 

.530 

.428 

.325 

.251 

.188 

.95 

.549 

.493 

.403 

.298 

.224 

.166 

.98 

.467 

.453 

.387 

.287 

.213 

.157 



Mode 

2, K2/K3I0(X10) 




L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 

0 . 

.0000 

.000 

.000 

.000 

.0000 

.0000 

.1 

-.0125 

-.043 

-.059 

-.041 

.0181 

-.0038 

.2 

-.0243 

-.084 

-.116 

-.083 - 

.0384 

-.0106 

.3 

-.0349 

-.123 

-.172 

-.127 

.0626 

-.0224 

.4 

-.0436 

-.157 

-.226 

-.174 - 

.0919 

-.0403 

.5 

-.0493 

-.183 

-.274 

-.222 

.127 

-.0646 

.6 

-.0512 

-.199 

-.310 

- . 268 - 

.165 

-.0943 

.7 

-.0482 

-.198 

-.326 

- . 306 - 

.204 

-.127 

.8 

-.0393 

-.172 

-.308 

-.320 

.233 

-.156 

.9 

-.0241 

-.114 

-.226 

-.275 - 

.223 

-.160 

.95 

-.0141 

-.069 

-.146 

-.197 - 

.173 

-.131 

.98 

-.0068 

-.035 

-.076 

-.110 

.102 

-.0806 
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Table 4.20b cont. Normalized stress intensity 
factors for a semi-elliptical surface crack in a 
plate under twisting loads, a/h=2. , u=.3 

Semi-elliptical crack, Twisting 


Mode 3, K3/K3T0 



L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 






0 . 

.811 

.587 

.401 

-.020 

-1.03 

-3.75 

.1 

.811 

.589 

.406 

-.006 

-.999 

-3.65 

.2 

.812 

.596 

.421 

.035 

-.895 

-3.34 

.3 

.813 

.607 

.445 

.106 

-.719 

-2.87 

.4 

.814 

.624 

.481 

.208 

-.463 

-2.23 

.5 

.815 

.646 

.528 

.345 

-.115 

-1.37 

.6 

.813 

.673 

.588 

.521 

.343 

-.228 

.7 

.806 

.706 

.665 

.743 

.927 

1.24 

.8 

.788 

.745 

.763 

1.02 

1.66 

3.11 

.9 

.738 

.784 

.893 

1.39 

2.60 

5.48 

.95 

.673 

.792 

.980 

1.65 

3.25 

7.07 

.98 

.590 

.776 

1.05 

1.89 

3.84 

8.48 



Mode 

2, K2/K3T0 





L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.00000 

.0000 

.0000 

.0000 

.000 

.000 

.1 

-.00133 

-.0052 

-.0104 - 

.0245 

-.065 

-.187 

.2 

-.00261 

-.0103 

-.0208 

.0490 

-.128 

-.354 

.3 

-.00376 

-.0153 

-.0312 - 

.0732 

-.186 

-.496 

.4 

-.00473 

-.0198 

-.0416 - 

.0973 

-.240 

-.618 

.5 

-.00540 

-.0237 

-.0514 - 

.121 

-.291 

-.729 

.6 

-.00568 

-.0264 

-.0600 

.144 

-.340 

-.833 

.7 

-.00541 

-.0270 

-.0655 - 

.163 

-.384 

-.928 

.8 

-.00447 

-.0242 

-.0643 - 

.173 

-.412 

-.994 

.9 

-.00277 

-.0165 

-.0494 - 

.152 

-.383 

-.941 

.95 

-.00163 

-.0102 

-.0325 - 

.111 

-.296 

-.749 

.98 

-.00079 

-.0052 

-.0172 - 

.0624 

-.176 

-.458 
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Table 4.21a,b Normalized stress intensity factors 
for a rectangular (a), or semi-elliptical (b) , 
surface crack in a plate under out-of-plane shear, 
in-plane shear, or twisting loads, a/h=4. , u=.3 


Rectangular crack, Out-of -plane shear 


Mode 2, K2/K20 



L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

.1 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

.2 

1.00 

1.00 

1.00 

1.00 

1.00 

.999 

.3 

1.00 

1.00 

1.00 

1.00 

.998 

.993 

.4 

1.00 

1.00 

1.00 

.999 

.992 

.982 

.5 

1.00 

1.00 

1.00 

.993 

.978 

.962 

.6 

1.00 

1.00 

.997 

.978 

.952 

.925 

.7 

1.00 

.999 

.988 

.947 

.902 

.862 

.8 

1.00 

.994 

.961 

.876 

.806 

.752 

.9 

.998 

.967 

.866 

.713 

.620 

.558 

.95 

.982 

.914 

.732 

.547 

.455 

.399 

.98 

1.03 

.799 

.543 

.368 

.295 

.254 



Mode 

3, K3/K20(X100) 




L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.0000 

.000 

.000 

.000 

.000 

.000 

.1 

.0044 

.021 

.047 

.066 

.027 

-.038 

.2 

.0094 

.044 

.098 

.130 

.036 

-.104 

.3 

.0157 

.074 

.161 

.186 

.004 

-.234 

.4 

.0245 

.115 

.241 

.221 

-.106 

-.473 

.5 

.0378 

.175 

.346 

.207 

-.348 

-.879 

.6 

.0594 

.268 

.479 

.085 

-.803 

-1.53 

.7 

.0960 

.411 

.627 

-.240 

-1.57 

-2.47 

.8 

.158 

.616 

.720 

-.910 

-2.70 

-3.70 

.9 

.250 

.809 

.526 

-2.01 

-3.97 

-4.81 

.95 

.283 

.760 

.131 

-2.57 

-4.23 

-4.77 

.98 

.249 

.493 

-.380 

-2.60 

-3.64 

-3.88 
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Table 4.21a cont. Normalized stress intensity 
factors for a rectangular surface crack in a plate 
under in-plane shear loading, a/h=4. , l/=.3 


Rectangular crack, In-plane shear 
Mode 3, K3/K3I0 



L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.844 

.722 

.735 

.797 

.782 

.728 

.1 

.844 

.722 

.734 

.796 

.781 

.726 

.2 

.844 

.722 

.733 

.793 

.776 

.720 

.3 

.844 

.721 

.731 

.788 

.768 

.711 

.4 

.844 

.720 

.727 

.779 

.755 

.696 

.5 

.843 

.717 

.722 

.766 

.737 

.675 

.6 

.842 

.713 

.713 

.747 

.711 

.646 

.7 

.838 

.704 

.697 

.718 

.672 

.604 

.8 

.830 

.686 

.668 

.669 

.611 

.541 

.9 

.799 

.633 

.600 

.573 

.502 

.432 

.95 

.737 

.556 

.521 

.474 

.398 

.334 

.98 

.621 

.458 

.424 

.354 

.281 

.229 



Mode 

2, K2/K3I0(X10) 




L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.0000 

.0000 

.000 

.000 

.000 

.000 

.1 

-.0014 

-.0068 

-.016 

-.031 

-.038 

-.041 

.2 

-.0029 

-.0146 

-.034 

-.064 

-.080 

-.083 

.3 

-.0049 

-.0247 

-.058 

-.105 

-.126 

-.129 

.4 

-.0077 

-.0388 

-.090 

-.156 

-.181 

-.181 

.5 

-.0120 

-.0604 

-.136 

-.222 

-.245 

-.236 

.6 

-.0191 

-.0946 

-.205 

-.306 

-.317 

-.293 

.7 

-.0313 

-.150 

-.303 

-.404 

-.388 

-.343 

.8 

-.0526 

-.237 

-.429 

-.493 

-.435 

-.364 

.9 

-.0860 

-.345 

-.526 

-.499 

-.399 

-.316 

.95 

-.103 

-.372 

-.491 

-.411 

-.310 

-.238 

.98 

-.114 

-.336 

-.373 

-.282 

-.204 

-.153 
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Table 4.21a cont. Normalized stress intensity 
factors for a rectangular surface crack in a plate 
under twisting loads, a/h=4. , i/=. 3 


Rectangular crack, Twisting 




Mode 

3, K3/K3T0 





V h 2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.826 

.624 

.492 

.259 

-.405 

-2.48 

.1 

.826 

.624 

.491 

.257 

-.413 

-2.51 

.2 

.826 

.624 

.490 

.248 

-.438 

-2.58 

.3 

.826 

.623 

.486 

.233 

-.483 

-2.70 

.4 

.825 

.621 

.480 

.210 

-.551 

-2.88 

.5 

.825 

.618 

.471 

.175 

-.648 

-3.13 

.6 

.823 

.612 

.456 

.123 

-.785 

-3.47 

.7 

.820 

.601 

.430 

.044 

-.979 

-3.92 

.8 

.810 

.577 

.381 

-.085 

-1.26 

-4.54 

.9 

.776 

.507 

.269 

-.311 

-1.67 

-5.28 

.95 

.708 

.411 

.145 

-.484 

-1.85 

-5.39 

.98 

.570 

.261 

-.006 

-.570 

-1.72 

-4.65 



Mode 

2, K2/K3T0 





V h 2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.00000 

.00000 

.0000 

.000 

.000 

.000 

.1 

-.00015 

-.00092 

-.0030 

-.012 

-.037 

-.122 

.2 

-.00033 

-.00197 

-.0064 

-.024 

-.079 

-.255 

.3 

-.00055 

-.00331 

-.0107 

-.040 

-.128 

-.412 

.4 

-.00086 

-.00522 

-.0167 

-.061 

-.191 

-.606 

.5 

-.00134 

-.00812 

-.0255 

-.090 

-.271 

-.845 

.6 

-.00214 

-.0127 

-.0387 

-.127 

-.372 

-1.13 

.7 

-.00350 

-.0202 

-.0578 

-.175 

-.488 

-1.45 

.8 

-.00587 

-.0319 

-.0828 

-.224 

-.593 

-1.70 

.9 

-.00961 

-.0467 

-.1031 

-.240 

-.599 

-1.66 

.95 

-.0115 

-.0505 

-.0973 

-.205 

-.492 

-1.34 

.98 

-.0127 

-.0457 

-.0745 

-.144 

-.335 

-.895 
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Table 4.21b Normalized stress intensity factors 
for a semi-elliptical surface crack in a plate 
under out-of-plane shear, in-plane shear, or 
twisting loads, a/h=4. , i/=.3 


Semi-elliptical crack, Out-of -plane shear 




Mode 

2, K2/K20 





L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

1.00 

.997 

.988 

.965 

.932 

.889 

.1 

.993 

.991 

.982 

.956 

.916 

.860 

.2 

.973 

.973 

.964 

.930 

.872 

.788 

.3 

.939 

.943 

.935 

.890 

.809 

.699 

.4 

.890 

.899 

.893 

.838 

.737 

.612 

.5 

.824 

.840 

.838 

.776 

.662 

.531 

.6 

.740 

.763 

.767 

.703 

.586 

.458 

.7 

.633 

.663 

.675 

.618 

.507 

.390 

.8 

.497 

.532 

.553 

.513 

.419 

.319 

.9 

.316 

.349 

.376 

.362 

.301 

.230 

.95 

.196 

.221 

.244 

.244 

.206 

.159 

.98 

.102 

.117 

.132 

.136 

.117 

.092 



Mode 

3, K3/K20(X10) 




L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.0000 

.0000 

.000 

.0000 

.0000 

.000 

.1 

.0049 

.0170 

.020 

.0077 

-.0408 

-.063 

.2 

.0095 

.0336 

.040 - 

.0097 

-.0700 

-.107 

.3 

.0135 

.0492 

.062 - 

.0144 

-.0790 

-.123 

.4 

.0167 

.0632 

.086 

.0201 

-.0638 

-.109 

.5 

.0188 

.0750 

.110 

.0553 

-.0246 

-.068 

.6 

.0194 

.0826 

.134 

.102 

.0344 

-.007 

.7 

.0183 

.0850 

.153 

.154 

.105 

.065 

.8 

.0154 

.0800 

.162 

.201 

.173 

.134 

.9 

.0108 

.0660 

.156 

.230 

.223 

.186 

.95 

.0097 

.0585 

.145 

.228 

.230 

.196 

.98 

-.0030 

.0244 

.120 

.254 

.280 

.244 
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Table 4.21b cont. Normalized stress intensity 
factors for a semi-elliptical surface crack in a 
plate under in-plane shear loading, a/h=4. , u=.3 

Semi -elliptical crack, In-plane shear 

Mode 3, K3/K3I0 



L 0 /h .2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.840 

.712 

.709 

.728 

.672 

.590 

.1 

.839 

.710 

.705 

.722 

.664 

.577 

.2 

.835 

.704 

.693 

.704 

.640 

.545 

.3 

.828 

.695 

.675 

.675 

.606 

.503 

.4 

.817 

.682 

.649 

.635 

.562 

.458 

.5 

.802 

.666 

.616 

.586 

.511 

.411 

.6 

.781 

.645 

.579 

.529 

.453 

.360 

.7 

.751 

.620 

.537 

.466 

.390 

.306 

.8 

.705 

.587 

.491 

.400 

.323 

.249 

.9 

.622 

.535 

.439 

.334 

.257 

.193 

.95 

.540 

.485 

.403 

.301 

.226 

.166 

.98 

.451 

.427 

.370 

.279 

.208 

.156 



Mode 

2, K2/K3I0(X10) 




V h 2 

.4 

.6 

.8 

.9 

.95 

y/a 







0 . 

.0000 

.000 

.000 

.000 

.0000 

.0000 

.1 

-.0079 

-.027 

-.039 

-.025 

.0021 

.0237 

.2 

-.0156 

-.053 

-.078 

-.053 

-.0031 

.0349 

.3 

-.0227 

-.079 

-.117 

-.087 

-.0206 

.0279 

.4 

-.0290 

-.103 

-.158 

-.128 

-.0524 

.0283 

.5 

-.0338 

-.125 

-.197 

-.176 

-.0971 

-.0369 

.6 

-.0365 

-.142 

-.233 

-.227 

-.151 

-.0863 

.7 

-.0360 

-.149 

-.257 

-.273 

-.205 

-.138 

.8 

-.0306 

-.137 

-.254 

-.295 

-.242 

-.178 

.9 

-.0190 

-.094 

-.191 

-.249 

-.222 

-.174 

.95 

-.0132 

-.062 

-.126 

-.172 

-.161 

-.130 

.98 

.0064 

.000 

-.039 

-.079 

-.0810 

-.0675 
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Table 4.21b cont. Normalized stress intensity 
factors for a semi-elliptical surface crack in a 
plate under twisting loads, a/h=4. , j/=. 3 

Semi-elliptical crack, Twisting 




Mode 

3, K3/K3T0 





V h 2 

.4 

.6 

.8 

.9 

.95 

y/a 







0. 

.822 

.615 

.470 

.211 

-.425 

-2.21 

.1 

.822 

.617 

.475 

.224 

-.391 

-2.11 

.2 

.823 

.624 

.489 

.263 

-.290 

-1.82 

.3 

.824 

.636 

.513 

.330 

-.119 

-1.37 

.4 

.826 

.653 

.548 

.427 

.129 

-.736 

.5 

.826 

.676 

.594 

.557 

.464 

-.107 

.6 

.824 

.704 

.655 

.724 

.898 

1.20 

.7 

.816 

.738 

.733 

.936 

1.45 

2.59 

.8 

.795 

.776 

.832 

1.21 

2.15 

4.34 

.9 

.738 

.806 

.960 

1.58 

3.08 

6.65 

.95 

.664 

.794 

1.03 

1.83 

3.72 

8.24 

.98 

.572 

.749 

1.06 

2.02 

4.24 

9.53 



Mode 

2, K2/K3T0 





L 0 /h .2 

.4 

.6 

.8 

.9 

CD 

Cn 

y/a 







0 . 

.00000 

.0000 

.0000 

.0000 

.000 

.000 

.1 

-.00082 

-.0029 

-.0052 - 

.0116 

-.033 

-.106 

.2 

-.00161 

-.0058 

-.0107 - 

.0238 

-.066 

-.199 

.3 

-.00237 

-.0088 

-.0167 

.0372 

-.098 

-.281 

.4 

-.00306 

-.0119 

-.0235 

.0529 

-.133 

-.357 

.5 

-.00363 

-.0150 

-.0313 - 

.0719 

-.173 

-.442 

.6 

-.00399 

-.0179 

-.0399 

.0949 

-.223 

-.547 

.7 

-.00401 

-.0198 

-.0480 - 

.121 

-.284 

-.680 

.8 

-.00350 

-.0194 

-.0522 - 

.144 

-.344 

-.822 

.9 

-.00222 

-.0141 

-.0434 - 

.136 

-.345 

-.844 

.95 

-.00155 

-.0095 

-.0297 

.100 

-.265 

-.664 

.98 

.00068 

-.0004 

-.0104 

.0480 

-.138 

-.360 
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Table 4.22 Normalized stress intensity factor at 
the center of a semi-elliptical crack subjected to 
out-of -plane shear, in-plane shear, and twisting 
loads, i/=.3 

Out-of -plane shear, Mode 2, K2/K20 


a/h 

.5 

1 . 

1.5 

2. 

3. 

4. 

5. 

6. 

8. 

10. 

V h 











.1 

.999 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

.2 

.998 

.996 

.998 

.999 

.999 

1.00 

1.00 

1.00 

1.00 

1.00 

.3 

.952 

.982 

.991 

.995 

.998 

.999 

.999 

.999 

1.00 

1.00 

.4 

.883 

.953 

.976 

.986 

.994 

.997 

.998 

.999 

.999 

1.00 

.5 

.790 

.909 

.952 

.972 

.987 

.993 

.996 

.997 

.998 

.999 

.6 

.685 

.851 

.918 

.950 

.978 

.988 

.992 

.995 

.997 

.998 

.7 

.576 

.780 

.873 

.920 

.963 

.979 

.987 

.991 

.995 

.997 

.8 

.467 

.693 

.811 

.876 

.938 

.965 

.978 

.985 

.992 

.995 

.85 

.410 

.640 

.769 

.844 

.919 

.952 

.969 

.979 

.988 

.993 

.9 

.350 

.576 

.714 

.799 

.889 

.932 

.954 

.968 

.982 

.988 

.95 

.277 

.487 

.629 

.723 

.832 

.889 

.921 

.942 

.965 

.977 



In 

i-plane shear, 

Mode 3, K3/K3I0 




a/h 

.5 

1 . 

1.5 

2. 

3. 

4. 

5. 

6. 

8. 

10. 

V h 











.1 

.899 

.927 

.935 

.939 

.942 

.943 

.943 

.943 

.944 

.944 

.2 

.738 

.800 

.820 

.829 

.837 

.840 

.842 

.843 

.843 

.844 

.3 

.619 

.698 

.727 

.740 

.752 

.758 

.760 

.762 

.764 

.765 

.4 

.547 

.635 

.670 

.688 

.704 

.712 

.716 

.719 

.722 

.724 

.5 

.503 

.600 

.642 

.665 

.688 

.699 

.706 

.710 

.716 

.719 

.6 

.467 

.577 

.629 

.659 

.692 

.709 

.720 

.727 

.736 

.741 

.7 

.420 

.547 

.613 

.653 

.700 

.726 

.743 

.755 

.770 

.780 

.8 

.350 

.489 

.570 

.623 

.688 

.728 

.754 

.773 

.799 

.815 

.85 

.304 

.443 

.529 

.588 

.664 

.711 

.744 

.767 

.800 

.821 

.9 

.249 

.382 

.470 

.532 

.617 

.672 

.711 

.740 

.781 

.809 

.95 

.184 

.299 

.380 

.442 

.530 

.590 

.635 

.670 

.721 

.757 




Twisting, Mode 3, 

K3/K3T0 




a/h 

.5 

1 . 

1.5 

2. 

3. 

4. 

5. 

6. 

8. 

10. 

V h 











.1 

.895 

.924 

.932 

.936 

.939 

.940 

.940 

.941 

.941 

.941 

.2 

.712 

.779 

.801 

.811 

.819 

.822 

.823 

.824 

.825 

.826 

.3 

.550 

.642 

.674 

.689 

.702 

.708 

.710 

.712 

.714 

.715 

.4 

.411 

.523 

.566 

.587 

.606 

.615 

.619 

.622 

.626 

.628 

.5 

.273 

.410 

.467 

.497 

.526 

.539 

.547 

.552 

.559 

.562 

.6 

.103 

.277 

.357 

.401 

.447 

.470 

.484 

.493 

.504 

.511 

.7 - 

.152 

.074 

.193 

.263 

.341 

.382 

.408 

.425 

.447 

.460 

.8 - 

.636 

-.335 

-.144 

-.020 

.128 

.211 

.264 

.300 

.347 

.377 

.85 - 

1.13 

-.766 

-.508 

-.330 - 

.109 

.020 

.103 

.162 

.238 

.286 

.9 - 

2.17 

-1.71 

-1.32 

-1.03 - 

.654 

-.425 - 

.273 

-.165 

-.021 

.071 

.95 - 

6.01 

-5.27 

-4.43 

-3.75 - 

2.81 

-2.21 - 

1.79 

-1.49 

-1.09 

-.823 
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Table 4.23 The effect of Poisson’s ratio on the 
normalized stress intensity factor at the center 
of a semi-elliptical crack subjected to out-of- 
plane shear, in-plane shear, and twisting loads, 
a/h=l . 


Out-of-plane shear In-plane shear 
Mode 2, K2/K20 Mode 3, K3/K3I0 


Twisting 
Mode 3, K3/K3T0 


V 


V h 


.85 

.9 

.95 


0 . 

.3 

.5 

1.00 

1.00 

1.00 

.994 

.996 

.997 

.974 

.982 

.987 

.936 

.953 

.966 

.878 

.909 

.932 

.806 

.851 

.886 

.721 

.780 

.827 

.624 

.693 

.751 

.569 

.640 

.703 

.503 

.576 

.643 

.416 

.487 

.554 


0 . 

.3 

.5 

.935 

.927 

.921 

.820 

.800 

.787 

.725 

.698 

.682 

.666 

.635 

.617 

.634 

.940 

.580 

.615 

.577 

.555 

.591 

.547 

.521 

.541 

.489 

.460 

.498 

.443 

.414 

.437 

.382 

.353 

.350 

.299 

.273 


0 . 

.3 

.5 

.932 

.924 

.918 

.801 

.779 

.766 

.673 

.642 

.623 

.562 

.523 

.500 

.457 

.410 

.382 

.337 

.277 

.242 

.155 

.074 

.028 

-.216 

-.335 

-.398 

-.613 

-.766 

-.844 

-1.50 

-1.71 

-1.82 

-4.85 

-5.27 

-5.44 


Table 4.24 The LSM approximation to the stress 
intensity factor at the corner of a semi- 
elliptical surface crack subjected to out-of-plane 
shear, in-plane shear, and twisting loads, a/h=l, 
l/= . 3 . 


OUT-OF-PLANE SHEAR 
k 2 (h/2) k 3 (0) 

IN-PLANE 

k 2 (h/2) 

SHEAR 

k 3 (°) 

TWISTING 
k 2 (h/2) k 3 (0) 





a 4 rr 

'5^ 


V h 

.1 

.000 

.005 

.124 

-.000 

.116 

-.000 

.2 

.000 

.033 

.237 

-.0005 

.206 

-.0005 

.3 

.001 

.074 

.336 

-.002 

.272 

-.002 

.4 

.004 

.125 

.421 

-.005 

.317 

-.004 

.5 

.009 

.186 

.496 

-.009 

.348 

-.006 

.6 

.017 

.256 

.563 

-.014 

.368 

-.009 

.7 

.028 

.332 

.625 

-.020 

.380 

-.012 

.8 

.042 

.416 

.682 

-.025 

.387 

-.014 

.85 

.050 

.461 

.709 

-.028 

.389 

-.015 

.9 

.059 

.507 

.735 

-.030 

.390 

-.016 

.95 

.069 

.556 

.761 

-.032 

.390 

-.017 
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Figure 4.1 Comparison of mode 1 line-spring model 
with and without transverse shear deformation to 
Newman s and Raju’s finite element solution. Ref 
[33], for a/h=2/3 , i/=. 3 
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*°1/S 


Figure 4.2 Comparison of mode 1 line-spring model 
with and without transverse shear deformation to 
Newman’s and Raju’s finite element solution, Ref. 
[33], for a/h=l., u=.3 
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Figure 4.3 Comparison of mode 1 line-spring model 
with and without transverse shear deformation to 
Newman’s and Raju’s finite element solution Ref 
[33], for a/h=2 . , u=. 3 
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Figure 4.4 Comparison of mode 1 line-spring model 
with and without transverse shear deformation to 
Newman’s and Raju’s finite element solution, Ref. 
[33], for a/h=4. , i/=.3 
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Figure 4.6 Line-spring model approximation to the 
stress intensity factor at the corner of 
rectangularly shaped surface crack, a/h=l . , i/=.3. 
The arrow points to the through crack limit. 
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Figure 4.7 Line-spring model approximation to the 
stress intensity factor at the corner of 1/4 power 
"semi-elliptical" surface crack, a/h=l., i/=.3 
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Figure 4.8 Line-spring model approximation to the 
stress intensity factor at the corner of a through 
crack subjected to bending allowing for contact 
stresses as compared to the value assuming no 
contact, a/h=l., 3 
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L(0)/h 

Figure 4.9 The LSM approximation to the stress 
intensity factor at the corner of a semi- 
elliptical surface crack, a/h=l., i/=.3. The finite 
element results are from Ref. [33] . 
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Figure 4.10 Normalized stress intensity factor 
profiles for the mode 2,3 line-spring model for a 
rectangular crack subjected to out-of -plane shear, 
a/h=l., J/=. 3 
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Figure 4.11 Normalized stress intensity factor 
profiles for the mode 2,3 line-spring model for a 
rectangular crack subjected to in-plane shear, 
a/h=l . , i/=.3 
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Figure 4.12 Normalized stress intensity factor 
profiles for the mode 2,3 line-spring model for a 
rectangular crack subjected to twisting, a/h=l., 
i/=.3 
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Figure 4.13 Normalized stress intensity factor 
profiles for the mode 2,3 line-spring model for a 
semi-elliptical crack subjected to out-of-plane 
shear, a/h=l., u = . 3 
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Figure 4.14 " Normalized stress intensity factor 
profiles for the mode 2,3 line-spring model for a 
semi-elliptical crack subjected to in-plane shear, 
a/h=l . , J/-.3 
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Figure 4.15 Normalized stress intensity factor 
profiles for the mode 2,3 line-spring model for a 
semi-elliptical crack subjected to twisting, 
a/h=l . , u ~ . 3 
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CHAPTER 5 


Through Cracks in Shallow Shells 

In this chapter the singular integral equations for a series of 
collinear cracks in a shallow shell which allows for transverse shear 
deformations will be derived. The crack will be assumed to lie along 
a principal line of curvature which uncouples the symmetric (mode 1) 
from the skew-symmetric (modes 2,3) formulation. The emphasis will be 
on crack interaction for some common geometries. Also the equations 
are needed for the part-through crack problem of the next chapter. 

5. 1 Formulation 

The governing equations, both dimensional (Eqns. 5. la-16a, 18a, 
19a) and non-dimensional (Eqns. 5 . lb-16b, 18b, 19b) are listed below. 
The dimensional relationships are defined in Appendix A. From 
equilibrium, 


0N 11 9N 12 
9xj + 9xg 

= 0 

9N 

XX 

’ 9x "* 

9N 

> 

9y 

^ = 0 , 

(5.1a,b) 

9N 12 0N 22 
0X 1 + 0X 2 

= 0 

9N 

- 

9N 

9y U » 

(5.2a,b) 

9V 1 9V 2 

9 

(f^n) * 

9 1 

fM* i 
l9x 2 12J 


9x l + 9x 2 + 

0X 1 

0x l' 




9 1 
+ 9x 2 

f9Z M 1 9 (9Z M 1 

l9x 1 N 12J + 9x 2 l9x 2 N 22j + 

q( x j » x 2 ) = 0 , 

9V 

X 

9V 
1 

12(1+1/) | 

r 9_i 

(9z n 1 a_faz M ) 
.9x xxJ + 9xl9y xyj 


3x + 

9y 

+ 5 1 

l 9x' 

+ 
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+ 



(5.3a,b) 


9M 


11 


ay 


12 


9x, 


9x r 


-v 1 = o 


3M ay 

+ —ZL _ 5 v = 0 

9x 3y 12(1 +i/) x * 


(5.4a,b) 


9M 12 9M 22 


9x, 


9x r 


- V 2 = 0 


ay ay 
_ xj . yy 
ax 


v = o 


(5.5a,b) 


0y 12(l+i/) y 

where q(x,y) is normal loading to the plate surface and Z(x,y) is the 
equation of the mid-plane of the shell. The other variables are 
standard shell quantities (see Pigs. 2. 1,2. 3). From kinematical 
considerations , 


12 


9u 1D 

az 

8u 3D 




0u 

az a» 

8x, 

+ axi 

8x, 

> 

t = 

XX 

0X 

+ 9x 3x ’ 

a "2D 

az 

9u 3D 




0v 

az 3w 

ax 2 

+ 9x 2 

dx 2 

} 

e 

yy 

9y 

+ 3y 3y ’ 

i r 

9u id 

8 u 2D 


az 

8 "3D 

aZ 9 u 3D1 

2 [ 

9x 2 

aX i 

+ 

9x i 

9x 2 

9xg 9xj J 



- I f 

9u 


9v 


az aw az 


6 - 
xy 

' 2 l 

9y 


9x 

- + 

3x dy + dy 


(5.6a,b) 


(5.7a,b) 


] , (5.8a, b) 


a _ ^3D „ _ 9w 

1 0Xj + ’ x 3x + ^x ’ 


9u 


3D 


9w 


d 2 ax 9 + ^2 ’ °y ~ ay + ^y ’ 


(5.9a,b) 


(5. 10a, b) 
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where 6 ^ and 9 ^ are the total rotations of the normals. For classical 
theory they are zero showing that normals to the shell surface stay 
normal, i.e. there is no deformation transversely. The constitutive 


^relations <(Hooke^s* law) ■ ^ ‘ ^ 

he ll = E ( N ll “ ^ N 22^ ’ C xx = N xx * vN yy ’ (5.11a,b) 

he 22 = E ^ N 22 “ vN ll^ ’ e yy = N yy ' *^xx ’ (5.12a,b) 

he l2^ N 12 ’ C xy = ^"xy ’ ( 5 ’ 13a ’ b > 

where E is Young’s modulus and U is Poisson’s ratio. From bending, 



i r ^ ^ l 

y = I + — I 1 

” 12(1-* 2 ) 1 011 ‘ 

_ D(l-t/) [ 9 ^1 9 ^2 1 

12 2 l 0X2 + 0Xj J ’ 

i r d P i 

y = I _* + JJL 1 

xy 24(1 +l/) l 5y 0x J ’ 


(5. 14a,b) 


(5.15a,b) 


(5. 16a,b) 


where 


D = 


Eh 

12(l-i/ 2 ) 


(5.17) 


The linear transverse shear stress-strain relationships are, 
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(5 . 18a, b) 


_ _i 
1 “ hB 



6 



where 



(5.19a,b) 


R - 5E 

~ 12(1+1/) • (5-20) 

From here on only non-dimensional variables will be used. Define 
0 (x,y) such that 


N 


xx 


0 ^ 

dy 2 


N 


= a jt 

yy - 9x 2 ’ 


N = - 

xy 5xdy 


(5.21) 


Introduce the new unknowns fl(x,y) and jKx,y) defined as follows, 


0 /? 

fl(x,y) = Qy 





y) 



(5.22) 

(5.23) 


where 


K = 


5(1-1/) 


(5.24) 


Also it will be assumed that Z(x,y) is limited to the following, 


sfz _ M dh _ -1 a 2 z -l 

ax 2 ' *i ’ a, 2 ' * 2 ’ a * a > = *i2 ’ (5 ' 25) 

thus making the curvatures constant. For convenience the following 
constants are introduced, 


Aj = 12(l-i/ 2 ) (h/R 1 ) 2 , A* = 12(l-i/ 2 )(h/R 2 ) 2 , 

X 12 = 12 ( l f/2 ) (VR 12 ) 2 , A 2 = 12(1 -i/ 2 ) , 7 = A -2 . (5.26) 

If all but Aj are zero, an axially cracked cylinder results; if \ is 
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R ^2 is needed when the crack does not lie along a 


the only non-zero quantity, then the crack will be circumferential, 
see Fig. 2.1. 

principal line of curvature. After some algebra Eqns. 5.1-19 are 
reduced to the following equations, 


A - *5 { *p2 - 2X 

X 1 1 Oy 


12 0x9y 

2 


X 2~S } w ( x>y ) = 0 > 

Ox 


(5.27) 


n 4 . 2 0 2 x / ,2 8 0^2 8 

V w + X (1-xV )| Xj — g “ 2X 

0y 


2 ,2 9 2 

12 0x0y + 2 Qx 2 


} 4 >( x >y) = 


X 4 (l-*V 2 )q(x,y) , (5.28) 

(5.29) 

(5.30) 

Now let q(x,y) = 0 and also confine the crack to a principal line of 
curvature by setting Xjg = 0. This reduces Eqns. 5.27,28 to 

.2 „ *2 


- 1 - w = 0 , 

V 2 Q - Q = 0 


- ^2 { X lZ2 + X 2^2 } w(x ’ y) = ° ’ 


0y 


0X 


V 4 w + X 2 (l-/tV 2 ){ x 2 -^ + A 2 -^ } K*. y) = o • 

9y 9x 


(5.31) 


(5.32) 


These last four equations will be solved by using Fourier transforms. 
First Eqns. 5.31,32 are reduced to one equation in ^(x,y),, 

vVV + (1-*V 2 )V 2 V 2 0 = o , (5.33) 

where 


y2 _ x 2_9_ + \ 2 _9_ 

V X “ A 1 a 2 2. 2 

oy ox 


(5.34) 


The Fourier transform is defined for any function as 
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F ( x >y) = ^ { F(x,a) e~ iya da , 
—00 

,+°° 

F(x,a) = J F(x,y) e iyfl dy . 


(5.35) 


The transforms of the various operators of Eqn. 5.33 


are 


FT[ V 2 F ] = ^ - a 2 F , 
d x 


FT[ V 4 F ] = & - 2 a 2 ^ + a 4 F , 


,4 ““ ,2 

d x d x 




FT[ V 4 V 4 F ] = ^ - 4a^ + 6a 4 ^ - 4 a 6 ^ + a 8 F 


,4s 


,2* 


,8 

d x 


Fir V 2 V 2 F 1 - X 4 d4p o\2\2 2d^F >4 4 ij 
ML V XV J - X 2,4 ‘ 2X lV ~T + X l a F - 

ax ax 

FTT V 2 V 2 V 2 F 1 - X 4d ^ / 91 2>2 2 2. 4^ d 4 F 

U V Vx* J - X 2,6 " ( 2X iV + a VT + 


,6 

d x 


d 4 x 


„ ,2 

d x 


j2fr 


6 d u x A * 2 d 4 x 


»4 4 o\2\2 4xd^F 6,4^; 
( X l a + 2XjX 2 a ) - a X F 

d x 


The Fourier transform of Eqn. 5.33 is 

- (4a^+ cXg)^ 6 ” 
d x 2 d w x 


? " ( 4fl2+ * X 2 )^ + ( 6fl4+ x 2 + 2«X 2 X 2 a 2 + *X 4 a 2 )^ 


,2-r 


(5.36) 


(4a + 2XjX 2 a 2 + /cX 4 a 4 + 2/cX 2 X 2 a 4 )^2^ + (a 8 + X 4 a 4 +xa 6 X 4 )0 = 0 , 

d x 1 J 


(5.37) 


which has the solution 
4 


_ 4 m.x 

H*>a) = XX(a)e J , x > 0 , 

1=1 J 
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_ 8 m.x 

H x > a ) = XX( a ) e 3 , x < 0 » (5.38) 

3=5 3 


where 

m. = -(p.+« 2 ) 1/2 , j=l >2,3,4 , 

J J 

m. = + (Pj_ 4 +a2 ) 1/2 > j = 5 >6,7,8 . (5.39) 

The roots p ^ , j=l,2,3,4 are obtained from the solution of the 

following characteristic equation, 

p 4 - *X 4 p 3 + (2*X 2 X 2 a 2 - 2 *X 4 a 2 + X 4 )p 2 + 

+ (2 n\ 2 \ 2 a 2 - k X 4 a 2 - k X 4 a 2 + 2X 4 - 2X 2 X 2 )a 2 p + 

+ (X 2 - X 2 )V = 0 . (5.40) 

This quartic is solved numerically. For large and small a an 
asymptotic expansion for the roots is given in section J.l of Appendix 
J. Since the crack has been assumed to lie on a principal line of 
curvature, only the portion of the shell for x>0 need be considered. 
The transformed solutions of the other unknowns appearing in Eqns. 
5.29-32 are: 


Q(x,a) = A(a)e rx , x > 0 , 


*(x,«) = D:WK.(fl)e" jX , x>0 

3=1 3 3 


»(*,«) = HM a )K.(a)(/tp.-l)e 3 , x > 0 

j=l 3 J J 


where 


(5.41) 

(5.42) 


(5.43) 
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r = - 


2 

a + 


*(l-t/) 


1/2 


K.(a) = 


2,2 


2x2 ,2 2, 


(5.44) 


(5.45) 


J (* Pj -i)(«txj-xj<o 

The next step is to express the shell quantities in terms of A (a) and 
R j (®) » j = l >2,3,4, which are unknowns in the problem to be determined 
by boundary conditions as yet unspecified. These expressions are 



1 

f +0 ° 9 4 m.x 



N = 

XX 

~ 1 

2 k j 

| « ZM«)e J e 

-00 j=l J 

iay da , 

(5.46) 

N = 
yy 

1_ 
2* j 

.+00 4 m.x 

1 J e' 

—00 j — 1 J J 

ioy da , 

(5.47) 


4 j 

<+°° 4 m.x 



N = 
xy 

2 k J 

a^m.R. (a)e J e 
-00 j — J J J 

r 1 * 1 d« , 

(5.48) 




,+» 4 


—00 J-l J J J 

^oo 


dfl - 


r +« 4 


XX 


• /• _rw m . x 

- Yj J ®ZK « ( fl )e J e~ ltty da , 

—00 j— 1 J j 

i 1 r +w 4 „ „ m.x . 

~4 2 k J ^Zim.-isa )K.R.(a)e J e lfly da 
A -oo j = i J J J 

«(l-t/)^ i f + . . rx -iay , 

‘ 0 x4 . 2 k J flrA ( fl ) e e X da + 


(5.49) 


(5.50) 


(5.51) 
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(5.52) 


,+<*> 4 


m.x 


M 


yy 


e iay do 


X -» j=l J J J 
2 +00 

+ 4li^L J arA(a)e rx e * ay da 


M 

xy x 


2X 

. ,+«» 4 


m.x 


e iay da 


f 1 2 w L«g-i K J R i ( « )e J 

o +oo 

_ Hdl^L. L. J (fl^+r^)A(a)e rx e _ifl ^ d« 


+00 


,+oo 4 


+ %z\ Z--P:K.R.(a)e j e' ifly da , 

^ —00 j=l J J J J 

r^w"-' 1 * 7 d « * 


,+oo 4 


-iay 


1 * f-r w «± JLU « A 

o ' 1 

§?u - tsy { <^*)t*,c) [■*(«»,-» - } 

-00 


9v 

9y 


i r + “ 4 9 

„ - y^m.R. (a) 

2 * J _« J J 


-iay 


da + 


,+«» 4 


+ y(V x ) 2 §? f «Zm«)k.(*p.-i) e“ iay da , 

z ^ ^_oo j =1 J J J 

+00 4 . _ _ . 

= Yj \ ^ m jV a ) e_1 “ y da + y(X 2 /X) 9ylx+0 

-00 j —\ J J 


, (5.53) 

(5.54) 

(5.55) 

“ iay da 

(5.56) 

(5.57) 

(5.58) 
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5 . 2 Symmetric Loading, Mode 1 


There are currently five unknowns in the problem, A(a), and (a) 
for j=l ,2,3,4. The first step is to reduce these to two unknowns by 
using the symmetry conditions, 


N xy (0,y) = 0 , 

(5.59) 

M xy (°»y) = o » 

(5.60) 

V x (0,y) = 0 . 

(5.61) 

Then replace the remaining two unknowns with the 

crack surface 

displacements, 


Uj(y) = u(x 2 )/h = u(0 + ,x 2 )/h , 

(5.62) 

u 2 (y) = /? x (x 2 ) = /* x (o + ,x 2 ) . 

(5.63) 

The equations that relate u..(y) to the original unknowns 

are: 

9 4 

A (a) - . s X^m.p.K.R. , 

v ' ia(l-i/) j f j j j ’ 

(5.64) 

Z^K.R.f [*(l-i-)a 2 * l]p. - « 2 (l-p)} = 0 , 

(5.65) 

gm.K.R.f *p.- 1 } = ~ a q 2 (<r) , 

(5.66) 

4 

Xlm-R- = 0 , 

(5.67) 

4 f 2 * p i -1 2 1 

gW X 2 K j^2- - -j } " • 

(5.68) 


where 
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(5.69) 


q k(°) = a j u k (t)e lflt dt , k=l,2 . 

—00 

The solution to Eqns. 5.65-68 is 

V a) = ^ m^D(a) ’ j=l,2,3,4 , 

where 


(5.70) 


D(a) = (KjK 2+ K 3 K 4 )(p r p 2 )(p 4 - p 3 ) + 

+ ( K l K 3 + WCPr P 3 )(P 2 - P 4 ) + ( K 2 K 3 + K i K 4 )(pr p 4 )(p 3 - P 2 ) . 

(5.71) 

7n = a [KgKg (p 3 ~ P 2 ) + ^2^4 ^ p 2" p 4^ + ^3^4 ( p 4~ p 3^] * 

7 12 = _a [ K l K 3^ p 3“ p P + K l K 4 ( p l" p 4 ) + K 3 K 4 ( p 4~ p 3 )] » 

7 13 = a [ K l K 2^ p 2~ p l^ + K l K 4 ( p l" p 4 ) + K 2 K 4 ^ p 4“ p 2^] ’ 

714 = “ a [ K i K 2( p 2 _ p l^ + K 1 K 3^ P 1~ p 3^ + K 2 K 3^ P 3 _ p 2^] ’ 

-7 X 2 K 

7 21 = ~2^2 ~ ^ (p 4“ P 3 ){[*( 1 -*')“ 2+ ^ p 2“ " 

a X 

- ^(p 2 ~ p 4 ){[*( 1 “ |/ ) a2+ 1 l p 3 - ® 2 (1-*')} - 

K 

- ^( p 3 ~ P 2 ){[ /t ( 1 - I/ ) o2+ !] p 4 - ® 2 (1-^)} 

X 2 K 

7 2 2 = “v 2 + r( p 4 - p 3 ){[*tt-*o« 2+ !] p r « 2 a-*o} + 

gl a 

+ a^ (p r P 4 ){[*( 1 - |/ ) tt2+ 1 1 p 3 - a 2 (l-i')} + 
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+ ^p(P 3 " Pi){ [*(l-^)« 2+ l]p 4 - « 2 (l-i/)} , 

7 x 2 K 

7 23 = ^2^2 ~ a~^ p 4 - p 2^ {t /c ( 1_1/ ) a + iJPj - fl 2 (l-i')) - 

]( 

- ^(Pj- P 4 ){[*(l-^)tt 2+ 1]P 2 ~ a 2 (l-v)} - 
K 

" ^ (p 2" Pi){[*(l^)« 2+ 1]P 4 - fl 2 (l-^)} , 

“7 K 

7 24 = 2^ + ^ (p 3" P 2 ) { [ * (1_i/) ff2+ ^ p r + 

a a 

K 

+ flT^ p i" P3){[*( 1 -‘ / ) fl2+ 1 ]p 2 - « 2 (i-*o} + 

K 

+ p i){[ <c ( 1_i/ ) a2+ !]P3- « 2 (1 -v)} • (5.72) 

The following two mixed boundary conditions will produce two singular 
integral equations for the determination of the crack opening 


displacements: 

N xx (0 + ,y) = - f i(y) , y in L n , (5.73) 

u j(y) = u(0 + ,X2)/h = 0 , y outside of L n , (5.74) 

M xx (° + .y) = -f 2 (y) ’ y in L n ’ (5.75) 

u 2 (y) = ^ x (0 + , x 2 ) = 0 , y outside of L n , (5.76) 

where 

= ( a j>^j)> ( a 2»^2^’ '■* ’ ^ a n’^n^ ’ (5-77) 
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each section (a. ,b.), defining a crack on x=0. Eqns. 5.73,75 with 

46,51,64 for y in L become, 

' n ’ 


+*> n 4 m.x 


, , , -1 lim f 2y' D j -iay , 

- f l (y) = 2i x+0 J ® A; R j e 6 dfl * 

-00 j=l J 

-X^ r , v 1+t/ lim ( +# ° f rxy-' „ D 

r? f 2 (),) = ~2i **0 J_„ ( -' re g m j p j K j R j 


(5.78) 


1 -x III.X q 4 ui*A \ 

+ y- Hp.K.R.e J + a Y'K.R.e J 
X ~ v j=i J J J jti J J J 


e -J " uy dfl 


(5.79) 


After making use of the odd/even nature of the infinite integrals, 


Eqns. 5.78,79 may be written as follows, 

1 1 . r +°° 0 4 m.x 

-f 1 (y) = ■ 1 x io J a £ R i e J cosa (t-y) dfl , 
* x u j=i J 


(5.80) 


-X^ r , \ 1+1/ lim ( + 

n; f 2< y ) = ~ x*o L 


“ I 0 ( " crerX S n, 5 P j K j R j 


, 4 m.x » 4 m.x •> 

+ jzz Zp^i 1 11 * * * : 6 J + tt J } cosfl(t-y) da . (5.81) 

j=l J J J j=l J J 

Next Eqns. 5.69,70,74,76 are substituted into Eqns. 5.80,81 to obtain 


tf\ 1 lim f y- y' *^ki m i X . . 

“ f l (y) = - X x+0 J T S U k (t) J. D7£T S IT e cosfl(t-y) 


L k=l 
n 


o D(a) jTi m j 


dfl dt + 


(5.82) 


= ¥ 3 J L l 0 m g -£} K i {-*-* 

n J J 


rx 

.p.e + 


1 2 2 m i x 1 

+ yi — (m.-i/a ) e J J cosa(t-y) da dt 

J * 


(5.83) 


The infinite integrals must now be analyzed. These integrals may not 

exist without the exponential decay in x. In the limit as x gets 
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small, the leading order term at a approaching infinity provides the 
integral that must be interpreted in the finite-part sense or perhaps 
in the Cauchy principal value sense, see Appendix B. Also the large a 
behavior must be determined so that the infinite integrals will 
numerically converge. The more terms that are known, the more 
accurate/less expensive the numerical integration. This analysis is 
presented in section J.2 of Appendix J. The form of the equations 
after using these results is, 


■ f i (y) - Hf 1 


u. (t) 


dt 




- j lnl t-y luj (t)dfc + ~ j lnlt-ylugttjdt 


• i J. "i ( ‘> S ^ ■ i) cos “ (t ‘ y) d “ dt * 

L 0 j=l j 


A 3 4 7 0 . 

* z 2j 


cosa(t-y) da dt + 


- i I L “2 (t> 1 D(.) m. 

n J J 

- J J “[(t) ijj(t.y) dt - ; f u 2 (t) I 1 2 ( t "J r ) dt . (s. 84) 


-X 4 , , , Uv < u 2 (t) , 

rs f 2 (j ) = 2 T f, —~2 dt * 

L „(t-y) 

- - j lnl t-y I Uj (t)dt - — j lnlt-ylUgft) dt 

L L 

n n 

i r r A 47 .. , 

+ * u, (t) rTTZs Z — ^ K. {-/irm.p. + 

» J L 1 jti m j J 1 J J 
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(m 2 -j/a 2 ) j cosa(t-y) da dt 


1 f U 0 (t) n^T Z ^ K. {-/Crm.p. + 

t J L 2' ' J 0 LD (a) m. 3 l j*j 

+ (m 2 -i/a 2 ) j + - ^ 1+ 2^ a ] cosa(t-y) da dt + 

* J { Uj(t) I 21 (t,y) dt * l j u 2 (t) I 22 (t,y) dt . (5.85) 

L n L n 

All quantities not defined in this chapter are given in Appendix J. 


+ ~ 


5.3 Symmetric Loading, Mode 1, results. 

As mentioned at the start of this chapter, the primary motivation 
for this analysis is to study the effect of shell curvature on crack 
interaction as seen through the SIFs. This problem has been 
considered by Erdogan and Ratwani [73] , by using the classical shell 
theory. As with the single crack solution, the theory used here that 
includes transverse shear deformations is better suited for this 
problem. 

The results presented in Figs. 5.1-4, show the effect of cylinder 
radius on the stresses ahead of a single crack (both axial, Figs. 
5.1,2, and circumferential, Figs. 5.3,4) of length a/h=l subjected to 
crack surface tension and bending loads. It is observed that although 
the primary stresses are not considerably different from those of the 
plate solution (R/h+°°) , the secondary values are now non-zero and 
increase with decreasing radius. These effects would be magnified for 
larger a/h. The results for axial cracks seem to be more sensitive to 
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curvature in tension than for the circumferential crack and the 
reverse is true for bending. 

The out-of-plane displacement w(0 + ,y), or bulging of a single 
crack has been examined in [28] , and has been used as an 
interpretation for the trends observed in the crack interaction 
problem [73] . In Fig. 5.5 the tension and bending results for an 
axially cracked cylinder with radius R/h=10 are presented for various 
crack lengths. Fig. 5.6 gives the results for a circumferential 
crack. In these plots the zero is fixed at y/a=0 in the deformed 
state. Again it is observed that the axial crack has more complicated 
behavior in tension, while the circumferential orientation shows a 
similar trend in bending. For these loadings the w displacement in 
the region ahead of the crack tip has more of a tendency to become 
negative . 

The symmetric double crack SIF solutions are presented in tables 
5.1-8. The geometries are again the axially cracked cylinder, a/h=l 
in 5.1 (tension) and 5.2 (bending), a/h=2 in 5.3 (tension) and 5.4 
(bending) , and the circumferentially cracked cylinder where these four 
cases are repeated in tables 5.5-8. For both geometries the primary 
stress intensity factor increases for decreasing radius in tension, 
and decreases for decreasing radius in bending. Again the axial crack 
is more sensitive to curvature than the circumferential crack in 
tension and the circumferential crack is similarly more sensitive to 
curvature in bending. The secondary SIFs decrease with increasing 
cylinder radius except for the outer crack tip of the circumferential 
crack, a/h=2 loaded in tension presented in Fig. 5.7. Also the 


183 


secondary values have fluctuations for increasing separation. This 
type of behavior was not observed with the primary SIFs as it was by 
Erdogan and Ratwani [73] . It is possible that for larger a/h the 

curvature effect is strong enough that there can be regions of 
increase of the SIFs as the cracks get farther apart. The shortest 
crack for which this trend was observed in Ref. [73] was a/h=2.5 for 
R/h=5. Because of convergence difficulties and the shallow shell 
assumption, longer cracks were not investigated. 

5.4 Skew-Symmetric Loading, Modes 2,3 

There are currently five unknowns in the problem, A (a), and R^ (a) 
for j =1,2, 3, 4. The first step is to reduce this to three unknowns by 


using the symmetry conditions, 

N xx (0 ’ y) = ° ’ (586) 

M xx ( °,y) = o • ( 5 - 87 ) 

Then replace the remaining unknowns with the crack surface 
displacements, 

g 3 (y) = u 3 (y) = w(x 2 )/h = w(0 + ,x 2 )/h , (5.88) 

g 4 (y) = u 4 (y)-(* 2 /X) 2 yu 3 (y) = v(x 2 )/h-(X 2 /A) 2 x 2 w(x 2 )/h 2 , 

= v (0 + , x 2 ) /h- (X 2 /X) 2 x 2 w ( 0 + , x 2 ) /h 2 , (5.89) 

u 4 (y) = v(* 2 ) = s 4 (y) + (X 2 A) 2 y g 3 (y) , (5.90) 

g 5 (y) = u 5 (y) = 0 y ( x 2 ) = Py( 0+ > x 2 > » (5.91) 


where u^(y) are the crack opening displacements and g^(y) are the 
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unknowns to be used. The in-plane displacement component, i-4, 
determines this, see Eqns. 5.57,58. If u^ were used as an unknown the 
resulting matrix would not be diagonally dominant and there may be 
numerical problems. The equations that relate g^(y) to the original 
unknowns are: 


A(«) - . 2 2 Z(m?-i/a 2 )K R , 

ia/c(l-i/) r j=l ^ ^ j 

(5.92) 

. 4 


T^jVi = , 

(5.93) 

4 


IX =0 , 
j=l J 

(5.94) 

4 9 


II Vi = q 4 («) , 

j=i J J 4 

(5.95) 

4 


= i q3 („) , 

(5.96) 


where 

f + °° 

q k (a) = -iaj g k (t)ae iat dt , k=3,4,5 . (5.97) 


The solution to Eqns. 5.93-96 is 
5 7i . q, 

V* ) = § w - • - 

where D(a) is the same as Eqn. 5.71 and 7 k ^ are as follows: 

7 31 = a{ K 3 p 3( p 4'P2 ) + K 4 p 4 (p 2 _p 3 ) + K 2 p 2 (p 3~ p 4 ) } ’ 

7 32 = + + K 1 p 1 (p 3" p 4)} ’ 
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7 33 = + K 4 p 4 (p r p 2 } + K l p l (p 2* p 4 ) } ’ 

7 34 = a{ K 2 p 2 (p 3' p l } + K 3 p 3 (p r p 2 } + ’ 

7 41 = ( K 3 K 4^ p 4 _p 3^ + K 2 K 4^ P 2~ P 4^ + K 2 K 3^ P 3 _P 2^) ’ 

7 42 = ~{ K 3 K 4^ P 4 _P 3^ + K l K 4^ P l~ P 4^ + K 1 K 3^ P 3 _P 1^) ’ 

7 43 = ( K 4 K 2^ p 4 _p 2^ + ^1^4^ p l P 4^ + K 2 K 1^ P 2 _P 1^) ’ 

7 44 = _ { K 3 K 2^ p 3 _p 2^ + K 1 K 3^ P 1 _P 3^ + K 2 K 1^ P 2 _P 1^} ’ 

7 51 = ”( 1_ i / ){ K 4(' c P4 _1 HP3 _ P2) +K 3( /tp 3' 1 ) (P2 - P4) +K 2^ p 2 -1 ^ ^ p 4" p 3^} ’ 

7 52 = ( 1 -1'){k 4 (*p 4 -1) (p 3 -p 1 ) + K 3 (/tp 3 -l) (Pj-p^+K^/cpj-l) (p 4 -p 3 )}, 

7 53 = - (l-*') {k 4 (*P 4 -1) (P 2 ~Pi) +K 2(*P 2 _1 ) (Pi~P 4 ) +K l (*Pi -1 ) ^4^2^} ’ 

7 54 = (l-^^g^Pg-l) (p 2 -p 1 )+K 2 (/cp 2 -l) (p 1 -p 3 )+K 1 (/cp 1 -l) (p 3 -p 2 )j . 


The following mixed boundary conditions will produce three singular 
integral equations for the determination of the crack opening 
displacements : 

V x (0 + ,y) = -f 3 (y) , y in \ , (5.100) 

go(y) = w(0 + ,y) = 0 , y outside of L , (5.101) 

o n 

N xx (0+ ’ y) = _f 4 (y) > yinL n ’ (5102) 


g 4 (y)=v(0 + ,y)-(X 2 /X) 2 yw(0 + ,y) =0 , y outside of L r , 


(5.103) 


(5.104) 


M xy (° + ,y) = -f 5 (y) > y in L n . 

g 5 (y) = /* y (0 + ,y) = ° , y outside of L q . 


(5.105) 


See Eqn. 5.77 for the definition of L q . Eqns. 5.100,102,104 with 
5.48,53,54,92 become: 


-V y) ' b I.J?(ftog (, r‘ , " 2)K j R i 


rx 

e + 


+ /t^m.p.K.R. (a)e ^ ) e * ay da 

j— ^ J J J J ' 

-*4« - k £ * - 

-» j=i j j 

-2X 4 , , . 1.* li. f*“f4. r , r-e rx (« 2 .r 2 ), 2 


(5.106) 

(5.107) 


2 2. 
-va ) 


- 2iam 


ui.ain 

i' J D •’* 


-iay 


da . 


(5.108) 


After asymptotic analysis, see section J.3 of Appendix J, these three 
equations may be expressed as, 

, I X If g 3^ .2[1,.2 .2. 1.21 1 f g 4^ ,, 

f 3^ J J L . .2 dt + X 18^2 V 2 X 2J 1 J h t-y dt + 

n x n 

- (/>f * (» 2 A) 2 />T) J J lnlt-ylg 3 (t)dt . 

L 

n 

* i J. «3W lj5M5 K j[ i “l'3 j -A 2 A)%] x 

n J 


(. 2 -i/« 2 ) 


r-^Ul.-^U J T N 

X — r (l-i/) + * m jPjJ + a | cosa(t-y) da dt 
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* i I L e 4<‘) 


, 2 2 s 

-(m.-i/a ) 

jz \ + fcm.p. 

r(l-v) J F J 


- 2^2]} sinfl ( t_ y) dfl dt 


, 2 2s 

(m.-i/a ) 


if fA *± r ~ ^111 . ~UU ) -| 

J J L «S< t >J^fS)^ K j 76 j l 4 “j P iJ d “ dt * 

n ^ 

+ t L 6 3 (t) T 33 (t ’ y) dt + \ I g 4 (t) *34 (t ’ y) dt + 


l L g 5 (t) dt ’ 


(5.109) 


. , s _ 1_ r g 4^ f OA 2™1 1 1 f *3^ 

4 y 2 * L (t-v) 2 *■ 8X 2 * t_y 


3X„+X? 


go(t-) 


L (t-y) 


- \ \ lnlt-ylg 4 (t)dt ~ \ \ lnlt-ylg 5 (t)dt 


/A ✓ 4 


^2 \2 
3A r» + A- 


i 1 « 3 W| {6? m j[ i “T 3 j-(V X >%]-[-^2 1 ]} sina ( t -!') d “ dt 4 

T-* J 


/'A, 2 4 


4 » 1, s 4 (t) 4 1 ) cos “ (t ->’ ) da dt * 

L U j -1 


A2A 


4 i I, «s ct > I 0 5fsy ^ “ j T's j cos “ (t ' 1,) d “ dt 4 

n J 

h i L g 3 (t) T 43 (t ’ y) dt + \ L g 4 (t) *44 (t ’ y) dt 


i L g 5 (t) X 45 (t ’ y) dt > 


(5.110) 
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2X% , v 1+1/ f g 5 (t) . 

I^ f 5< y > = ~T J T r~ 2 dt 4 


L (t-y)‘ 


P b \ t 1 ln,t -y , g 4 ( t ) dt ~ Pi 5 ^ { lnlt-ylg 5 (t)dt 


/'A 4 


+ U %( t )| 0 {55 K j[ i “’»3j-(V X ) 2 74 j ' 


2 2 


X ar(l-^) ( m j' -' / “ 2 ) ~ 2am j }sina(t-y)dadt 


J 


2 2 

ua )-2am. cosa(t-y) da dt + 
J 


j\ *± 2 2 

* i J. *S (^nsfey S k 5 T-Si [s^TI^O - 2 “" j ] ♦ 

n J 

+ a(l+z/) j cosa(t-y) da dt + 

+ \ L g 3 (t) *53 (t ’ y) dt + J L g 4 (t) *54 (t ’ y) dt 4 


n 


w I g 5 (t) J 55 (t ’ y) dt ’ 


(5.111) 


5.5 Skew-Symmetric Loading, Mode 2 and 3, results. 

The results for the interaction of two equal length (a/h=l) 
cracks in a cylinder are presented in tables 5.9-11 (axial) and 5.12- 
14 (circumferential). The three possible loadings, in-plane shear, 
twisting, and out-of -plane shear are included. The effect of 
curvature is not as strong as for the symmetric problem of Sec. 5.3. 
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Also the difference between the axial and the circumferential crack is 
minimal, especially for twisting, see tables 5.10,13. Both primary 
and secondary values of the SIFs change very little. The only trends 
that can be observed with respect to curvature are the mode 3 
component of the SIF for in-plane shear loading is greater for the 
circumferential crack, see tables 5.9,12, and for out-of -plane shear 
there is a notable difference in the in-plane shear component of the 
SIF, again greater for the circumferential crack, 5.11,14. 
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Table 5.1 Mode 1 normalized stress intensity 
factors for symmetric collinear axial cracks in a 
cylinder of radius R/h subjected to membrane 
loading. The inner and outer crack tips are 
located at y/a=±b, ±c respectively where a/h=(c- 
b)/(2h)=l, o =N /h, //=. 3, M+N , B+M . 

lx' 9 X 9 X 


MEMBRANE LOADING 



b/a 

0.05 

0.125 

0.25 

0.5 

1 

+00 


R/h 






k M (b) 

5 

2.074 

1.634 

1.431 

1.318 

1.265 

1.158 

10 

1.889 

1.489 

1.299 

1.188 

1.139 

1.081 

JIT 

20 

1.825 

1.439 

1.252 

1.139 

1.082 

1.041 

50 

1.802 

1.420 

1.234 

1.118 

1.056 

1.016 

+00 

1.795 

1.414 

1.229 

1.112 

1.048 

1.000 

k M (c) 

5 

1.392 

1.341 

1.304 

1.274 

1.244 

1.158 

10 

1.241 

1.199 

1.169 

1.144 

1.128 

1.081 


20 

1.182 

1.143 

1.113 

1.087 

1.069 

1.041 

50 

1.158 

1.119 

1.089 

1.060 

1.039 

1.016 

+00 

1.115 

1.112 

1.081 

1.052 

1.028 

1.000 


k B (b) 

5 

.248 

.169 

.124 

.093 

.084 

.103 

10 

.192 

.136 

.103 

.076 

.060 

.071 


20 

.139 

.100 

.077 

.058 

.045 

.046 

50 

.081 

.060 

.047 

.037 

.028 

.025 


+00 

.000 

.000 

.000 

.000 

.000 

.000 

k R ( C ) 

5 

.106 

.096 

.089 

.087 

.093 

.103 

10 

.087 

.076 

.068 

.061 

.059 

.071 

a 

20 

.068 

.059 

.052 

.045 

.040 

.046 

50 

.043 

.038 

.033 

.029 

.025 

.025 


+00 

.000 

.000 

.000 

.000 

.000 

.000 
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Table 5.2 Mode 1 normalized stress intensity 
factors for symmetric collinear axial cracks in a 
cylinder of radius R/h subjected to bending. The 
inner and outer crack tips are located at y/a=±b, 
*c respectively where a/h= (c-b) / (2h)=l , a^=6U /h , 

v=. 3, M+N , B+M . 

x’ x 


BENDING 



b/a 

0.05 

0.125 

0.25 

0.5 

1 

-►00 


R/h 







k R (b) 

5 

1.205 

1.006 

.902 

.824 

.771 

.725 

10 

1.240 

1.033 

.924 

.841 

.783 

.735 


20 

1.262 

1.051 

.939 

.853 

.791 

.740 

50 

1.279 

1.064 

.950 

.862 

.798 

.745 


-►00 

1.294 

1.076 

.960 

.870 

.805 

.747 


5 

.828 

.809 

.790 

.770 

.751 

.725 

k B (c) 

10 

.847 

.825 

.804 

.781 

.761 

.735 

20 

.860 

.837 

.815 

.790 

.768 

.740 

°2^ 

50 

.870 

.846 

.823 

.797 

.774 

.747 


-*•00 

.880 

.855 

.831 

.805 

.780 

.747 


k M (b) 

5 

.089 

.069 

.060 

.055 

.049 

.033 

10 

.048 

.038 

.033 

.031 

.030 

.022 

°2^ 

20 

.025 

.020 

.018 

.017 

.018 

.014 

50 

.011 

.008 

.008 

.007 

.008 

.007 


-►00 

.000 

.000 

.000 

.000 

.000 

.000 

k M ( c ) 

5 

.063 

.059 

.055 

.051 

.045 

.033 

10 

.036 

.034 

.033 

.031 

.030 

.022 

a 2 ir 

20 

.020 

.019 

.018 

.018 

.018 

.014 

50 

.009 

.008 

.008 

.008 

.008 

.007 


-*» 

.000 

.000 

.000 

.000 

.000 

.000 
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Table 5.3 Mode 1 normalized stress intensity 
factors for symmetric collinear axial cracks in a 
cylinder of radius R/h subjected to membrane 
loading. The inner and outer crack tips are 
located at y/a=±b, ±c respectively where a/h=(c- 
b) / (2h)=2, a 1= N x /h, i/=.3, B^. 


MEMBRANE LOADING 



b/a 

R/h 

0.05 

0.125 

0.25 

0.5 

1 

+00 


5 

3.904 

2.924 

2.464 

2.117 

1.779 

1.480 

k M (b) 

10 

2.442 

1.917 

1.683 

1.553 

1.456 

1.267 

20 

2.019 

1.593 

1.397 

1.290 

1.245 

1.144 

o*$ T' 

50 

1.850 

1.459 

1.272 

1.161 

1.109 

1.033 


+00 

1.795 

1.414 

1.229 

1.112 

1.048 

1.000 


5 

2.553 

2.305 

2.109 

1.889 

1.668 

1.480 

k M (e) 

10 

1.674 

1.596 

1.539 

1.480 

1.401 

1.267 


20 

1.359 

1.311 

1.278 

1.251 

1.227 

1.144 

a-JlT 

1 

50 

1.208 

1.168 

1.139 

1.114 

1.099 

1.033 


+00 

1.115 

1.112 

1.081 

1.052 

1.028 

1.000 



5 

.371 

.206 

.140 

.140 

.175 

.166 

k B (b) 

10 

.305 

.196 

.136 

.107 

.119 

.135 

20 

.251 

.170 

.122 

.088 

.080 

.099 

<7 1 Ja 

50 

.176 

.124 

.092 

.067 

.051 

.059 


+00 

.000 

.000 

.000 

.000 

.000 

.000 


5 

.197 

.189 

.189 

.193 

.188 

.166 

k B (c) 

10 

.130 

.122 

.121 

.127 

.139 

.135 


20 

.103 

.092 

.085 

.082 

.089 

.099 


50 

.078 

.068 

.060 

.052 

.049 

.059 


+00 

.000 

.000 

.000 

.000 

.000 

.000 
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Table 5.4 Mode 1 normalized stress intensity 
factors for symmetric collinear axial cracks in a 
cylinder of radius R/h subjected to bending. The 
inner and outer crack tips are located at y/a-±t}, 
±c respectively where a/h=(c-b) /(2h)=2, ^“^M^/h , 

J/-.3, M+N , B+M . 

7 x 7 x 


BENDING 



b/a 

R/h 

0.05 

0.125 

0.25 

0.5 

1 

-+m 


5 

1.111 

.922 

.812 

.735 

.690 

.648 

k B (b) 

10 

1.167 

.966 

.846 

.757 

.708 

.668 

o 

20 

1.211 

1.000 

.872 

.776 

.721 

.681 

oJ 

50 

1.250 

1.030 

.896 

.793 

.733 

.691 

z 

-►OP 

1.291 

1.060 

.920 

.813 

.748 

.700 


5 

.745 

.726 

.709 

.690 

.673 

.648 

k n( c ) 

10 

.768 

.747 

.727 

.708 

.692 

.668 

D 

20 

.789 

.765 

.743 

.721 

.704 

.681 

oj IT 

50 

.809 

.782 

.758 

.733 

.713 

.691 

z 


.833 

.803 

.776 

.749 

.726 

.700 



5 

.321 

.224 

.173 

.128 

.086 

.059 

k M (b) 

10 

.148 

.111 

.093 

.079 

.063 

.042 

20 

.079 

.060 

.052 

.047 

.042 

.029 

da 

50 

.035 

.027 

.024 

.022 

.022 

.016 

Z 

-fOO 

.000 

.000 

.000 

.000 

.000 

.000 


5 

.190 

.158 

.130 

.100 

.075 

.059 

k M (c) 

10 

.098 

.088 

.079 

.068 

.055 

.042 

M 

20 

.056 

.052 

.048 

.044 

.039 

.029 


50 

.026 

.025 

.024 

.023 

.022 

.016 

Z 

-too 

.000 

.000 

.000 

.000 

.000 

.000 
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Table 5.5 Mode 1 normalized stress intensity 
factors for symmetric collinear circumferential 
cracks in a cylinder of radius R/h subjected to 
membrane loading. The inner and outer crack tips 
are located at y/a=±b, ^c respectively where 
a /h=(c-b) / (2h)=l , h, i/=.3, M-N x , B^. 


MEMBRANE LOADING 



b/a 

R/h 

0.05 

0.125 

0.25 

0.5 

1 

-►00 


5 

1.827 

1.440 

1.252 

1.138 

1.079 

1.036 

k M ( b ) 

10 

1.806 

1.423 

1.237 

1.121 

1.059 

1.018 


20 

1.798 

1.417 

1.231 

1.115 

1.052 

1.009 

a A a 

50 

1.796 

1.415 

1.229 

1.113 

1.049 

1.003 

X 

-►00 

1.795 

1.414 

1.229 

1.112 

1.048 

1.000 


5 

1.182 

1.142 

1.111 

1.083 

1.064 

1.036 

k y( c ) 

10 

1.162 

1.122 

1.091 

1.063 

1.041 

1.018 


20 

1.154 

1.115 

1.084 

1.055 

1.033 

1.009 


50 

1.152 

1.113 

1.082 

1.052 

1.029 

1.003 


• M 0 

1.115 

1.112 

1.081 

1.052 

1.028 

1.000 


k B (b) 

5 

10 

20 

50 

-mo 

.200 

.154 

.107 

.058 

.000 

.143 

.113 

.079 

.044 

.000 

.110 

.088 

.063 

.035 

.000 

.081 

.068 

.050 

.028 

.000 

.062 

.051 

.038 

.022 

.000 

.076 

.052 

.033 

.018 

.000 



5 

.086 

.077 

.069 

.061 

.057 

.076 

k B (c) 

10 

.076 

.067 

.059 

.051 

.044 

.052 


20 

.056 

.050 

.044 

.038 

.033 

.033 

a IT 

50 

.033 

.029 

.026 

.023 

.020 

.018 

X 

-mo 

.000 

.000 

.000 

.000 

.000 

.000 
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Table 5.6 Mode 1 normalized stress intensity 
factors for symmetric collinear circumferential 
cracks in a cylinder of radius R/h subjected to 
bending. The inner and outer crack tips are 
located at y/a=*b, ±c respectively where a/h-(c~ 

b)/(2h)=l, a 2 =6M x /h 2 , u=.3, B^. 


BENDING 



b/a 

R/h 

0.05 

0.125 

0.25 

0.5 

1 

-►00 


5 

1.013 

.854 

.773 

.713 

.676 

.675 

k R (b) 

10 

1.125 

.942 

.847 

.775 

.725 

.707 

D 

20 

1.199 

1.001 

.897 

.816 

.759 

.725 

oj aT 

50 

1.253 

1.043 

.932 

.846 

.785 

.740 

z 

-too 

1.294 

1.076 

.960 

.870 

.805 

.747 


5 

.704 

.693 

.683 

.673 

.667 

.675 

k R (c) 

10 

.770 

.755 

.739 

.722 

.708 

.707 

D 

20 

.817 

.798 

.778 

.757 

.738 

.725 

o^fa 

50 

.852 

.830 

.808 

.783 

.761 

.740 

z 

-►00 

.880 

.855 

.831 

.805 

.780 

.747 



5 

.042 

.033 

.030 

.029 

.030 

.024 

k M (b) 

10 

.024 

.019 

.017 

.017 

.018 

.016 

20 

.013 

.010 

.009 

.009 

.010 

.010 

0 o ' la 

50 

.006 

.004 

.004 

.004 

.004 

.005 

z 

-►00 

.000 

.000 

.000 

.000 

.000 

.000 


5 

.032 

.031 

.030 

.030 

.030 

.024 

k M (c) 

10 

.019 

.018 

.018 

.018 

.018 

.016 

20 

.011 

.010 

.010 

.010 

.011 

.010 

tfo’TzT 

50 

.005 

.004 

.004 

.004 

.005 

.005 

Z 

-»«0 

.000 

.000 

.000 

.000 

.000 

.000 
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Table 5.7 Mode 1 normalized stress intensity 

factors for symmetric collinear circumferential 

cracks in a cylinder of radius R/h subjected to 

membrane loading. The inner and outer crack tips 

are located at y/a=±b, ±c respectively where 

a/h= (c-b) / (2h) =2 , a =N /h, i/=.3, M-N , B-M . 

lx' x’ x 


MEMBRANE LOADING 



b/a 

R/h 

0.05 

0.125 

0.25 

0.5 

1 

+00 


5 

1.992 

1.569 

1.372 

1.261 

1.211 

1.124 

k M (b) 

10 

1.868 

1.472 

1.283 

1.171 

1.118 

1.066 


20 

1.821 

1.435 

1.248 

1.134 

1.075 

1.034 


50 

1.801 

1.419 

1.234 

1.118 

1.055 

1.014 


+00 

1.795 

1.414 

1.229 

1.112 

1.048 

1.000 


5 

1.325 

1.278 

1.244 

1.216 

1.193 

1.124 

k M ( c > 

10 

1.221 

1.180 

1.149 

1.123 

1.106 

1.066 


20 

1.177 

1.138 

1.107 

1.080 

1.061 

1.034 


50 

1.157 

1.118 

1.087 

1.059 

1.037 

1.014 


-too 

1.115 

1.112 

1.081 

1.052 

1.028 

1.000 



5 

.212 

.133 

.084 

.055 

.061 

.112 

k R (b) 

10 

.236 

.163 

.117 

.081 

.065 

.099 


20 

.207 

.148 

.110 

.080 

.060 

.073 

a 

50 

.140 

.102 

.078 

.059 

.045 

.043 


-►00 

.000 

.000 

.000 

.000 

.000 

.000 


5 

.056 

.058 

.062 

.073 

.093 

.112 

k B (c) 

10 

.082 

.075 

.070 

.067 

.072 

.099 


20 

.087 

.077 

.068 

.060 

.056 

.073 

a. JT’ 

J. 

50 

.068 

.060 

.053 

.045 

.039 

.043 


+00 

.000 

.000 

.000 

.000 

.000 

.000 
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Table 5.8 Mode 1 normalized stress intensity 
factors for symmetric collinear circumferential 
cracks in a cylinder of radius R/h subjected to 
bending. The inner and outer crack tips are 
located at y/a=±b, ±c respectively where a/h=(c- 

b)/(2h)=2, a 2 =6M x /h 2 , i/=.3, M>N y , B^. 


BENDING 



b/a 

R/h 

0.05 

0.125 

0.25 

0.5 

1 

-►00 


5 

.714 

.612 

.555 

.520 

.516 

.530 

k B ( b ) 

10 

.884 

.746 

.665 

.607 

.583 

.593 

D 

20 

1.030 

.860 

.758 

.681 

.641 

.637 

oJ a' 

50 

1.163 

.963 

.841 

.748 

.694 

.673 

A 

-M» 

1.291 

1.060 

.920 

.813 

.748 

.747 


5 

.517 

.516 

.517 

.519 

.525 

.530 

k n ( c ) 

10 

.599 

.592 

.587 

.583 

.584 

.593 

D 

20 

.677 

.664 

.651 

.639 

.632 

.637 

aj a” 

50 

.754 

.733 

.713 

.693 

.677 

.673 

A 

-►00 

.833 

.803 

.776 

.749 

.726 

.747 



5 

.091 

.072 

.063 

.059 

.053 

.038 

k M ( b ) 

10 

.061 

.048 

.043 

.041 

.040 

.029 

20 

.038 

.030 

.026 

.025 

.026 

.021 

oJ aT 

50 

.018 

.014 

.012 

.012 

.013 

.012 

A 

-►00 

.000 

.000 

.000 

.000 

.000 

.000 


5 

.063 

.060 

.057 

.053 

.048 

.038 

Me) 

10 

.045 

.043 

.041 

.040 

.038 

.029 


20 

.029 

.028 

.027 

.026 

.026 

.021 

oJ T 

50 

.014 

.013 

.013 

.013 

.013 

.012 

A 

-►00 

.000 

.000 

.000 

.000 

.000 

.000 
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Table 5.9 Modes 2&3 normalized stress intensity 
factors for symmetric collinear axial cracks in a 
cylinder of radius R/h subjected to in-plane 
shear. The inner and outer crack tips are located 
at y/a=*b, *c respectively where a/h=(c-b)/(2h)=l, 

/h, i/=.3, I+N , M+M , 0->V . 

4 xy' xy’ xy ’ x 

IN-PLANE SHEAR 



b/a 

0.05 

0.125 

0.25 

0.5 

1 

+ 00 


R/h 








5 

1.912 

1.495 

1.290 

1.159 

1.082 

1.031 

k 2 l(b) 

10 

1.860 

1.460 

1.265 

1.141 

1.069 

1.016 

20 

1.829 

1.439 

1.249 

1.128 

1.061 

1.008 

a.VI' 

50 

1.809 

1.425 

1.237 

1.120 

1.054 

1.003 


+00 

1.795 

1.414 

1.229 

1.112 

1.048 

1.000 


5 

1.208 

1.161 

1.123 

1.087 

1.058 

1.031 

k 2I 

10 

1.186 

1.142 

1.107 

1.074 

1.046 

1.016 

20 

1.171 

1.129 

1.096 

1.065 

1.039 

1.008 


50 

1.160 

1.120 

1.088 

1.058 

1.033 

1.003 


-MW 

1.115 

1.112 

1.081 

1.052 

1.028 

1.000 



5 

-.068 

-.044 

-.030 

-.019 

-.014 

-.020 

^(b) 

10 

-.049 

-.034 

-.025 

-.018 

-.013 

-.014 


20 

-.032 

-.023 

-.018 

-.013 

-.010 

-.009 

a iT 

50 

-.017 

-.013 

-.010 

-.008 

-.006 

-.005 


+00 

.000 

.000 

.000 

.000 

.000 

.000 


5 

-.006 

-.008 

-.009 

-.012 

-.014 

-.020 

k 9T (c) 

10 

-.008 

-.009 

-.009 

-.009 

-.010 

-.014 


20 

-.008 

-.008 

-.008 

-.008 

-.007 

-.009 

o nr 

50 

-.006 

-.006 

-.005 

-.005 

-.005 

-.005 


+00 

.000 

.000 

.000 

.000 

.000 

.000 



5 

-.008 

-.017 

-.028 

-.039 

-.047 

-.050 

k 30 (b) 

10 

-.002 

-.007 

-.012 

-.018 

-.022 

-.026 


20 

-.001 

-.003 

-.005 

-.008 

-.011 

-.014 

aJT 

50 

-.000 

-.001 

-.002 

-.003 

-.004 

-.006 


+00 

.000 

.000 

.000 

.000 

.000 

.000 


5 

.090 

.078 

.068 

.059 

.052 

.050 

k on( c ) 

10 

.051 

.045 

.039 

.034 

.029 

.026 

OU 

20 

.028 

.024 

.022 

.019 

.016 

.014 


50 

.012 

.011 

.009 

.008 

.007 

.006 


+00 

.000 

.000 

.000 

.000 

.000 

.000 
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Table 5.10 Modes 2&3 normalized stress intensity 
factors for symmetric collinear axial cracks in a 
cylinder of radius R/h subjected to twisting. The 
inner and outer crack tips are located at y/a=±h, 
*c respectively where a/h=(c-b)/(2h)=l, <7t.=6M /h , 


i/=.3, I+N 


I > 

xy 7 


T+M , 
xy 


0->V 


xy' 


TWISTING 



b/a 

R/h 

0.05 

0.125 

0.25 

0.5 

1 

+00 


5 

.666 

.576 

.537 

.519 

.516 

.519 

k 2T (b) 

10 

.670 

.579 

.540 

.521 

.517 

.520 

20 

.672 

.581 

.541 

.522 

.518 

.521 

a JT' 

50 

.674 

.582 

.542 

.523 

.519 

.521 


+00 

.675 

.583 

.543 

.524 

.519 

.522 


5 

.503 

.505 

.509 

.512 

.516 

.519 

k o T ( c ) 

10 

.504 

.506 

.509 

.513 

.517 

.520 

At l 

20 

.504 

.507 

.510 

.514 

.517 

.521 


50 

.505 

.507 

.510 

.514 

.518 

.521 

u 

•too 

.506 

.508 

.511 

.515 

.518 

.522 



5 

-.019 

-.013 

-.010 

-.007 

-.006 

-.007 

k 2 i(b) 

10 

-.014 

-.010 

-.007 

-.005 

-.004 

-.005 

20 

-.009 

-.006 

-.005 

-.004 

-.003 

-.003 

a t .'Ta' 

50 

-.005 

-.004 

-.003 

-.002 

-.002 

-.002 


+00 

.000 

.000 

.000 

.000 

.000 

.000 


5 

-.006 

-.006 

-.006 

-.006 

-.006 

-.007 

k 2l( c ) 

10 

-.005 

-.005 

-.004 

-.004 

-.004 

-.005 


20 

-.004 

-.004 

-.003 

-.003 

-.003 

-.003 

a JT 

50 

-.002 

-.002 

-.002 

-.002 

-.002 

-.002 


+00 

.000 

.000 

.000 

.000 

.000 

.000 



5 

-.004 

.007 

.025 

.047 

.062 

.069 

r-O 

c 

C* 

10 

-.005 

.006 

.024 

.047 

.062 

.069 


20 

-.005 

.005 

.024 

.046 

.062 

.070 

a 5 nr 

50 

-.005 

.005 

.023 

.046 

.062 

.070 


+00 

-.005 

.005 

.023 

.046 

.062 

.070 


5 

-.100 

-.092 

-.085 

-.077 

-.071 

-.069 

k 30 (c) 

10 

-.102 

-.094 

-.086 

-.078 

-.072 

-.069 


20 

-.103 

-.095 

-.087 

-.079 

-.073 

-.070 

a 5 rr 

50 

-.103 

-.096 

-.088 

-.079 

-.073 

-.070 


+oo 

-.104 

-.096 

-.088 

-.079 

-.073 

-.070 
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Table 5.11 Modes 2&3 normalized stress intensity 
factors for symmetric collinear axial cracks in a 
cylinder of radius R/h subjected to out-of -plane 
shear. The inner and outer crack tips are located 
at y/a=±b, ±c respectively where a/h= (c-b) / (2h)=l , 

_ Otr / /nl \ T m w „ 


a 3 =3V x /(2h), 1 /-. 3 , 1>N 


xy 1 


T+M 


xy 1 


0+V 


OUT-OF-PLANE SHEAR 



b/a 

R/h 

0.05 

0.125 

0.25 

0.5 

1 

+00 


5 

2.876 

2.103 

1.797 

1.682 

1.665 

1.661 

^30 (b) 

10 

2.897 

2.116 

1.806 

1.689 

1.672 

1.671 


20 

2.905 

2.121 

1.810 

1.692 

1.675 

1.674 


50 

2.908 

2.123 

1.812 

1.694 

1.676 

1.676 


-►00 

2.909 

2.124 

1.812 

1.694 

1.677 

1.676 


5 

1.748 

1.689 

1.664 

1.658 

1.661 

1.661 

k 30 ( c ) 

10 

1.757 

1.697 

1.671 

1.665 

1.669 

1.671 


20 

1.761 

1.701 

1.674 

1.667 

1.671 

1.674 


50 

1.762 

1.702 

1.675 

1.668 

1.672 

1.676 


+00 

1.763 

1.702 

1.675 

1.669 

1.673 

1.676 



5 

.016 

.024 

.031 

.040 

.049 

.053 

k 2I ( b ) 

10 

.008 

.011 

.014 

.019 

.024 

.028 


20 

.004 

.005 

.007 

.009 

.011 

.014 


50 

.001 

.002 

.003 

.003 

.004 

.006 


+00 

.000 

.000 

.000 

.000 

.000 

.000 


5 

-.075 

-.067 

-.062 

-.057 

-.054 

-.053 


10 

-.042 

-.038 

-.034 

-.032 

-.029 

-.028 


20 

-.023 

-.020 

-.019 

-.017 

-.016 

-.014 


50 

-.009 

-.008 

-.008 

-.007 

-.007 

-.006 


+oo 

.000 

.000 

.000 

.000 

.000 

.000 



5 

-.074 

-.155 

-.251 

-.358 

-.429 

-.455 

k 2T (b) 

10 

-.074 

-.155 

-.251 

-.359 

-.433 

-.462 

20 

-.074 

-.155 

-.251 

-.360 

-.433 

-.465 

ffq'TaT 

50 

-.074 

-.155 

-.251 

-.360 

-.433 

-.465 


+00 

-.074 

-.155 

-.251 

-.360 

-.433 

-.466 


5 

.568 

.518 

.489 

.471 

.462 

.455 

^2T^ c ^ 

10 

.580 

.528 

.498 

.479 

.469 

.462 

20 

.585 

.532 

.502 

.482 

.472 

.465 

a-iiir 

50 

.587 

.534 

.503 

.484 

.473 

.465 

o 

+00 

.588 

.535 

.504 

.484 

.474 

.466 
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Table 5.12 Modes 2&3 normalized stress intensity 
factors for symmetric collinear circumferential 
cracks in a cylinder of radius R/h subjected to 
in-plane shear. The inner and outer crack tips are 
located at y/a=±b, ±c respectively where a/h=(c- 

b ) / ( 2 h )= l , V N xy /h ’ V= - 2, I ^ N xy » ™ X y ’ °*V 

IN-PLANE SHEAR 



b/a 

R/h 

0.05 

0.125 

0.25 

0.5 

1 

-too 


5 

1.979 

1.539 

1.322 

1.182 

1.098 

1.036 

k 2 i ( b ) 

10 

1.880 

1.474 

1.275 

1.149 

1.077 

1.018 


20 

1.835 

1.443 

1.252 

1.131 

1.064 

1.009 

a 

50 

1.810 

1.425 

1.238 

1.120 

1.055 

1.003 


-too 

1.795 

1.414 

1.229 

1.112 

1.048 

1.000 


5 

1.223 

1.174 

1.135 

1.098 

1.066 

1.036 

k 2 l ( c ) 

10 

1.192 

1.148 

1.113 

1.079 

1.051 

1.018 


20 

1.173 

1.132 

1.099 

1.067 

1.042 

1.009 

o.fir 

50 

1.160 

1.120 

1.089 

1.058 

1.034 

1.003 

TC 

-.00 

1.115 

1.112 

1.081 

1.052 

1.028 

1.000 



5 

-.142 

-.093 

-.063 

-.040 

-.025 

-.025 

k 2 T ( b ) 

10 

-.089 

-.061 

-.044 

-.031 

-.021 

-.017 


20 

-.053 

-.037 

-.028 

-.021 

-.015 

-.011 

oJT 

50 

-.025 

-.018 

-.014 

-.011 

-.009 

-.006 


-too 

.000 

.000 

.000 

.000 

.000 

.000 


5 

.013 

.007 

.001 

-.004 

-.011 

-.025 


10 

-.001 

-.003 

-.005 

-.007 

-.009 

-.017 

Zl 

20 

-.005 

-.006 

-.007 

-.007 

-.007 

-.011 

a JT 

50 

-.005 

-.005 

-.005 

-.005 

-.005 

-.006 


-too 

.000 

.000 

.000 

.000 

.000 

.000 



5 

-.018 

-.041 

-.067 

-.098 

-.125 

-.150 

k 30 ( b ) 

10 

-.005 

-.015 

-.028 

-.043 

-.057 

-.075 


20 

-.002 

-.006 

-.013 

-.020 

-.027 

-.038 

a JiT 

50 

-.000 

-.002 

-.005 

-.008 

-.011 

-.015 


-too 

.000 

.000 

.000 

.000 

.000 

.000 


5 

.296 

.260 

.230 

.199 

.173 

.150 

kon ( c ) 

10 

.156 

.138 

.122 

.107 

.093 

.075 

oU 

20 

.080 

.071 

.063 

.056 

.049 

.038 

a 

50 

.033 

.029 

.026 

.023 

.020 

.015 


-too 

.000 

.000 

.000 

.000 

.000 

.000 
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Table 5.13 Modes 2&3 normalized stress intensity 
factors for symmetric collinear circumferential 
cracks in a cylinder of radius R/h subjected to 
twisting. The inner and outer crack tips are 
located at y/a=±b, ±c respectively where a/h=(c- 

b)/(2h)=l, a =6M /h 2 , i/=.3, I+N , T-M , 0+V . 

o xy xy xy ’ x 


TWISTING 

b/a 0.05 0.125 0.25 0.5 1 

R/h 


k 2 T ( b ) 

5 

.665 

.574 

.535 

.517 

.514 

.519 

10 

.670 

.578 

.539 

.520 

.516 

.520 

c 5 rr 

20 

.672 

.580 

.541 

.522 

.518 

.521 

50 

.674 

.582 

.542 

.523 

.518 

.521 


-too 

.675 

.583 

.543 

.524 

.519 

.522 


5 

.502 

.505 

.508 

.512 

.516 

.519 

10 

.503 

.506 

.509 

.513 

.516 

.520 

o 5 nr 

20 

.504 

.507 

.510 

.513 

.517 

.521 

50 

.505 

.507 

.510 

.514 

.517 

.521 



.506 

.508 

.511 

.515 

.518 

.522 


k 2 I < b ) 

<r s JT 

5 

10 

20 

50 

- t » 

-.035 

-.022 

-.014 

-.007 

.000 

-.023 

-.015 

-.010 

-.005 

.000 

-.017 

-.011 

-.007 

-.004 

.000 

-.011 

-.008 

-.005 

-.003 

.000 

-.008 

-.006 

-.004 

-.002 

.000 

-.010 

-.006 

-.004 

-.002 

.000 


5 

-.009 

-.008 

-.008 

-.007 

-.007 

-.010 

k 2 l ( c ) 

10 

-.007 

-.006 

-.006 

-.005 

-.005 

-.006 


20 

-.005 

-.004 

-.004 

-.004 

-.004 

-.004 

o 5 nr 

50 

-.003 

-.002 

-.002 

-.002 

-.002 

-.002 


-too 

.000 

.000 

.000 

.000 

.000 

.000 


k 30 ( b ) 

5 

10 

20 

50 

-too 

-.003 

-.004 

-.005 

-.005 

-.005 

.009 

.006 

.006 

.005 

.005 

.028 

.025 

.024 

.023 

.023 

.050 

.047 

.047 

.046 

.046 

.065 

.063 

.062 

.062 

.062 

.069 

.070 

.070 

.070 

.070 


5 

-.098 

-.090 

-.083 

-.075 

-.070 

-.069 

k 3 o ( c ^ 

10 

-.102 

-.094 

-.086 

-.077 

-.072 

-.070 

r™ i 

20 

-.103 

-.095 

-.087 

-.078 

-.073 

-.070 


50 

-.103 

-.096 

-.088 

-.079 

-.073 

-.070 


-►00 

-.104 

-.096 

-.088 

-.079 

-.073 

-.070 
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Table 5.14 Modes 2&3 normalized stress intensity 
factors for symmetric collinear circumferential 
cracks in a cylinder of radius R/h subjected to 
out-of-plane shear. The inner and outer crack tips 
are located at y/a=±b, ±c respectively where 
a/h= (c-b) / (2h) =1 , a 3 =3V x /(2h), u=.3, I->N xy) T^ xy , 

0-»V . 
x 


OUT-OF-PLANE SHEAR 



b/a 

R/h 

0.05 

0.125 

0.25 

0.5 

1 

-►00 


5 

2.565 

1.897 

1.632 

1.537 

1.532 

1.547 

k 30 ( b ) 

10 

2.793 

2.047 

1.751 

1.641 

1.628 

1.635 

20 

2.873 

2.100 

1.793 

1.678 

1.661 

1.664 

aJa 

50 

2.902 

2.119 

1.809 

1.691 

1.673 

1.674 

O 

-►00 

2.909 

2.124 

1.182 

1.694 

1.677 

1.676 


5 

1.561 

1.526 

1.514 

1.518 

1.532 

1.547 

k 30 ( c ) 

10 

20 

1.694 

1.742 

1.643 

1.684 

1.621 

1.659 

1.618 

1.653 

1.626 

1.658 

1.635 

1.664 

a, fa" 

50 

1.759 

1.699 

1.672 

1.666 

1.670 

1.674 

6 

-*•00 

1.763 

1.702 

1.675 

1.669 

1.673 

1.676 



5 

.040 

.058 

.076 

.099 

.124 

.152 

k 2T ( b ) 

10 

.021 

.030 

.039 

.050 

.063 

.081 


20 

.010 

.015 

.019 

.025 

.031 

.042 

a-laT 

50 

.004 

.006 

.008 

.010 

.012 

.017 


-►00 

.000 

.000 

.000 

.000 

.000 

.000 


5 

-.222 

-.201 

-.187 

-.176 

-.164 

-.152 

k 9T ( c ) 

10 

-.127 

-.114 

-.106 

-.099 

-.093 

-.081 

ZJL 

20 

-.067 

-.060 

-.056 

-.052 

-.049 

-.042 

a,Ja 

50 

-.027 

-.025 

-.023 

-.022 

-.020 

-.017 

6 

-►00 

.000 

.000 

.000 

.000 

.000 

.000 



5 

-.067 

-.141 

-.230 

-.331 

-.400 

-.422 

k 2T (b) 

10 

-.071 

-.151 

-.244 

-.350 

-.423 

-.452 

Z 1 

20 

-.073 

-.154 

-.249 

-.357 

-.430 

-.462 

aJiT 

50 

-.074 

-.155 

-.251 

-.359 

-.433 

-.465 

o 

+00 

-.074 

-.155 

-.251 

-.360 

-.433 

-.466 


5 

.500 

.460 

.437 

.424 

.418 

.422 

k 9T (c) 

10 

.557 

.509 

.480 

.463 

.454 

.452 

Z J. 

20 

.578 

.526 

.496 

.477 

.467 

.462 

aJa' 

50 

.586 

.533 

.502 

.483 

.472 

.465 

O 

+00 

.588 

.535 

.504 

.484 

.474 

.466 
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.5 



O. 


16 2 . 

y/a. 



5 * Stresses ahea ^ of an axial crack 
(a/h-1) in a cylinder subjected to membrane 
loading, i/=. 3. 
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Figure 5.2 Stresses ahead of an axial crack 
(a/h=l) in a cylinder subjected to bending. The 
dashed line corresponds to R/h* 00 , v=.3. 
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Figure 5.3 Stresses ahead of a circumferential 
crack (a/h=l) in a cylinder subjected to membrane 
loading, i/=.3. 
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Figure 5.4 Stresses ahead of a circumferential 
crack (a/h=l) in a cylinder subjected to bending, 
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( Ew)/( ao-nJ (Ew)/(axr t ) 


Tens 'ion 

Cylirider, R/h=10 
Axial through orach 



0 12 3 
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Figure 5.5 Out-of-plane displacement w(0 + ,y) as 
measured from y=0 in the deformed position for a 
cylinder with an axial crack subjected to either 

membrane loading (^ m =N x /h) or bending (a b =6fi x /h 2 ) , 

u=.3. 
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Figure 5.6 Out-of-plane displacement w(0 + ,y) as 
measured from y=0 in the deformed position for a 
cylinder with a circumferential crack subjected to 

either membrane loading ( a m = ^ x /h) or bending 
(<7 b =68/h 2 ), 
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CHAPTER 6 


Part-Through Cracks in Shells 

The singular integral equations for part-through crack problems 
are obtained directly from the corresponding through crack equations 
given in Chapter 5. The compliance relations of Chapter 2 and 
Appendix C are used even though they correspond to the strip solution 
which does not take into account shell curvature. The plane strain 
problem for an edge cracked cylinder [74] , and the axisymmetric case 
of a circumferentially cracked cylinder [75] , could be used to obtain 
these coefficients, but there are convergence problems for shell-like 
geometries, and also a different set of constants would be required 
for each curvature. Since the assumption of shallowness has already 
been applied, neglect of this curvature effect should not be too 
significant, see [60] . The line-spring model solutions are normalized 
with respect to the edge crack solution as explained in section C.4 of 
Appendix C. Perhaps if the solution is considered to be normalized 
with respect to the actual "long crack" shell solution instead of the 
plane strain strip value, the accuracy of the result will improve. 
This idea is similar to what happens when a compliance curve that is 
not too accurate is used. The resulting ratio is more accurate than 
the actual value of the SIF. 

There are some basic differences between plate and shell problems 
besides the mathematical complication that shell curvature introduces. 
In a plate, loading at "infinity" for any of the five loads of tension 
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(N ) , bending (M ) , out-of-plane shear (V ), in-plane shear (N ), 
xx xx x xy 

and twisting (M ), results in an "uncracked" solution that is 
xy 

constant throughout the plate. Therefore, in the perturbation 
problem, the solution to the various loading cases is obtained by 
simply applying the negative of these loads to the crack surfaces. 
The process of determining the perturbation loads in shells for a 
given external loading is not as easy. In a cylinder, for example, 
any loading at infinity can result only in membrane or in-plane shear 
at the crack region, (excluding minor secondary contributions). The 
loading cases of bending, out-of -plane shear and twisting become 
important when an external force is applied near the crack region. To 
make use of the various shell solutions, the solution to the shell 
without a crack must first be obtained. This will in general require 
numerical techniques. 

With the present formulation the surface crack can lie along any 
principal line of constant curvature of a shell. This uncouples the 
symmetric mode 1 loading, from the skew-symmetric loading that couples 
modes 2 and 3. If the crack were positioned at an arbitrary angle, 
then all three fracture modes interact, see [30] . The most practical 
problem represented here would be a mode 1 contribution resulting from 
torsion of a cylinder. 

The different geometries that are considered include the sphere, 
cylinder and circular pipe elbow, which is represented by a toroidal 
shell. Also the crack may lie on the outside or inside of the shell 
by imposing positive or negative curvature, respectively. The 
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emphasis in the results will be the effect of curvature on the SIF at 
the maximum penetration point of a semi-elliptical surface crack. 


6.1 Mode 1 . 

From Eqns. 5.84,85, 2.31, and from the superposition of Fig. C.l, 
the integral equations for the symmetrically loaded part-through crack 
are found to be: 


1 _ 
2 * 




Uj(t) 

(t-y) 2 


dt + 



- Tjrtty) - 7 12 » 2 (y) = -S x = , 


(1-y 2 ) r b u 2^ 

X 4 2ir *a (t-y) 2 


dt + 



u i(t) K i 2 (z) dt 


( 6 . 1 ) 


^12 u l^ ^22 u 2^ " “ ff 2^ 6 ’ ( 6 -2) 
where the kernels may be obtained from Eqns. 5.84,85 and Appendix J. 
The LSM for inner surface cracks in a pressurized cylinder is compared 
to solutions from Raju and Newman [34] in Fig. 6.1, and to solutions 
from O’Donoghue et. al. [40] in Fig. 6.2. The only case where 
agreement is poor is for the semi-circular crack with a/h=l<Q/h=.2, 
which is a rather severe geometry for the model. Outward bulging of 
the shell surface along the line of the crack is presented in Fig. 6.3 
for an outer circumferential crack in a cylinder. Fig. 6.4 shows the 
inner crack case where the bulging is inward. The tension case of 6.4 
shows that the depression does not always increase as the crack gets 
deeper (i.e. increasing Lg/h) because of the tendency of the crack to 
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bulge outward when there is no net ligament. The net ligament causes 
a bending component that forces the surface inward and these two 
effects oppose each other. Therefore it would be difficult to predict 
crack depth by a measurement from the back surface. 

To date, as far as I know, the LSM has only been applied to 
cracked cylinders, see for example [49,60]. In tables 6.1-5 the 
solution to the spherical shell is presented for both inner and outer 
cracks of varying depths and lengths. It is noted that the results 
are sensitive to curvature. Also for a given geometry the SIFs are 
higher for the external crack than for the internal crack. In table 
6.6 the SIF distribution along the contour of a semi-elliptical crack 
located at different positions in a toroidal shell is presented. The 
four locations, denoted A through D, are shown in Fig. 6.5. Also the 
crack may be internal or external, making a total of eight cases that 
are given in this table, and in the tables that follow. It is noted 
that the functional behavior of the SIF does not vary much from 
position to position. This supports giving only the value of the SIF 
at the center of the crack. Therefore, the plate results may be used 
to get an idea about this distribution given the crack size and 
maximum penetration value. These results are given in Chapter 4 for a 
wide range of crack lengths and depths. The toroidal shell results 
for mode 1 loading are presented in tables 6.7-22. In these tables 
the cylinder radius to shell thickness ratio is held constant at 
R/h=10. The main parameter study is the elbow curvature given by 
IL/R, see Fig. 6.5. Values of crack length to shell thickness (a/h) , 
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of .5, 1., 2., 4., are used. As expected, the longer the crack, the 
more the influence of elbow curvature. The results given in the 
tables are for constant crack surface membrane and bending loads. It 
should be noted that in order to obtain the solution to the practical 
case of an internally pressurized toroidal shell, or to any other 
external loading, the uncracked shell solution must first be obtained. 
In general this solution will not be constant over the length of the 
crack. This is not a concern with either the sphere or cylinder 
because the uncracked solution is constant due to symmetry. However, 
it is most likely the case that the variation is not considerable and 
that the results in the tables may be directly applied once the actual 
crack surface loading is determined. 


6.2 Modes 2 and 3 

From Eqns. 5.109-111, 2.31, and from the superposition of Fig. 
C.l, the integral equations for the skew-symmetrically loaded part- 
through crack may be expressed as: 


i r b 

r J ,, .2 

a (t-y) 


dt ♦ *X 2 [±(X 2 -X 2 )- ±X* 


1 r e 4 (t) 


n 


dt 


+ 


1 

if 


_1 

2t 


i b 



-8(l+i/)/5a 3 , (6.3) 


- 7 4 4“ 4 ( y ) - 7 45 u s ( y ) = - S xy = -? 4 , (6.4) 
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dt 


g-t/ 2 ) r b g 5 (t) 

\*2f a (t-y) 2 


dt + 


3X 2 A n i f 

8X 2 J J > 


L 

n 


gg(t) 

t-y 



7 54 u 4 (y) 


V5W 


where, 



= -V 6 « 

(6.5) 


63 (y) = «(o + ,y) = u 3 (y) , (6.6) 

g 4 (y ) ~ v (0 + , y ) - (X 2 /X) 2 y w (0 + , y ) = u 4 (y)-(X 2 /X) 2 yu 3 (y) , (6.7) 

u 4 (y) = g 4 (y) - (X2/X) 2 yg 3 (y) , (6.8) 

g 5 (y) = P y (0 + ,y) = u 5 (y) . (6.9) 


The Fredholm kernels may be obtained from Chapter 5 and Appendix J. 

Because of the assumption made in Eqn. 2.12 (see Eqn. 6.10) 
concerning self -similar crack growth under mode 2 loading, solutions 
to these equations apply only to cases where crack growth is coplanar. 
There are no solutions to compare with as in the mode 1 problem. If 
the results can be verified, then the mixed-mode solution involving 
all three modes should give good results. However the solution is not 
expected to be as accurate as for mode 1, since it was observed in 
Chapter 4 that there is very little difference in the value of the 
secondary SIF between the rectangular and the semi-elliptical 
profiles. In the latter case the secondary value should become of 
primary importance as the ends are approached because of changing 
crack front curvature. Physically the problem with the model is that 
everything is calculated in a plane perpendicular to the plate 
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surfaces, while the SIF is defined in a plane normal to the crack 
front. Considering this it is remarkable that the comparisons with 
the finite element solutions are so close for mode 1, see Figs. 4.1-4, 
6.1,2. Perhaps the mechanism of the model is such that the energy 
release rate, the expression for which is repeated below, 


_d 

dL 


(U-V) 





( 6 . 10 ) 


is more accurate than the individual values of the SIFs. If this is 
true, then it may explain why the secondary value of the line-spring 
SIF does not behave as expected, i.e. the above combination of and 
Kg is more accurate. In the mode 1 case, it doesn’t matter because 
there is only one non-zero value. Since the secondary value is zero 
in the center of the crack due to symmetry, the primary SIF may not be 
too affected by the rest of the curve. This of course is the most 
dependable value calculated by the LSM. 

The results in tables 6.23-34 are for axial and circumferential 

semi-elliptical cracks in a cylinder of varying radius. Crack lengths 

and depths are also varied. The value at the center of the crack is 

reported. In the case of twisting, as can be seen from the plate 

results of Chapter 4, the maximum is typically at the ends. This is 

because of the strip results from Appendix C, table C.l (a^.) , where 

o 

the SIF decreases as the crack goes deeper into the plate. As with 
the mode 1 results, the plate solutions may be used to get an idea of 
the character of the distribution. The results for out-of-plane shear 
are nearly insensitive to radius, except for long and deep cracks. 
The in-plane shear, the most important loading case, behaves in a more 
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reasonable way. More results for the toroidal shell are presented in 
tables 6.35-46 for a/h=l,2, and R/h=10. As with the mode 1 tables, 
the elbow curvature is the parameter that is of most interest. Again 
these results are not very sensitive to curvature. This should be 
expected from the results of the cylinder. 
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Table 6.1 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a spherical shell, a/h=.5, l/=.3. 

MEMBRANE LOADING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R/h 



5 

.735 

.400 

.182 

.0525 

.00566 

K (0) 

10 

.733 

.396 

.179 

.0512 

.00554 

K, 

lm 

20 

.731 

.394 

.177 

.0506 

.00549 

50 

.730 

.392 

.175 

.0502 

.00547 


-too 

.729 

.390 

.174 

.0499 

.00547 


Internal crack 



5 

.718 

.380 

.172 

.0514 

.00594 

Kj(0) 

10 

.723 

.384 

.173 

.0506 

.00571 

20 

.725 

.386 

.173 

.0502 

.00559 

50 

.727 

.388 

.174 

.0500 

.00552 


-►00 

.792 

.390 

.174 

.0499 

.00547 


BENDING 

External crack 



V h 

.2 

.4 

.6 

.8 

.95 


R/h 







5 

.716 

.318 

.0630 

-.0244 

-.00910 

K (0) 

10 

.713 

.313 

.0586 

-.0262 

-.00935 

1 

If 

20 

.712 

.310 

.0562 

-.0271 

-.00947 

K lb 

50 

.710 

.308 

.0546 

-.0276 

-.00955 


-►00 

.709 

.306 

.0532 

-.0281 

-.00960 

Internal crack 


5 

.698 

.294 

.0501 

-.0270 

-.00925 

K x (0) 

K lb 

10 

.702 

.298 

.0508 

-.0277 

-.00943 

20 

.705 

.301 

.0516 

-.0280 

-.00951 

50 

.707 

.303 

.0524 

'-.0281 

-.00957 


-►00 

.709 

.306 

.0532 

-.0281 

-.00960 
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Table 6.2 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a spherical shell, a/h=l , y=.3. 


MEMBRANE LOADING 

External crack 


V h 

.2 

.4 

.6 

.8 

.95 

R/h 






5 

.824 

.527 

.267 

.0834 

.00967 

K (0) 10 

K~ 20 

lm 50 

.822 

.520 

.258 

.0784 

.00895 

.821 

.515 

.252 

.0756 

.00862 

.819 

.511 

.248 

.0739 

.00844 

+00 

.817 

.507 

.244 

.0725 

.00833 


Internal crack 



5 

.798 

.481 

.236 

.0762 

.00999 

Kj(0) 

K i 

lm 

10 

.805 

.490 

.237 

.0739 

.00921 

20 

.810 

.496 

.239 

.0729 

.00879 

50 

.814 

.501 

.242 

.0725 

.00852 


-►00 

.817 

.507 

.244 

.0725 

.00833 


BENDING 

External crack 



V 

.2 

.4 

.6 

.8 

.95 


R/h 







5 

.812 

.464 

.160 

-.0022 

-.0086 

Kj (0) 

K lb 

10 

.810 

.456 

.150 

-.0039 

-.0096 

20 

.808 

.450 

.143 

-.0073 

-.0101 

50 

.807 

.447 

.138 

-.0096 

-.0104 


-►00 

.804 

.441 

.133 

-.0114 

-.0106 


Internal crack 



5 

.782 

.409 

.121 

-.0087 

-.0093 

Kj (0) 

K lb 

10 

.791 

.419 

.123 

-.0107 

-.0100 

20 

.796 

.427 

.126 

-.0114 

-.0103 

50 

.801 

.434 

.129 

-.0116 

-.0105 


-♦00 

.804 

.441 

.133 

-.0114 

-.0106 
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Table 6.3 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a spherical shell, a/h=2, i/=.3. 

MEMBRANE LOADING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R/h 



5 

.882 

.643 

.375 

.136 

.0180 

Kj(0) 

K 

10 

.886 

.644 

.366 

.124 

.0152 

20 

.886 

.641 

.356 

.116 

.0136 

im 

50 

.885 

.635 

.347 

.109 

.0126 


-►00 

.883 

.627 

.336 

.104 

.0120 

Internal crack 


5 

.851 

.572 

.310 

.111 

.0169 

KjCO) 

K i. 

10 

.862 

.589 

.315 

.106 

.0147 

20 

.870 

.602 

.320 

.104 

.0134 

50 

.876 

.613 

.326 

.103 

.0126 


-►00 

.883 

.627 

.336 

.104 

.0120 


BENDING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R/h 



5 

.873 

.595 

.284 

.0545 

-.0034 

MO) 

10 

.878 

.598 

.275 

.0421 

-.0065 

K 

20 

.879 

.595 

.264 

.0326 

-.0084 

K lb 

50 

.878 

.589 

.253 

.0251 

-.0097 


-too 

.875 

.578 

.239 

.0180 

-.0107 


Internal crack 



5 

.839 

.513 

.204 

.0231 

-.0064 

MO) 

10 

.852 

.533 

.212 

.0188 

-.0083 

± 

V 

20 

.861 

.549 

.219 

.0170 

-.0094 

K lb 

50 

.868 

.563 

.227 

.0166 

-.0102 


-too 

.875 

.578 

.239 

.0180 

-.0107 
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Table 6.4 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a spherical shell, a/h=4, V-.3. 

MEMBRANE LOADING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R/h 



5 

.907 

.708 

.458 

.193 

.0316 

Kj(0) 

K lm 

10 

.922 

.739 

.480 

.191 

.0273 

20 

.929 

.751 

.484 

.182 

.0232 

50 

.932 

.753 

.475 

.168 

.0196 


-»» 

.930 

.741 

.450 

.149 

.0165 


Internal crack 



5 

.884 

.645 

.384 

.154 

.0274 

K (0) 

10 

.900 

.674 

.400 

.151 

.0237 

K lm 

20 

.911 

.695 

.413 

.147 

.0208 

50 

.920 

.715 

.426 

.146 

.0184 


-too 

.930 

.741 

.450 

.149 

.0165 


BENDING 

External crack 



V h 

R/h 

.2 

.4 

.6 

.8 

.95 


5 

.899 

.665 

.372 

.109 

-.00620 

K (0) 

10 

.916 

.704 

.404 

.119 

-.00281 

1 

20 

.925 

.720 

.412 

.104 

-.00130 

K lb 

50 

.928 

.723 

.403 

.0888 

-.00533 


-►00 

.926 

.710 

.374 

.0663 

-.00918 


Internal crack 



5 

.875 

.595 

.287 

.0646 

-.00005 

K. (0) 

10 

.892 

.629 

.309 

.0634 

-.00274 

X 

20 

.904 

.655 

.326 

.0614 

-.00528 

K lb 

50 

.914 

.678 

.343 

.0608 

-.00747 


-►00 

.926 

.710 

.374 

.0663 

-.00918 
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Table 6.5 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a spherical shell, a/h=10, i/=.3. 

MEMBRANE LOADING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R/h 



5 



_ 

_ 



K x (0) 

ir 

10 

.932 

.771 

.537 

.243 

.0429 

20 

.950 

.820 

.598 

.272 

.0429 

K lm 

50 

.963 

.856 

.642 

.288 

.0391 


-M# 

.968 

.862 

.624 

.245 

.0255 


Internal crack 


5 


K (0) 

10 

.923 

.741 

.487 

.207 

.0373 

1 

K i 

lm 

20 

.939 

.779 

.526 

.219 

.0355 

50 

.952 

.813 

.562 

.227 

.0318 


-*•» 

.968 

.862 

.624 

.245 

.0255 


BENDING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R/h 



5 

- 

- 

Kj (0) 
Y 

10 

.926 

.735 

20 

.945 

.793 

K ib 

50 

.960 

.838 


-too 

.966 

.846 


.455 

.154 

.0122 

.533 

.194 

.0144 

.592 

.219 

.0120 

.576 

.173 

-.00266 


Internal crack 



5 

- 

- 

K (0) 

10 

.917 

.702 

X 

Y 

20 

.934 

.748 

K ib 

50 

.948 

.788 


•too 

.966 

.846 


.403 

.119 

.00664 

.453 

.136 

.00605 

.499 

.149 

.00319 

.576 

.173 

-.00266 
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Table 6.6 Distribution of the mode 1 normalized 
stress intensity factor along a semi-elliptical 
surface crack in a toroidal shell located at 
different positions, see Fig. 6.5, a/h=l , R/h=10, 
R./R=3, L 0 /h=.4, i/=.3. 

MEMBRANE LOADING 


>sition+ 

A 

Internal 
B C 

D 

A 

External 
B C 

D 

y/a 

0 . 

.493 

.497 

.499 

.501 

.512 

.521 

.505 

.517 

.1 

.492 

.496 

.498 

.500 

.511 

.519 

.504 

.516 

.2 

.489 

.493 

.495 

.497 

.507 

.516 

.501 

.513 

.3 

.484 

.489 

.490 

.492 

.502 

.511 

.496 

.508 

.4 

.477 

.482 

.483 

.485 

.495 

.503 

.489 

.500 

.5 

.468 

.472 

.473 

.476 

.484 

.493 

.479 

.490 

.6 

.455 

.460 

.461 

.463 

.471 

.479 

.466 

.477 

.7 

.439 

.444 

.445 

.447 

.454 

.462 

.450 

.460 

.8 

.418 

.423 

.423 

.426 

.432 

.439 

.428 

.437 

.9 

.389 

.394 

.393 

.397 

.401 

.408 

.398 

.406 

.95 

.367 

.373 

.371 

.375 

.379 

.385 

.376 

.384 

.98 

.348 

.353 

.352 

.355 

.358 

.364 

.355 

.363 


Position-* 

A 

BENDING 

Internal 

BCD 

A 

External 
B C 

D 

y/a 

0 . 

.423 

.429 

.431 

.433 

.446 

.457 

.439 

.453 

.1 

.424 

.430 

.432 

.434 

.447 

.458 

.439 

.454 

.2 

.427 

.433 

.435 

.437 

.449 

.460 

.442 

.456 

.3 

.432 

.437 

.439 

.442 

.454 

.464 

.447 

.461 

.4 

.438 

.444 

.446 

.448 

.459 

.470 

.453 

.466 

.5 

.446 

.452 

.453 

.456 

.467 

.477 

.460 

.473 

.6 

.456 

.461 

.462 

.466 

.475 

.485 

.469 

.482 

.7 

.466 

.472 

.472 

.476 

.484 

.493 

.478 

.490 

.8 

.476 

.482 

.482 

.486 

.493 

.502 

.488 

.499 

.9 

.484 

.491 

.490 

.494 

.499 

.507 

.495 

.505 

.95 

.485 

.492 

.490 

.495 

.499 

.507 

.495 

.505 

.98 

.481 

.488 

.486 

.491 

.494 

.502 

.491 

.500 
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Table 6.7 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a toroidal shell. The crack is located at 
position A of Fig. 6.5, a/h=.5, R/h=10, i/=. 3. 


MEMBRANE LOADING 

External crack 


1 

V h 

R./R 

.2 

.4 

.6 

.8 

.95 

K (0) 

1 

.731 

.393 

.177 

.0506 

.00550 

K 

3 

.730 

.393 

.176 

.0505 

.00549 

h lm 

5 

.730 

.392 

.176 

.0505 

.00549 


>00 

.729 

.391 

.175 

.0503 

.00549 

Internal crack 

K (0) 



.385 

.173 


.00561 

K 


.724 

.385 

.173 


.00559 

lm 

5 

.725 

.386 

.173 


.00559 


->00 

.725 

.386 

.173 


.00556 


V h 

BENDING 

External crack 
.2 .4 .6 

.8 

.95 

R./R 




! K. (0) 1 

.711 .309 .0561 


-.00943 


J. 

If 

3 

.711 

.308 

.0556 


-.00945 

K lb 

5 

.710 

.308 

.0554 


-.00945 


>00 

.710 

.307 

.0548 

BB! 

-.00947 


Internal crack 


K (0) 

1 

.704 

.299 

.0510 

-.0280 

-.00948 

X 

V 

3 

.704 

.300 

.0511 

-.0280 

-.00949 

K lb 

5 

.704 

.300 

.0512 

-.0280 

-.00950 


+00 

.705 

.301 

.0514 

-.0280 

-.00950 
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Table 6.8 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a toroidal shell. The crack is located at 
position B of Fig. 6.5, a/h=.5, R/h=10, u=.3. 

MEMBRANE LOADING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R./R 


Kj(0) 

K lm 

1 

.733 

.396 

.178 

.0509 

.00551 

3 

.733 

.396 

.178 

.0509 

.00551 

5 

.733 

.396 

.178 

.0509 

.00551 


-*00 

.732 

.395 

.178 

.0508 

.00550 


Internal crack 


Kj(0) 

K lm 

1 

.725 

.386 

.173 

.0504 

.00565 

3 

.725 

.386 

.173 

.0504 

.00564 

5 

.725 

.387 

.173 

.0504 

.00564 


-*•00 

.726 

.387 

.174 

.0504 

.00562 


BENDING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R./R 


1 

.713 

.312 

.0578 

-.0266 

-.00943 

3 

.713 

.312 

.0576 

-.0267 

-.00945 

5 

.713 

.312 

.0576 

-.0267 

-.00945 

-*•00 

.713 

.312 

.0574 

-.0268 

-.00947 


Internal crack 


Kj(0) 

l 

.705 

.300 

.0516 

-.0278 

-.00949 

3 

.705 

.301 

.0518 

-.0278 

-.00950 

K lb 

5 

.705 

.301 

.0519 

-.0278 

-.00951 


-*•00 

.706 

.302 

.0521 

-.0279 

-.00952 
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Table 6.9 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a toroidal shell . The crack is located at 
position C of Fig. 6.5, a/h=.5, R/h=10, V-.3. 

MEMBRANE LOADING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R./ R 


K (0) 

i 

.727 

.388 

.174 

.0505 

.00560 

K 

lm 

3 

.728 

.390 

.175 

.0503 

.00551 

5 

.729 

.391 

.175 

.0503 

.00550 


-►00 

.729 

.391 

.175 

.0503 

.00549 


Internal crack 


Kj (0) 
v 

1 

.729 

.392 

.176 

.0506 

.00555 

3 

.726 

.388 

.174 

.0502 

.00554 

“lm 

5 

.726 

.387 

.173 

.0501 

.00555 


+» 

.725 

.386 

.173 

.0501 

.00556 


BENDING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R./R 


1 

.707 

.303 

.0532 

-.0275 

-.00946 

3 

.708 

.305 

.0539 

-.0275 

-.00948 

5 

.709 

.306 

.0542 

-.0275 

-.00948 

-f00 

.710 

.307 

.0548 

-.0274 

-.00947 


Internal crack 


1 

.710 

.307 

.0551 

-.0271 

-.00944 

3 

.707 

.303 

.0525 

-.0278 

-.00950 

5 

.706 

.302 

.0520 

-.0279 

-.00950 

+00 

.705 

.301 

.0514 

-.0280 

-.00950 


227 




Table 6.10 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a toroidal shell. The crack is located at 
position D of Fig. 6.5, a/h=.5, R/h=10, v=. 3. 

MEMBRANE LOADING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R./R 


K 1 (0) 

1 

.729 

.392 

.176 

.0506 

.00555 

1 

K i 

lm 

3 

.732 

.394 

.177 

.0507 

.00551 

5 

.732 

.395 

.177 

.0507 

.00551 


-►00 

.732 

.395 

.178 

.0508 

.00550 

Internal crack 

Kj (0) 

K i 

lm 

1 

.727 

.388 

.174 

.0505 

.00560 

3 

.726 

.388 

.174 

.0504 

.00561 

5 

.726 

.388 

.174 

.0504 

.00561 


-►00 

.726 

.387 

.174 

.0504 

.00562 


BBNDING 

External crack 


V h 

R./ R 

.2 

.4 

.6 

.8 

.95 

1 

.710 

.307 

.0551 

-.0271 

-.00944 

3 

.712 

.311 

.0567 

-.0270 

-.00948 

5 

.713 

.311 

.0570 

-.0269 

-.00948 

+00 

.713 

.312 

.0574 

-.0268 

-.00947 


Internal crack 


K, (0) 

1 

.707 

.303 

.0532 

-.0275 

-.00946 

1 

v 

3 

.706 

.303 

.0525 

-.0278 

-.00952 

K lb 

5 

.706 

.302 

.0523 

-.0278 

-.00952 


+00 

.706 

.302 

.0521 

-.0279 

-.00952 
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Table 6.11 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a toroidal shell. The crack is located at 
position A of Fig. 6.5, a/h=l, R/h=10, i/=. 3. 


MEMBRANE LOADING 

External crack 



L 0 / h 

R./R 

.2 

.4 

.6 

.8 

.95 

MO) 

1 

.819 

.513 

.252 

.0757 

.00866 

J. 

V 

3 

.819 

.512 

.250 

.0752 

.00861 

*lm 

5 

.818 

.511 

.250 

.0749 

.00859 


-too 

.817 

.509 

.248 

.0743 

.00854 

Internal crack 

MO) 

1 

.807 

.492 

.237 

.0727 

.00885 

1 

V 

3 

.808 

.493 

.237 

.0725 

.00878 

K lm 

5 

.808 

.493 

.238 

.0724 

.00875 


-too 

.810 

.494 

.238 

.0723 

.00867 


BENDING 

External crack 

L 0 /h .2 .4 .6 .8 .95 

R./ R 


1 

.807 

.448 

.142 

-.0071 

-.0100 

3 

.806 

.446 

.140 

-.0078 

-.0100 

5 

.805 

.445 

.139 

-.0081 

-.0101 

-too 

.804 

.443 

.137 

-.0089 

-.0102 


Internal crack 


1 

.793 

.422 

.123 

-.0117 

-.0102 

3 

.794 

.423 

.124 

-.0119 

-.0103 

5 

.794 

.424 

.124 

-.0119 

-.0103 

4 « 

.795 

.425 

.124 

-.0120 

-.0103 
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Table 6.12 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a toroidal shell . The crack is located at 
position B of Fig. 6.5, a/h=l, R/h=10, i/=.3. 

MEMBRANE LOADING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R./R 


K. (0) 

i 

.823 

.520 

.257 

.0773 

.00879 


3 

.824 

.521 

.257 

.0771 

.00875 

K lm 

5 

.884 

.520 

.256 

.0770 

.00874 


•►00 

.824 

.520 

.256 

.0768 

.00871 

Internal crack 

o 

T 

1 

.809 

.496 

.240 

.0738 

.00901 

1 ' ' 

3 

.810 

.497 

.241 

.0738 

.00897 

K- 

lm 

5 

.811 

.498 

.241 

.0738 

.00895 


-►00 

.812 

.499 

.242 

.0738 

.00890 


V h 

R./R 

l' 

BENDING 

External crack 
.2 .4 .6 

.8 

.95 

K, (0) 1 

.811 

.457 

.148 

-.0052 

-.0099 

„ 3 

.811 

.457 

.148 

-.0055 

-.0099 

K lb 5 

.811 

.457 

.148 

-.0056 

-.0100 

-►00 

.811 

.457 

.147 

-.0060 

-.0100 


Internal crack 


Kj (0) 


K 


lb 


1 

3 

5 


.796 

.427 

.127 

-.0107 

-.0102 

.797 

.429 



-.0102 

.797 

.429 

.128 

-.0107 

-.0102 

.798 

.431 

.129 

-.0106 

-.0103 


-►00 


Table 6.13 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a toroidal shell. The crack is located at 
position C of Fig. 6.5, a/h=l, R/h=10, i/=.3. 


MEMBRANE LOADING 

External crack 


L 0 /h .2 

.4 

.6 

.8 

.95 

R./R 





K (0) 1 .813 

K 3 .815 

.502 

.244 

.0744 

.00888 

.505 

.245 

.0739 

.00859 

lm 5 .816 

.506 

.246 

.0739 

.00855 

■*" .817 

.509 

.248 

.0743 

.00854 


Internal crack 



RSI 

.509 

.249 

.0753 

.00880 


n 

.499 

.241 

.0730 

.00865 

5 

mSm 

.497 

.240 

.0726 

.00864 

+00 

S9 

.494 

.238 

.0723 

.00867 


BENDING 

External crack 


V h 

.2 

.4 

.6 

.8 

.95 

R./R 






K (0) 1 

K ^ 

.799 

.434 

.132 

-.0094 

-.0101 

.802 

.439 

.134 

-.0096 

-.0102 

*lb 5 

.803 

.440 

.135 

-.0094 

-.0102 

-too 

.804 

.443 

.137 

-.0089 

-.0102 


Internal crack 


K^O) 

K ib 

1 

.804 

.442 

.138 

-.0080 

-.0100 

3 

.798 

.431 

.129 

-.0109 

-.0103 

5 

.797 

.429 

.127 

-.0115 

-.0103 



.795 

.425 

.124 

-.0120 

-.0103 
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ode 1 normalized stress intensity 
center of a semi-elliptical surface 
idal shell. The crack is located at 
ig. 6.5, a/h=l, R/h=10, z/=.3. 

MEMBRANE LOADING 

External crack 


.2 

.4 

.6 

.8 

.95 

817 

.509 

.249 

.0753 

.00880 

822 

.517 

.254 

.0762 

.00871 

823 

.519 

.255 

.0764 

.00870 

824 

.520 

.256 

.0768 

.00871 

Internal crack 

813 

.502 

.244 

.0744 

.00888 

813 

.501 

.243 

.0739 

.00886 

813 

.501 

.242 

.0739 

.00887 

812 

.499 

.242 

.0738 

.00890 


BENDING 

External crack 

2 .4 .6 .8 .95 


.804 

.442 

.138 

-.0080 

-.0100 

.810 

.453 

.145 

-.0067 

-.0101 

.811 

.455 

.146 

-.0064 

-.0101 

.811 

.457 

.147 

-.0060 

-.0100 


Internal crack 


799 

.434 

.132 

-.0094 

-.0101 

799 

.433 

.131 

-.0103 

-.0103 

799 

.433 

.130 

-.0104 

-.0103 

798 

.431 

.129 

-.0106 

-.0103 
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Table 6.15 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a toroidal shell. The crack is located at 
position A of Fig. 6.5, a/h=2, R/h=10, i/=.3. 


MEMBRANE LOADING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R./ R 


K AO) 

1 

.883 

.633 

.351 

.115 

.0138 

1 

If 

3 

.882 

.630 

.348 

.113 

.0135 

*lm 

5 

.881 

.629 

.346 

.112 

.0133 


-*•00 

.880 

.625 

.341 

.109 

.0130 


Internal crack 


Kj (0) 
Y 

1 

.864 

.591 

.313 

.1024 

.0136 

3 

.865 

.592 

.312 

.1017 

.0133 

hm 

5 

.865 

.592 

.313 

.1014 

.0132 


-+00 

.867 

.594 

.313 

.1008 

.0129 


V h 

R./R 

BENDING 

External crack 
.2 .4 .6 

.8 

.95 

K A0) 1 

.874 

.586 

.258 

.0318 

-.00803 

jT- 3 

.873 

.582 

.253 

.0293 

-.00838 

K lb 5 

.873 

.581 

.251 

.0282 

-.00853 

-►00 

.871 

.576 

.245 

.0251 

-.00893 


Internal crack 


1 

.854 

.535 

.209 

.0151 

-.00920 

3 

.855 

.537 

.209 

.0144 

-.00939 

5 

.855 

.537 

.209 

.0141 

-.00948 

-+00 

.857 

.539 

.210 

.0136 

-.00968 
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Table 6.16 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a toroidal shell. The crack is located at 
position B of Fig. 6.5, a/h=2, R/h=10, i/~. 3. 

MEMBRANE LOADING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R./R 

i' 


Kj(0) 

i 

.890 

.650 

.368 

.122 

.0145 

3 

.891 

.652 

.369 

.122 

.0143 

lm 

5 

.891 

.652 

.369 

.121 

.0142 


-too 

.892 

.653 

.369 

.121 

.0141 


Internal crack 


1 

.870 

.604 

.324 

.107 

.0142 

3 


.607 

.326 

.107 

.0141 

5 

.873 

.609 

.327 

.107 

.0140 

-too 

.875 

.613 

.330 




BENDING 


External crack 



V 

R./R 

.2 

.4 

.6 

.8 

.95 

1 

.882 

.606 

.279 

.0400 


3 

.883 

.608 

.279 

.0394 


5 

.884 

.608 

.279 

.0391 

-.00777 

-too 

.884 

.610 

.279 

.0384 



Internal crack 


1 

.861 

.551 

.224 

.0202 

-.00884 

3 

.863 

.555 

.227 

.0206 

-.00896 

5 

.864 

.557 

.228 

.0208 

-.00901 

-too 

.866 

.562 

.232 

.0214 

-.00914 
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Table 6.17 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a toroidal shell. The crack is located at 
position C of Fig. 6.5, a/h=2, R/h=10, i/=.3. 


MEMBRANE LOADING 

External crack 


V h 

R./R 

.2 

.4 

.6 

.8 

.95 

K (0) 1 

.875 

.614 

.333 

.110 

.0140 

K 3 

.877 

.618 

.335 

.108 

.0131 

K lm 5 

.878 

.620 

.336 

.108 

.0130 

-►00 

.880 

.625 

.341 

.109 

.0130 


Internal crack 


K A0) 

1 

.879 

.623 

.342 

.1122 

.0140 

1 

Y 

3 

.871 

.605 

.322 

.1037 

.0130 

K lm 

5 

.869 

.600 

.318 

.1022 

.0129 



.867 

.594 

.313 

.1008 

.0129 


BENDING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R./R 


K (0) 

i 

.866 

.563 

.235 

.0243 

-.00849 

1 

v 

3 

.868 

.568 

.237 

.0228 

-.00905 

K ib 

5 

.869 

.570 

.239 

.0231 

-.00909 


-►00 

.871 

.576 

.245 

.0251 

-.00893 


Internal crack 


1 

.870 

.574 

.245 

.0275 

-.00829 

3 

.862 

.552 

.222 

.0174 

-.00941 

5 

.860 

.547 

.217 

.0155 

-.00958 

-voo 

.857 

.539 

.210 

.0136 

-.00968 
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Table 6.18 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a toroidal shell. The crack is located at 
position D of Fig. 6.5, a/h=2, R/h=10, u=. 3. 

MEMBRANE LOADING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R./R 


Kj(0) 

V 

1 

.879 

.623 

.342 

.112 

.0140 

3 

.889 

.645 

.361 

.118 

.0139 

hm 

5 

.890 

.650 

.365 

.119 

.0139 


+ 00 

.892 

.653 

.369 

.121 

.0141 


Internal crack 


KjCO) 

K i* 

1 

.875 

.614 

.333 

.110 

.0140 

3 

.876 

.616 

.333 

.108 

.0138 

5 

.876 

.615 

.332 

.108 

.0138 


-too 

.875 

.613 

.330 

.108 

.0139 


V h 

R./R 

BENDING 

External crack 
.2 .4 .6 

.8 

.95 

K (0) 1 

.870 

.574 

.245 

.0275 

-.00829 

K 3 

.881 

.601 

.270 

.0346 

-.00827 

K lb 5 

.883 

.605 

.274 

.0363 

-.00822 

+00 

.884 

.610 

.279 

.0384 

-.00803 


Kj(0) 


K 


lb 


Internal crack 


1 

.866 

.563 

.235 

.0243 

-.00849 

3 

.867 

.565 

.235 

.0224 

-.00906 

5 

.867 

.565 

.234 

.0220 

-.00913 

00 

.866 

.562 

.232 

.0214 

-.00914 


+00 




Table 6.19 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a toroidal shell. The crack is located at 
position A of Fig. 6.5, a/h=4, R/h=10, u=.3. 


MEMBRANE LOADING 

External crack 



V h 

R./R 

.2 

.4 

.6 

.8 

.95 

K (0) 

1 

.921 

.732 

.463 

.174 

.0232 

1 

V 

4 

.920 

.727 

.455 

.168 

.0219 

K lm 

7 

.920 

.725 

.452 

.165 

.0214 


+00 

.919 

.720 

.443 

.159 

.0203 

Internal crack 


mm 

.900 

.672 

.392 

.141 

.0208 

■sa 


.901 

.672 

.390 

.138 

.0199 

lm 

7 

.901 

.672 

.389 

.137 

.0196 


+00 

.902 

.674 

.389 

.135 

.0189 


BBNDING 

i External crack 

L 0 /h .2 .4 .6 

! V R 

I 


Kj(0) 



1 

4 

7 


-»a» 


.916 

.915 

.914 

.913 


.696 .385 
.692 .376 
.689 .372 
.684 .362 


.8 .95 


.0943 -.00107 
.0870 -.00245 
.0841 -.00297 
.0770 -.00416 


Internal crack 


K (0) 

l 

.893 

.627 

.300 

.0538 

-.00509 

l 

y 

4 

.893 

.627 

.297 

.0507 

-.00587 

K ib 

7 

.894 

.627 

.296 

.0496 

-.00615 


-*•00 

.895 

.628 

.296 

.0477 

-.00673 
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Table 6.20 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a toroidal shell. The crack is located at 
position B of Fig. 6.5, a/h=4, R/h=10, i/=. 3. 

MEMBRANE LOADING 

External crack 
L Q /h .2 .4 .6 

R./ R 

K.(0) 1 .933 .763 .503 .197 .0260 

4 .935 .769 .509 .198 .0255 

nm 7 .936 .771 .511 .198 .0253 

+«o .938 .775 .515 .199 .0249 

Internal crack 

K 1 (0) 1 .913 .703 .425 .156 .0227 

— 4 .917 .713 .434 .159 .0224 

im 7 .918 .716 .437 .159 .0223 

+oo .921 .723 .444 .162 .0222 


.8 .95 


BENDING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R./R 

K 1 (0) 1 .928 .734 .435 .120 .00142 

— 4 .931 .742 .443 .122 .00088 

K lb 7 .932 .744 .445 .123 .00068 

+00 .934 .749 .451 .124 .00021 


Internal crack 

KJ0) 1 .907 .665 .341 .0713 -.00363 

jp— 4 .911 .676 .352 .0744 -.00387 

lb 7 .913 .680 .356 .0756 -.00395 

+o* .916 .689 .365 .0783 -.00410 
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Table 6.21 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a toroidal shell. The crack is located at 
position C of Fig. 6.5, a/h=4, R/h=10, u=.3. 


MEMBRANE LOADING 

External crack 


L 0 /h .2 

.4 

.6 

.8 

.95 

R./R 





K.(0) 1 .915 

.712 

.437 

.162 

.0228 

i K 4 .917 

.714 

.435 

.155 

.0202 


lm 

7 

.917 

.715 

.437 

.156 

.0200 


■400 

.919 

.720 

.443 

.159 

.0203 

Internal crack 

K^O) 

K 

1 

.916 

.715 

.439 

.162 

.0225 

4 

.907 

.686 

.402 

.141 

.0193 

lm 

7 

.905 

.680 

.395 

.138 

.0190 


-400 

.902 

.674 

.389 

.135 

.0189 


BENDING 

External crack 



V h 

R./R 

.2 

.4 

.6 

.8 

.95 

K (0) 

1 

.909 

.674 

.355 

.0789 

-.00259 

X 

If 

4 

.910 

.676 

.352 

.0724 

-.00453 

*lb 

7 

.911 

.678 

.354 

.0728 

-.00462 


-+00 

.913 

.684 

.362 

.0770 

-.00416 


Internal crack 


^(0) 

K 

1 

.910 

.676 

.356 

.0784 

-.00283 

4 

.900 

.643 

.312 

.0542 

-.00615 

*lb 

7 

.897 

.636 

.304 

.0507 

-.00655 


-t-00 

.895 

.628 

.296 

.0477 

-.00673 
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Table 6.22 Mode 1 normalized stress intensity 
factors at the center of a semi-elliptical surface 
crack in a toroidal shell. The crack is located at 
position D of Fig. 6.6, a/h=4, R/h=10, V-. 3. 

MEMBRANE LOADING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R./R 


K (0) 

1 

.916 

.715 

.439 

.162 

.0225 


4 

.935 

.766 

.500 

.190 

.0239 

7 

.937 

.772 

.509 

.195 

.0243 


-►00 

.938 

.775 

.515 

.199 

.0249 

Internal crack 

K (0) 

1 

.915 

.712 

.437 

.162 

.0228 

1 

Y 

4 

.922 

.726 

.448 

.163 

.0221 

K lm 

7 

.923 

.726 

.448 

.163 

.0221 


-►00 

.921 

.723 

.444 

.162 

.0222 


BENDING 

External crack 

L Q /h .2 .4 .6 .8 .95 

R./R 


Kj(0) 

l 

.910 

.676 

.356 

.078 

-.00283 

4 

.931 

.738 

.432 

.112 

-.00103 

K ib 

7 

.933 

.745 

.443 

.118 

-.00051 


-f00 

.934 

.749 

.451 

.124 

.00021 


Internal crack 


1 

.909 

.674 

.355 

.0789 

-.00259 

4 

.917 

.692 

.370 

.0803 

-.00394 

7 

.917 

.692 

.369 

.0800 

-.00407 

-►00 

.916 

.689 

.365 

.0783 

-.00410 


240 






Table 6.23 Mode 3 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a cylindrical shell subjected to in-plane 
shear, a/h=.5, 3. 

IN-PLANE SHEAR 


Outer axial crack 

L Q /h .2 .4 .6 .8 .95 

R/h 



5 

.736 

.545 

.466 

.351 

.186 

k 3 (°) 

10 

.737 

.546 

.466 

.350 

.185 

4 

20 

.737 

.546 

.466 

.350 

.185 

50 

.738 

.547 

.466 

.350 

.184 


-fOO 

.738 

.547 

.467 

.350 

.184 



Inner 

axial 

crack 




5 

.740 

.550 

.470 

.352 

.185 

K (0) 

10 

.739 

.549 

.468 

.351 

.184 

4 

20 

.739 

.548 

.467 

.350 

.184 

50 

.738 

.547 

.467 

.350 

.184 


-too 

.738 

.547 

.467 

.350 

.184 



Outer circumferential crack 
Lg/h .2 .4 .6 

R/h 

.8 

.95 


5 

.736 

.545 

.466 

.351 

.186 

K o (°) 

10 

.737 

.546 

.466 

.350 

.185 

U 

v 

20 

.737 

.546 

.466 

.350 

.185 

hi 

50 

.738 

.547 

.466 

.350 

.184 


-f 00 

.738 

.547 

.467 

.350 

.184 


Inner circumferential crack 



5 

.740 

.550 

.470 

.352 

.185 

K (0) 

10 

.739 

.549 

.468 

.351 

.185 

4 

20 

.739 

.548 

.468 

.350 

.184 

50 

.738 

.548 

.467 

.350 

.184 


-MO 

.738 

.547 

.467 

.350 

.184 
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Table 6.24 Mode 2 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a cylindrical shell subjected to out-of- 
plane shear, a/h=.5, v~. 3. 

OUT-OF-PLANE SHEAR 




Outer 

axial 

crack 




L 0 /k 

.2 

.4 

.6 

.8 

.95 


R/h 







5 

.988 

.883 

.684 

.466 

.277 

k 2 (°) 

10 

.988 

.883 

.685 

.467 

.277 

z 

20 

.988 

.883 

.685 

.467 

.277 

K 20 

50 

.988 

.883 

.685 

.467 

.277 


+00 

.988 

.883 

.685 

.467 

.277 



Inner 

axial 

crack 




5 

.988 

.883 

.685 

.467 

.277 

k 2 (°) 

10 

.988 

.883 

.685 

.467 

.277 

z 

20 

.988 

.883 

.685 

.467 

.277 

!* 

to 

o 

50 

.988 

.883 

.685 

.467 

.277 


-too 

.988 

.883 

.685 

.467 

.277 


Outer circumferential crack 



V h 

.2 

.4 

.6 

.8 

.95 


R/h 







5 

.988 

.882 

682 

.463 

.274 

k 2 (°) 

10 

.988 

.883 

684 

.466 

.276 

4 

20 

.988 

.883 

685 

.467 

.277 

50 

.988 

.883 

685 

.467 

.277 


+00 

.988 

.883 

685 

.467 

.277 

Inner circumferential crack 


5 

.988 

.882 

683 

.464 

.275 

k 2 (°) 

10 

.988 

.883 

684 

.466 

.277 

4 

20 

.988 

.883 

685 

.467 

.277 

50 

.988 

.883 

685 

.467 

.277 


+00 

.988 

.883 

, 685 

.467 

.277 
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Table 6.25 Mode 3 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a cylindrical shell subjected to 
twisting, a/h=.5, i/=. 3. 

TWISTING 



V h 

R/h 

Outer 

.2 

axial crack 
.4 .6 

.8 

.95 


5 

.710 

.408 

.102 

-.637 

-6.01 

k 3 (°) 

10 

.711 

.409 

.102 

-.637 

-6.01 

K 

20 

.711 

.410 

.103 

-.637 

-6.01 

*3T 

50 

.712 

.410 

.103 

-.637 

-6.01 


+00 

.712 

.411 

.103 

-.636 

-6.01 



Inner 

axial crack 




5 

.714 

.415 

.110 

-.624 

-5.94 

K (°) 

10 

.713 

.413 

.107 

-.630 

-5.97 

u 

K 

20 

.713 

.412 

.105 

-.633 

-5.99 

r 3T 

50 

.712 

.411 

.104 

-.635 

-6.00 


-fOO 

.712 

.411 

.103 

-.636 

-6.01 


Outer circumferential crack 



V h 

R/h 

.2 

.4 

.6 

.8 

.95 


5 

.710 

.408 

.101 

-.637 

-6.01 

k 3 (°) 

10 

.711 

.409 

.102 

-.638 

-6.01 

u 

K 

20 

.711 

.410 

.102 

-.637 

-6.01 

3T 

50 

.712 

.410 

.103 

-.637 

-6.01 


+00 

.712 

.411 

.103 

-.636 

-6.01 

Inner circumferential crack 


5 

.714 

.415 

.111 

-.622 

-5.93 

k 3 (°) 

10 

.713 

.413 

.107 

-.629 

-5.97 

K 

20 

.713 

.412 

.106 

-.632 

-5.98 

3T 

50 

.712 

.411 

.104 

-.634 

-6.00 



.712 

.411 

.103 

-.636 

-6.01 
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Table 6.26 Mode 3 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a cylindrical shell subjected to in-plane 
shear, a/h=l . , U-,3. 

IN-PLANE SHEAR 



L 0 / h 

R/h 

Outer 

.2 

axial 

.4 

crack 

.6 

.8 

.95 


5 

.797 

.632 

.576 

.492 

.304 

MO) 

10 

.798 

.633 

.576 

.490 

.301 

6 

20 

.799 

.634 

.576 

.489 

.300 

K 3I 

50 

.799 

.635 

.576 

.489 

.299 


-►00 

.800 

.635 

.577 

.489 

.299 



Inner 

axial 

crack 




5 

.803 

.641 

.585 

.496 

.303 

MO) 

10 

.802 

.639 

.581 

.493 

.301 

o 

V 

20 

.801 

.637 

.579 

.491 

.300 

K 3I 

50 

.800 

.636 

.578 

.490 

.299 


+00 

.800 

.635 

.577 

.489 

.299 



Outer 

V h 

R/h 

■ circumferential crack 
.2 .4 .6 .8 

.95 


5 

797 

.631 

.575 

.492 

.305 

MO) 

10 

798 

.633 

.575 

.490 

.302 

O 

Y 

20 

799 

.634 

.576 

.489 

.300 

hi 

50 

799 

.634 

.576 

.489 

.299 


-►00 

800 

.635 

.577 

.489 

.299 

Inner circumferential crack 


5 

803 

.642 

.586 

.498 

.304 

MO) 

10 

802 

.639 

.582 

.494 

.301 

o 

Y 

20 

801 

.638 

.580 

.491 

.300 

K 3I 

50 

800 

.636 

.578 

.490 

.299 


-►00 

.800 

.635 

.577 

.489 

.299 


i 
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Table 6.27 Mode 2 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a cylindrical shell subjected to out-of- 
plane shear, a/h=l . , u=. 3. 

OUT-OF-PLANE SHEAR 



V h 

R/h 

Outer 

.2 

axial crack 
.4 .6 

.8 

.95 


5 

.996 

.953 

.850 

.691 

.485 

k 2 (°) 

10 

.996 

.953 

.851 

.692 

.486 

1C 

20 

.996 

.953 

.851 

.693 

.487 

K 20 

50 

.996 

.953 

.851 

.693 

.487 


*00 

.996 

.953 

.851 

.693 

.487 



Inner 

axial crack 




5 

.996 

.953 

.851 

.693 

.486 

k 2 (°) 

10 

.996 

.953 

.851 

.693 

.487 


20 

.996 

.953 

.851 

.693 

.487 

K 20 

50 

.996 

.953 

.851 

.693 

.487 


-M0 

.996 

.953 

.851 

.693 

.487 


Outer circumferential crack 



V h 

.2 

.4 

.6 

.8 

.95 


R/h 







5 

.995 

.951 

.844 

.679 

.472 

k 2 (°) 

10 

.996 

.953 

.849 

.688 

.482 

4 

20 

.996 

.953 

.850 

.691 

.485 

50 

.996 

.953 

.851 

.693 

.487 


-too 

.996 

.953 

.851 

.693 

.487 


Inner circumferential crack 



5 

.995 

.952 

.846 

.685 

.477 

k 2 (°) 

10 

.996 

.953 

.850 

.691 

.485 

if 

20 

.996 

.953 

.851 

.693 

.487 

*20 

50 

.996 

.953 

.851 

.693 

.487 


-too 

.996 

.953 

.851 

.693 

.487 
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Table 6.28 Mode 3 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a cylindrical shell subjected to 
twisting, a/h=l . , V-. 3. 

TWISTING 


Outer axial crack 

L Q /h .2 .4 .6 .8 .95 

R/h 



5 

.776 

.519 

.273 

-.334 

-5.25 

MO) 

10 

.777 

.520 

.274 

-.337 

-5.27 

o 

V 

20 

.778 

.521 

.275 

-.337 

-5.27 

K 3T 

50 

.779 

.522 

.276 

-.336 

-5.27 


-►00 

.779 

.523 

.277 

-.335 

-5.27 



Inner 

axial 

crack 




5 

.783 

.531 

.292 

-.298 

-5.05 

k 3 (°) 

10 

.781 

.528 

.286 

-.314 

-5.15 


20 

.780 

.526 

.282 

-.324 

-5.20 

*3T 

50 

.780 

.525 

.279 

-.330 

-5.24 


-►00 

.779 

.523 

.277 

-.335 

-5.27 



Outer circumferential crack 
L Q /h .2 .4 .6 .8 

R/h 

.95 


5 

776 

.517 

.271 

-.336 

-5.27 

k 3 (°) 

10 

777 

.519 

.273 

-.339 

-5.28 


20 

778 

.521 

.274 

-.338 

-5.28 

r 3T 

50 

779 

.522 

.275 

-.337 

-5.28 


-►00 

779 

.523 

.277 

-.335 

-5.27 

inner circumferential crack 


5 

783 

.533 

.296 

-.289 

-4.99 

K (0) 

10 

,782 

.529 

.287 

-.310 

-5.12 

o 

V 

20 

,781 

.526 

.283 

-.322 

-5.19 

oT 

50 

,780 

.525 

.280 

-.329 

-5.23 


-►00 

,779 

.523 

.277 

-.335 

-5.27 
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Table 6.29 Mode 3 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a cylindrical shell subjected to in-plane 
shear , a/h=2 . , V- . 3 . 

IN-PLANE SHEAR 




Outer 

axial 

crack 




V h 

.2 

.4 

.6 

.8 

.95 


R/h 







5 

.826 

.684 

.659 

.631 

.457 

M°) 

10 

.827 

.684 

.658 

.626 

.449 

4 

20 

.828 

.685 

.658 

.624 

.445 

50 

.829 

.686 

.658 

.623 

.443 


+00 

.829 

.687 

.659 

.623 

.442 



Inner 

axial crack 




5 

.833 

.696 

.673 

.641 

.458 

K 3 (°) 

10 

.832 

.693 

.668 

.633 

.451 

4 

20 

.831 

.691 

.664 

.629 

.447 

50 

.830 

.689 

.662 

.625 

.444 


-»ao 

.829 

.687 

.659 

.623 

.442 



Outer circumferential crack 
L Q /h .2 .4 .6 .8 

R/h 

.95 


5 

.825 

.682 

.657 

.632 

.463 

k 3 (0) 

10 

.827 

.683 

.657 

.626 

.451 


20 

.828 

.685 

.657 

.623 

.446 

K 3I 

50 

.828 

.686 

.658 

.623 

.443 


+00 

.829 

.687 

.659 

.623 

.442 


Inner circumferential crack 



5 

.834 

.699 

.677 

.647 

.463 

MO) 

10 

.832 

.694 

.670 

.636 

.452 

u 

if 

20 

.831 

.692 

.665 

.630 

.447 

K 3I 

50 

.830 

.689 

.662 

.626 

.444 


-►00 

.829 

.687 

.659 

.623 

.442 


247 




Table 6.30 Mode 2 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a cylindrical shell subjected to out-of- 
plane shear, a/h=2. , v=.2>. 

OUT-OF-PLANE SHEAR 




Outer 

axial 

crack 




V h 

.2 

.4 

.6 

.8 

.95 


R/h 







5 

.999 

.986 

.948 

.871 

.716 

MO) 

10 

.999 

.986 

.950 

.874 

.720 

z 

20 

.999 

.986 

.950 

.875 

.722 

K 20 

50 

.999 

.986 

.950 

.875 

.723 


-►00 

.999 

.986 

.950 

.876 

.723 



Inner 

axial 

crack 




5 

.999 

.986 

.950 

.876 

.722 

MO) 

10 

.999 

.986 

.950 

.876 

.723 

Z 

20 

.999 

.986 

.950 

.876 

.723 

y 

zO 

50 

.999 

.986 

.950 

.876 

.723 


+00 

.999 

.986 

.950 

.876 

.723 



Outer circumferential 
L 0 /h .2 .4 

R/h 

crack 

.6 

.8 

.95 


5 

998 

.982 

936 

.845 

.678 

MO) 

10 

999 

.985 

946 

.865 

.707 

Z 

20 

999 

.986 

949 

.872 

.717 

K 20 

50 

999 

.986 

950 

.875 

.721 


+00 

999 

.986 

950 

.876 

.723 


Inner circumferential crack 



5 

.998 

.983 

.942 

.857 

.695 

MO) 

10 

.999 

.985 

.948 

.872 

.716 

Z 

Y 

20 

.999 

.986 

.950 

.876 

.722 

K 20 

50 

.999 

.986 

.950 

.876 

.723 


+00 

.999 

.986 

.950 

.876 

.723 
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Table 6.31 Mode 3 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a cylindrical shell subjected to 
twisting, a/h=2., V-.3. 

TWISTING 




Outer 

axial 

crack 




V h 

.2 

.4 

.6 

.8 

.95 


R/h 







5 

.807 

.581 

.398 

-.007 

-3.63 

k 3 (°) 

10 

.808 

.583 

.397 

-.018 

-3.72 

K 3T 

20 

.809 

.584 

.398 

-.022 

-3.75 

50 

.810 

.585 

.399 

-.022 

-3.76 


-►00 

.811 

.587 

.401 

-.020 

-3.75 



Inner 

axial 

crack 




5 

.815 

.598 

.427 

.057 

-3.21 

K (0) 

10 

.813 

.594 

.417 

.027 

-3.43 

o 

If 

20 

.812 

.591 

.411 

.008 

-3.56 

*3T 

50 

.812 

.589 

.406 

-.007 

-3.66 


+00 

.811 

.587 

.401 

-.020 

-3.75 


Outer circumferential crack 



V h 

.2 

.4 

.6 

.8 

.95 


R/h 







5 

.806 

.579 

.395 

-.009 

-3.63 

K (0) 

10 

.807 

.581 

.395 

-.022 

-3.74 

O 

K 3T 

20 

.809 

.583 

.396 

-.025 

-3.77 

50 

.810 

.585 

.398 

-.024 

-3.78 


-»«0 

.811 

.587 

.401 

-.020 

-3.75 


Inner circumferential crack 



5 

.816 

.602 

.436 

.084 

-3.00 

k 3 (°) 

10 

.814 

.596 

.422 

.039 

-3.34 

K 3T 

20 

.813 

.592 

.413 

.013 

-3.52 

50 

.812 

.590 

.407 

-.005 

-3.65 



.811 

.587 

.401 

-.020 

-3.75 
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Table 6.32 Mode 3 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a cylindrical shell subjected to in-plane 
shear , a/h=4 . , U- . 3 ♦ 

IN-PLANE SHEAI 



L 0 /h 

R/h 

Outer 

.2 

axial 

.4 

crack 

.6 

.8 

.95 


5 

.837 

.709 

.712 

.745 

.625 

MO) 

10 

.838 

.709 

.709 

.737 

.610 

o 

V 

20 

.838 

.709 

.708 

.732 

.601 

hi 

50 

.839 

.710 

.708 

.729 

.594 


-►00 

.840 

.712 

.709 

.728 

.590 



Inner 

axial 

crack 




5 

.843 

.720 

.726 

.757 

.627 

Mo) 

10 

.843 

.718 

.721 

.747 

.613 

o 

V 

20 

.842 

.716 

.717 

.740 

.604 

*31 

50 

.841 

.714 

.713 

.734 

.597 


-*•00 

.840 

.712 

.709 

.728 

.590 



Outer circumferential crack 
L Q /h .2 .4 .6 

R/h 

.8 

.95 


5 

836 

.707 

.711 

.750 

.643 

k 3 (°) 

10 

837 

.707 

.708 

.737 

.616 

If 

20 

838 

.708 

.707 

.731 

.602 

*31 

50 

839 

.710 

.707 

.728 

.594 


+00 

840 

.712 

.709 

.728 

.590 


Inner circumferential crack 



5 

.845 

.725 

.733 

.771 

.645 

M0) 

10 

.844 

.721 

.725 

.754 

.620 

4 

20 

.843 

.718 

.719 

.743 

.606 

50 

.841 

.715 

.714 

.735 

.597 


-*00 

.840 

.712 

.709 

.728 

.590 
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Table 6.33 Mode 2 normalized stress intensity 
factor at the center of a semi -elliptical surface 
crack in a cylindrical shell subjected to out-of- 
plane shear, a/h=4., Z/=. 3. 

OUT-OF-PLANE SHEAR 


Outer axial crack 

L Q /h .2 .4 .6 .8 .95 

R/h 



5 

1.00 

.996 

.986 

.959 

.879 

k 2 (°) 

10 

1.00 

.996 

.987 

.962 

.884 

v 

20 

1.00 

.997 

.987 

.963 

.886 

zO 

50 

1.00 

.997 

.988 

.964 

.888 


-►00 

1.00 

.997 

.988 

.965 

.889 



Inner 

axial crack 




5 

1.00 

.996 

.987 

.963 

.886 

k 2 (°) 

10 

1.00 

.997 

.988 

.965 

.888 

A 

if 

20 

1.00 

.997 

.988 

.965 

.889 

*20 

50 

1.00 

.997 

.988 

.965 

.889 


-HX> 

1.00 

.997 

.988 

.965 

.889 



Outer circumferential crack 
L Q /h .2 .4 .6 .8 

R/h 

.95 


5 

.999 

.992 

.968 

.916 

.805 

k 2 (°) 

10 

1.00 

.995 

.981 

.947 

.858 

Y 

20 

1.00 

.996 

.985 

.958 

.877 

*20 

50 

1.00 

.997 

.987 

.963 

.885 


-►CO 

1.00 

.997 

.988 

.965 

.889 


Inner circumferential crack 



5 

.999 

.993 

.973 

.929 

.828 

k 2 (°) 

10 

1.00 

.995 

.984 

.955 

.872 

4 

20 

1.00 

.996 

- .987 

.963 

.885 

50 

1.00 

.997 

.988 

.965 

.889 


-►» 

1.00 

.997 

.988 

.965 

.889 
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Table 6.34 Mode 3 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a cylindrical shell subjected to 
twisting, a/h=4. , i/=.3. 

TWISTING 




Outer 

axial 

crack 




V h 

.2 

.4 

.6 

.8 

.95 


R/h 







5 

.819 

.611 

.473 

.251 

-1.80 

K 3 (°) 

10 

.819 

.611 

.469 

.229 

-2.00 

K 3T 

20 

.820 

.611 

.467 

.216 

-2.12 

50 

.821 

.612 

.467 

.210 

-2.19 


-►00 

.822 

.615 

.470 

.211 

-2.21 



Inner 

axial 

crack 




5 

.825 

.626 

.499 

.314 

-1.33 

k 3 (°) 

10 

.825 

.623 

.491 

.284 

-1.60 

O 

K 3T 

20 

.824 

.621 

.484 

.259 

-1.81 

50 

.823 

.618 

.478 

.236 

-2.00 


-M0 

.822 

.615 

.470 

.211 

-2.21 


Outer circumferential crack 



V 

R/h 

.2 

.4 

.6 

.8 

.95 


5 

.817 

.609 

.472 

.261 

-1.64 

K 3 (°) 

10 

.818 

.609 

.466 

.227 

-1.98 

y 

20 

.819 

.610 

.465 

.212 

-2.14 

*3T 

50 

.820 

.612 

.466 

.207 

-2.21 


-►00 

.822 

.615 

.470 

.211 

-2.21 

Inner circumferential crack 


5 

.827 

.631 

.513 

.367 

-.854 

k 3 (°) 

10 

.826 

.627 

.499 

.311 

-1.36 

Y 

20 

.825 

.622 

.489 

.272 

-1.70 

"3T 

50 

.823 

.619 

.479 

.241 

-1.96 


-►00 

.822 

.615 

.470 

.211 

-2.21 
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Table 6.35 Mode 3 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a toroidal shell subjected to in-plane 
shear. Crack is at position A of Fig. 6.5, R/h=10, 
l/=.3. 


IN-PLANE SHEAR 


a/h=l, External 


V h 

R./h 

.2 

.4 

.6 

.8 

.95 

K (0) 1 

.798 

.632 

.575 

.490 

.303 

r~ 3 

.798 

.632 

.575 

.490 

.302 

K 3I 5 

.798 

.632 

.575 

.490 

.302 

+00 

.798 

.633 

.575 

.490 

.302 


a/h=l , Internal 


k 3 (°) 

1 

.802 

.640 

.583 

.495 

.302 

O 

V 

3 

.802 

.640 

.583 

.494 

.302 

K 3I 

5 

.802 

.640 

.583 

.494 

.302 


-too 

.802 

.639 

.582 

.494 

.301 


a/h=2, External 



L 0 /h 

Bj/h 

.2 

.4 

.6 

.8 

.95 

MO) 

1 

.826 

.683 

.657 

.627 

.454 

O 

Y 

4 

.826 

.683 

.656 

.626 

.453 

K 3I 

7 

.826 

.683 

.656 

.626 

.452 


+00 

.827 

.683 

.657 

.626 

.451 

a/h=2, Internal 

MO) 

1 

.833 

.696 

.672 

.639 

.455 

O 

Y 

4 

.833 

.695 

.671 

.638 

.454 

K 3I 

7 

.833 

.695 

.670 

.637 

.453 


+00 

.832 

.694 

.670 

.636 

.452 
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Table 6.36 Mode 2 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a toroidal shell subjected to out-of- 
plane shear. Crack is at position A of Fig. 6.5, 
R/h=10, i/=.3. 

OUT-OF-PLANE SHEAR 

a/h=l, External 

L Q /h .2 .4 .6 .8 .95 

R./h 

i' 


MO) 

1 

.996 

.953 

.848 

.688 

.482 

Z 

K 20 

3 

.996 

.953 

.848 

.688 

.482 

5 

.996 

.953 

.849 

.688 

.482 


+00 

.996 

.953 

.849 

.688 

.482 



a/h=l , 

Internal 



mo) 

1 

.996 

.953 

.850 

.691 

.485 

Z 

K 20 

3 

.996 

.953 

.850 

.691 

.485 

5 

.996 

.953 

.850 

.691 

.485 


-►00 

.996 

.953 

.850 

.691 

.485 



V h 

R./h 

a/h=2, External 
.2 .4 .6 

.8 

.95 

M0) 

1 

.999 

.985 

.945 

.864 


z 

4 

.999 

.985 

.945 

.865 

.706 

zO 

7 

.999 

.985 

.945 

.865 

.707 


+00 

.999 

.985 

.946 

.865 

.707 

a/h=2, Internal 

M0) 

1 

.999 

.985 

.948 

.872 

.716 

z 

If 

4 

.999 

.985 

.948 

.872 

.716 

K 20 

7 

.999 

.985 

.948 

.872 

.716 


+00 

.999 

.985 

.948 

.872 

.716 
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Table 6.37 Mode 3 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a toroidal shell subjected to twisting. 
Crack is at position A of Fig. 6.5, R/h=10, l/=. 3. 

TWISTING 


a/h=l , External 



V h 

.2 

.4 

.6 

.8 

.95 


R./h 






k 3 (°) 

1 

.777 

.519 

.272 

-.339 

-5.28 

If 

3 

.777 

.519 

.272 

-.339 

-5.28 

r 3T 

5 

.777 

.519 

.272 

-.339 

-5.28 


*+00 

.777 

.519 

.273 

-.339 

-5.28 


a/h=l , Internal 


K (°) 

1 

.782 


.290 

-.304 

-5.08 

O 

3 

.782 


.289 

-.306 

-5.10 

*3T 

5 

.782 

.529 

.289 

-.308 

-5.10 


-fOO 

.782 

.529 

.287 

-.310 

-5.12 


V h 

R./h 

a/h=2 , 
.2 

External 
.4 .6 

.8 

.95 

K (0) 1 

.807 

.580 


395 

-.019 

-3.71 

K 4 

.807 

.581 


395 

-.021 

-3.73 

*3T 7 

.807 

.581 


395 

-.021 

-3.73 

-►00 

.807 

.581 


395 

-.022 

-3.74 


a/h=2 , Internal 




.815 

.598 

.426 

.052 

-3.24 



.814 

.597 

.424 

.046 

-3.29 



.814 

.597 

.423 

.044 

-3.30 



.814 

.596 

.422 

.039 

-3.34 
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Table 
factor 
crack 
shear. 
V - . 3 . 


6.38 Mode 3 normalized stress intensity 
at the center of a semi-elliptical surface 
in a toroidal shell subjected to in-plane 
Crack is at position B of Fig. 6.5, R/h=10, 


IN-PLANE SHEAR 

a/h=l, External 

L Q /h .2 .4 .6 .8 .95 

V h 


K (0) 

1 

.798 

.632 

.575 

.490 

.302 

O 

K 3I 

3 

.798 

.633 

.575 

.490 

.302 

5 

.798 

.633 

.575 

.490 



+00 

.798 

.633 

.576 

.490 

.301 



a/h=l , 

Internal 



K (0) 

1 

.802 

.640 

.583 

.494 

.302 

o 

K 3I 

3 

.802 

.639 

.582 

.494 

.301 

5 

.802 

.639 

.582 

.494 

.301 


-.00 

.802 

.639 

.581 

.493 

.301 




a/h=2 , 

External 




V 

.2 

.4 

.6 

.8 

.95 


V h 






K (0) 

i 

.826 

.683 

.657 

.627 

.453 

O 

K 3I 

4 

.827 

.684 

.657 

.626 

.451 

7 

.827 

.684 

.657 

.626 

.450 


+00 

.827 

.684 

.658 

.626 

.449 



a/h=2, 

Internal 



K 3 (°) 

1 

.833 

.695 

.671 

.637 

.454 

4 

4 

.832 

.694 

.669 

.635 

.452 

7 

.832 

.694 

.669 

.635 

.452 


-►00 

.832 

.693 

.668 

.633 

.451 
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Table 6.39 Mode 2 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a toroidal shell subjected to out-of- 
plane shear. Crack is at position B of Fig. 6.5, 
R/h=10, i/=.3. 

OUT-OF-PLANE SHEAR 


a/h=l, External 


L 0 /h .2 
R./h 

.4 

.6 

.8 

.95 

K„(0) 1 .996 

.953 

.850 

.691 

.485 

tt— 3 .996 

.953 

.850 

.692 

.486 

20 5 .996 

.953 

.850 

.692 

.486 

-mo .996 

.953 

.851 

.692 

.486 


a/h=l , Internal 


k 2 (°) 

1 

.996 

.953 

.851 

.693 

.487 

Y 

3 

.996 

.953 

.851 

.693 

.487 

*20 

5 

.996 

.953 

.851 

.693 

.487 


-to* 

.996 

.953 

.851 

.693 

.487 



V h 

R./h 

l' 

a/h=2, External 
.2 .4 .6 

.8 

.95 

k 2 (°) 

1 

.999 

.986 

.948 

.871 

.716 

K 

4 

.999 

.986 

.949 

.873 

.719 

*20 

7 

.999 

.986 

.949 

.873 

.719 


-too 

.999 

.986 

.950 

.874 

.720 


a/h=2, Internal 


k 2 (°) 

1 

.999 

.986 

.950 

.876 

.722 

K 20 

4 

.999 

.986 

.950 

.876 

.723 

7 

.999 

.986 

.951 

.876 

.723 


-too 

.999 

.986 

.950 

.876 

.723 
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Table 6.40 Mode 3 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a toroidal shell subjected to twisting. 
Crack is at position B of Fig. 6.5, R/h=10, v=. 3. 

TWISTING 


a/h=l, External 



L 0 /h 

.2 

.4 

.6 

.8 

.95 


R./h 






K (0) 

1 

.777 

.519 

.273 

-.337 

-5.27 

O 

K 3T 

3 

.777 

.520 

.273 

-.337 

-5.27 

5 

.777 

.520 

.273 

-.337 

-5.27 


-MX) 

.777 

.520 

.274 

-.337 

-5.27 



II 

a 

Internal 



K,(0) 

1 

.782 

.529 

.289 

-.307 

-5.10 

O 

Y 

3 

.782 

.529 

.288 

-.310 

-5.12 

*3T 

5 

.782 

.529 

.287 

-.311 

-5.13 


+00 

.781 

.528 

.286 

-.314 

-5.15 


a/h=2, External 



V h 

R./h 

l' 

.2 

.4 

.6 

.8 

.95 

K (0) 

1 

.807 

.581 

.396 

-.017 

-3.70 

O 

4 

.808 

.582 

.397 

-.018 

-3.71 

K 3T 

7 

.808 

.582 

.397 

-.018 

-3.71 


-»00 

.808 

.583 

.397 

-.018 

-3.72 


a/h=2, Internal 









Table 6.41 Mode 3 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a toroidal shell subjected to in-plane 
shear. Crack is at position C of Fig. 6.5, R/h=10, 
u=. 3. 

IN-PLANE SHEA! 


a/h=l , External 



V h 

R 4 /h 

.2 

.4 

.6 

.8 

.95 

k 3 (°) 

1 

.800 

.635 

.578 

.491 

.301 

K 

3 

.799 

.633 

.576 

.490 

.301 

*31 

5 

.798 

.633 

.575 

.490 

.301 


-fOO 

.798 

.633 

.575 

.490 

.302 

a/h=l , Internal 

k 3 (°) 

1 

.800 

.636 

.579 

.492 

.301 

Y 

3 

.801 

.638 

.581 

.492 

.301 

*31 

5 

.802 

.639 

.581 

.493 

.301 


-too 

.802 

.639 

.582 

.494 

.301 




a/h=2 , 

External 




V h 

.2 

.4 

.6 

.8 

.95 


R./h 






MO) 

1 

.829 

.687 

.661 

.628 

.450 

4 

4 

.827 

.684 

.657 

.625 

.449 

7 

.827 

.684 

.657 

.625 

.450 


-►00 

.827 

.683 

.657 

.626 

.451 



a/h=2 , 

Internal 



MO) 

1 

.830 

.690 

.664 

.630 

.449 

o 

If 

4 

.832 

.693 

.668 

.633 

.450 

*31 

7 

.832 

.694 

.669 

.634 

.451 


-R«0 

.832 

.694 

.670 

.636 

.452 
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Table 6.42 Mode 2 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a toroidal shell subjected to out-of- 
plane shear. Crack is at position C of Fig. 6.5, 
R/h=10, v=. 3. 

OUT-OF-PLANE SHEAR 

a/h=l , External 

L Q /h .2 .4 .6 .8 .95 

R./h 


M°) 

1 

.996 

.953 

.849 

.689 

.483 

4 

3 

.996 

.953 

.849 

.689 

.483 

5 

.996 

.953 

.849 

.689 

.482 


-►00 

.996 

.953 

.849 

.688 

.482 



a/h=l , 

Internal 



k 2 (°) 

1 

.996 

.953 

.850 

.691 

.485 

if 

3 

.996 

.953 

.850 

.691 

.485 

K 20 

5 

.996 

.953 

.850 

.691 

.485 


-fOO 

.996 

.953 

.850 

.691 

.485 




a/h=2, 

External 




V h 

.2 

.4 

.6 

.8 

.95 


V h 






M°) 

1 

.999 

.985 

946 

.867 

.710 

z 

K 20 

4 

.999 

.985 

946 

.866 

.708 

7 

.999 

.985 

946 

.865 

.708 


-►00 

.999 

.985 

946 

.865 




a/h=2, 

Internal 



M°) 

1 

.999 

.985 

948 



Z 

K 20 

4 

.999 

.985 

948 



7 

.999 

.985 

948 




-fOO 

.999 

.985 

948 
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Table 6.43 Mode 3 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a toroidal shell subjected to twisting. 
Crack is at position C of Fig. 6.5, R/h=10, j/=.3. 

TWISTING 


a/h=l, External 



V h 

R./h 

.2 

.4 

.6 

.8 

.95 

k 3 (°) 

1 

.779 

.523 

.278 

-.330 

-5.23 

If 

3 

.778 

.521 

.274 

-.337 

-5.28 

* 3T 

5 

.777 

.520 

.273 

-.337 

-5.27 


-►00 

.777 

.519 

.273 

-.339 

-5.28 

a/h=l , Internal 

MO) 

1 

.780 

.525 

.281 

-.323 

-5.19 

Y 

3 

.781 

.527 

.285 

-.316 

-5.16 

R 3T 

5 

.781 

.528 

.286 

-.314 

-5.14 


-►00 

.782 

.529 

.287 

-.310 

-5.12 



V h 

R./h 

a/h=2, External 
.2 .4 .6 

.8 

.95 

M0) 

1 

.810 

.586 

.403 

-.006 

-3.64 

O 

Y 

4 

.808 

.582 

.396 

-.022 

-3.75 

*3T 

7 

.808 

.582 

.395 

-.023 

-3.75 


-►00 

.807 

.581 

.395 

-.022 

-3.74 

a/h=2, Internal 

M°) 

1 

.811 

.590 

.410 

.011 

-3.53 

K 

4 

.813 

.594 

.418 

.028 

-3.41 

*3T 

7 

.814 

.595 

.419 

.033 

-3.38 


-►00 

.814 

.596 

.422 

.039 

-3.34 
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Table 6.44 Mode 3 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a toroidal shell subjected to in-plane 
shear. Crack is at position D of Fig. 6.5, R/h=10, 
i/=.3. 

IN-PLANE SHEAR 


a/h=l , External 


V h 

R./h 

.2 

.4 

.6 

.8 

.95 

MO) i 

.800 

.636 

.579 

.492 

.301 

r ~ 3 

.799 

.634 

.576 

.490 

.301 

K 3I 5 

.799 

.634 

.576 

.490 

.301 

-►00 

.798 

.633 

.576 

.490 

.301 

a/h=l, Internal 

K (0) 1 

.800 

.635 

.578 

.491 

.301 

iT“ 3 

.801 

.637 

.580 

.492 

.300 

K 3I 5 

.801 

.638 

.580 

.492 

.301 

400 

.802 

.639 

.581 

.493 

.301 



V h 

V h 

a/h=2, 

.2 

External 
.4 .6 

.8 

.95 

MO) 

1 

.830 

.690 

.664 

.630 

.449 

o 

Y 

4 

.828 

.686 

.659 

.626 

.448 

K 3I 

7 

.828 

.685 

.658 

.626 

.448 


-►00 

.827 

.684 

.658 

.626 

.449 


a/h=2, Internal 


MO) 

l 

.829 

.687 

.661 

.628 

.450 

o 

Y 

4 

.831 

.691 

.665 

.631 

.449 

hi 

7 

.831 

.692 

.666 

.632 

.449 


400 

.832 

.693 

.668 

.633 

.451 
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Table 6.45 Mode 2 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a toroidal shell subjected to out-of- 
plane shear. Crack is at position D of Fig. 6.5, 
R/h=10, z/=.3. 

OUT-OF-PLANE SHEAR 

a/h=l, External 

L Q /h .2 .4 .6 .8 .95 

R./h 


k 2 (°) 

1 

.996 

.953 

.850 

.691 

.485 

£ 

y 

3 

.996 — 

.953 

.851 

.692 

.486 

ho 

5 

.996 

.953 

.851 

.692 

.486 


+00 

.996 

.953 

.851 

.692 

.486 



a/h-l , 

Internal 



M°) 

1 

.996 

.953 

.849 

.689 

.483 

V 

3 

.996 

.953 

.851 

.692 

.486 

*20 

5 

.996 

.953 

.851 

.693 

.487 


-MO 

.996 

.953 

.851 

.693 

.487 




a/h=2, 

External 




V h 

.2 

.4 

.6 

.8 

.95 

l 

V h 






MO) 

1 

.999 

.985 

.948 

.871 

.716 

4 

4 

.999 

.986 

.950 

.875 

.721 

7 

.999 

.986 

.950 

.875 

.721 


-►00 

.999 

.986 

.950 

.874 

.720 



a/h=2, 

Internal 



k 2 (°) 

Y 

1 

.999 

.985 

.946 

.867 

.710 

4 

.999 

.986 

.950 

.875 

.722 

*20 

7 

.999 

.986 

.950 

.876 

.723 


■♦00 

.999 

.986 

.950 

.876 

.723 
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Table 6*46 Mode 3 normalized stress intensity 
factor at the center of a semi-elliptical surface 
crack in a toroidal shell subjected to twisting. 
Crack is at position D of Fig. 6.5, R/h=10, J/=.3. 

TWISTING 


a/h=l, External 


V h 

V h 

.2 

.4 

.6 

.8 

.95 



.525 

.281 

-.323 

-5.19 



.522 

.276 

-.334 

-5.26 


.778 

.521 

.275 

-.336 

-5.26 

-►00 

.777 

.520 

.274 

-.337 

-5.27 


a/h=l , Internal 


MO) 

1 

.779 

.523 

.278 

-.330 

-5.23 

O 

V 

3 

.780 

.526 

.282 

-.322 

-5.19 

3T 

5 

.781 

.527 

.284 

-.319 

-5.17 


-.00 

.781 

.528 

.286 

-.314 

-5.15 



V h 

R./h 

l' 

a/h=2 , 
.2 

External 
.4 .6 

.8 

.95 

M0) 

1 

.811 

.590 

.410 


-3.53 

O 

V 

4 

.809 

.584 

.400 

-.015 

-3.70 

*3T 

7 

.809 

.583 

.398 

-.017 

-3.71 


-.00 

.808 

.583 

.397 

-.018 

-3.72 


a/h=2, Internal 


M0) 

1 

.810 

.586 

.403 

-.006 

-3.64 

O 

v 

4 

.813 

.592 

.413 

.014 

-3.52 

3T 

7 

.813 

.592 

.415 

.019 

-3.48 


-►00 

.813 

.594 

.417 

.027 

-3.43 
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Figure 6.1 Comparison of the mode 1 LSM with 
results from Ref. [34] for the normalized SIF 
along an axial, internal, semi-elliptical surface 
crack in a pressurized cylinder. Crack surface 
pressure is taken into account, i/=.3. 
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INTERNAL PRESSURE 




( EwJ/( off „J (Ew)/(a<rt) 



Figure 6.3 Out-of-plane displacement w(0 + ,y) as 
measured from y=0 in the deformed position for a 
cylinder with a circumferential, external, semi- 
elliptical surface crack subjected to either 

membrane loading (a ffl =R x /h) or bending (a^ =6fi/h 2 ) , 

i/=. 3 . 
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Figure 6.4 Out-of-plane displacement w(0 + ,y) as 
measured from y=0 in the deformed position for a 
cylinder with a circumferential, internal, semi- 
elliptical surface crack subjected to either 

membrane loading (a^S^/h) or bending (a^ =eH/h 2 ) , 


I 
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CHAPTER 7 


Conclusions and Future Work 

The severity of the underlying assumptions of the line-spring 
model are such that verification with three-dimensional solutions is 
necessary. Such comparisons, in this study as well as in others, show 
that the model is quite accurate, and therefore, its use in extensive 
parameter studies is justified. It was shown in Chapter 4 that for 
practical crack length to plate thickness ratios of about a/h=l, a 
plate theory that includes transverse shear deformation gives better 
results than the classical theory . The higher order plate theory does 
not seem to be necessary for a/h greater than about 2. When using the 
LSM with shallow shell theory it is more important to include 
transverse shear effects, because this theory is asymptotically 
correct for short cracks. The validity of the shallow shell theory 
for long cracks is not fully known, however, for surface cracks of 
practical dimensions it is expected to be accurate. Comparison of LSM 
solutions obtained in this study with three-dimensional solutions for 
semi-elliptical internal cracks in cylinders are also quite accurate. 

It is still not understood why the model works as well as it does 
close to the crack ends. This is a rather curious problem. Since the 
stress intensity factors are defined by the model to be in a plane 
perpendicular to the plate surfaces, and not perpendicular to the 
crack front as they should be defined, the results at the ends of a 
semi-elliptical crack should be poor, but they are not. Several 
factors apparently act to cancel each other out. If these factors are 
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understood, and separately accounted for, the extension of the model 
to other crack problems will be better achieved. 

This has special importance in the proposed skew-symmetric or 
mixed-mode line-spring model investigated in this study. 
Unfortunately, there are no three-dimensional solutions for 
verification; only the success of the symmetric case can give 
confidence that the results will be of some use. There are additional 
assumptions involved that do not have to be made in the mode 1 case. 
The first restricts the model to coplanar crack growth. The results 
may be considered as upper bounds for materials which have a weak 
cleavage plane. Of course, cracks along these planes would be of 
concern. The next assumption relates to the previously discussed 
problem in mode 1 which involves the crack front curvature and the 
plane in which the SIP is defined. Although in the mode 1 case this 
problem is somehow overcome, this effect is more critical in the skew- 
symmetric case because there are two stress intensity factors as 
opposed to one for the symmetric case. To illustrate this problem, 
consider that for a semi-elliptical crack in which a primary mode 3 
loading in the center will become a primary mode 2 loading towards the 
ends, and vice versa. This is not observed in the results. There is 
no built in mechanism in the model that accounts for this, (but there 
isn t for the mode 1 case either) . Perhaps the combination of and 
Kg in the following generalized energy release rate equation is more 
accurate than the individual K values. 


dE< u ' v > = ® = 





1 

1 - 1 / 



( 7 . 1 ) 
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If the model can be verified, and improved, the shell with a crack at 
an arbitrary angle with respect to a principal line of curvature would 
be an important problem for future research. 

Investigations into the endpoint behavior of the line-spring 
model have led to important conclusions about the ability of the model 
to predict stresses in front of the "crack tip". This also has 
applications to the crack interaction problem, and to possible uses of 
the model to study crack propagation in the length direction, in 
addition to the depth direction. It was found that only when the 
crack profile behaves like 

£ - £ 0 (i-tV /4 ( 7 . 2 ) 

near the endpoints, does the numerical procedure easily converge. 
However, for rectangular profiles, convergence is acceptable. For the 
semi-ellipse, it is not. 

An important application of the LSM was to solve the contact 
plate bending problem. Here the flexibility of the model to allow for 
any crack shape is exploited. Future work in this area includes 
predicting crack shapes for mode 1 crack growth assuming a constant K 
condition. Solution of this problem would involve the same iterative 
procedure that was used for the contact case. 

It should be emphasized that all solutions presented in this 
study correspond to the perturbation problem, where constant loading 
along the length of the crack has been assumed. To make use of the 
results, the solution to the uncracked shell must first be obtained 
along the plane of the crack. Then superposition principles apply. 
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There may be cases where the solution to this problem varies 
considerably along the crack length, and studies into this effect may 
be necessary. This may be done in a straightforward manner. 

The use of displacement quantities as unknowns in the formulation 
of the problem leads to strongly singular integral equations, rather 
than singular integral equations which result from using displacement 
derivatives. Although it is more convenient to deal directly with the 
displacement quantities, this formulation introduces log singularities 
into the equations which require more asymptotic analysis in order to 
have acceptable numerical convergence. In this study it was necessary 
to evaluate these log integrals in closed form. Sometimes log terms 
of the form (t-y) n lnlt-y I can be extracted from the Fredholm kernel 
and calculated in closed form to slightly improve convergence, but in 
general it is not worth the extra effort. The collocation method of 
solving the integral equations was found to be better and more 
convenient than the quadrature technique. It has been my experience 
that orthogonal polynomials should be used as fitting functions when 
using the LSM as opposed to simpler functions such as power series. 
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APPENDIX A 


Non-Dimensional Variables and Useful Formulae 


A.l Non-Dimensional Plate and Shell Quantities 
x = Xj/h i y = x 2 /h , z = x 3 /h , 

u ' \ = U 1 = u lD /h ' = u 2 " \ = “3 = u 3D /h 

v = \ = u 4 * u 2D /h • m u 5 = ^2 > 

= * 3 /® > 

N„ - N u /(hE) , N yy - N 22 /(hE) , N yy = N 12 /(hE) , 

M xx = “i x /Ch 2 E) , K xy = M 12 /(h 2 E) , U yy - U 22 /(h 2 E) . 
V x - 12(l+l/)V y /(5hE) , V y = 12(l.!/)V 2 /(5hE) , 

X 4 = 7 1 = 12(l-l/ 2 ) , « = ^ , 

Xj = X 4 (h/Rj) 2 , X 4 - X 4 (h/R 2 ) 2 , X 4 , - X 4 (h/R 12 ) 2 . 


A. 2 Some Useful Properties of Modified Bessel Functions 
«jM = | [k 2 (z) - K 0 ( Z )] , 

Si *<>« = - K l^) = ~2 [*2<*> - *oW] ■ 


d_ 

dz 


KjsC-) - -Itjt*) - f *j(*) ■ - 2 


K 2W - K 0 w] -f «2(*)- 


If z = p\t-y\ , 


d dz d 

dt dt dz 


/Jsign(t-y)^ . 


(A.l) 

(A. 2) 
(A.3) 

(A.4) 
(A. 5) 

(A. 6) 
(A. 7) 
(A. 8) 

(A. 9) 
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For small z, 


K q (z) ~ -ln(z/2) - 7 e - (z/2) 2 ln(z/2) + 0(z 2 ) , (A.10) 

K 2 (z) ~ 2/z 2 -1/2 -l/2(z/2) 2 ln(z/2) - l/2(z/2) 2 ( 7e+ 5/4) 

- l/6(z/2) 4 ln(z/2) + 0(z 4 ) , (A. 11) 

where Euler’s constant, 7g = .57721566490153.... 

A. 3 Chebychev Polynomials 

Of the first kind: T n (x) = cosn0 , 9 = cos , (A. 12) 

Of the second kind: U^(x) = S *sinfl^^ ’ ^ = COS * (A. 13) 


Some expressions needed to integrate 


f+1 

I (r-sj'U.Ci 
-1 J 

•)Jl-r 2 lnlr-sl dr , i=l,2,3 , 

(A. 14) 

are, 



^ (r) [u j4l (r) * ■ 


(r) = \ 

U jt2 (r) . 2U.(r) . U._ 2 (r)] , 


r^Cr) = \ 

U j. 3 W + 3U j.l« * 3U j-lW + U i-3W] • 

(A. 15) 


An important relation between Chebychev Polynomials of the first and 
second kinds when using the line-spring model with displacement 
derivatives as the unknowns is, 


f — ° o~T7o = “ (l-x 2 ) 1//2 U - (x) + constant . (A. 16) 


The following integrals are useful for calculating stresses ahead of 
the crack tip, 


r; u ° (t) ^ t2)1/2 * . > x , 


i 


*1 T (t) 


-1 (l-t 2 ) 1 / 2 (t-x) 


dt = 


r f 2 1N l/2-i n 
_ _ |x-(x -1) ' 1 


U >— I v I S 1 

2 ,v 1/2 ’ 1X1 > 1 » 


(* -1) 


r lB n (t)(l-t 2 ) 1 / 2 n, , 

J 2 dt = ~( n+1 ) [x-Cx-l) 1 ^ ] [l- ~o i/o] 

-i (x-ty 1 J 1 ( x 2 -i) 1/2J 

I x I > 1 . 

A. 4 Finite-Part, Cauchy Principal Value, and Log Integrals 
Except for the log integrals, these expressions are copied from 

r*i u-t)*(i*)A> (*•» (t) a e , „ 

} 1 dt = xcot (at) (1-x) (l+x)"p ' 

) u”X n 

2 a *fr(a)r(n+fl+n , . 1-x, 

r(n+a+/J+l) p ( n+1 > n_fl P> 1 °> 2 ^ ' 


(a > -1, p > -1, a * 0,1,2...) , 
r +1 P.(t) 

l 


r +1 p (t) 

f . -fcr dt - AW - 


r* 1 *„(*) 

J 21/2 dt - xU ^(x) > 

-1 (l-t 2 ) 1/2 (t-x) n 1 

f+ l u n (t)(i-t 2 ) 1/2 

J_j t-x dt " _,rT n+l^ X ^ ’ 

C S dt = “ I x, » w ' ^i w 1 ’ 


(A. 17) 
(A. 18) 

f 

(A. 19) 

[67]. 

(x) - 

(A. 20) 
(A.21) 

(A. 22) 

(A. 23) 
(A. 24) 


C-H 
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r 


1 T (t) 
n v ' 


dt = 


1 (l-t 2 ) 1/2 (t-x) 2 1-x 


-n+1 

2 l 2 


U .M * ¥ U n-2<-) ] ■ 


fi u n W(i-t 2 ) 1/2 

f — 5 * - -<r(ntl)U„(x) , 


(A. 25) 
(A. 26) 


-1 (t-x)' 

where T are Jacobi Polynomials, F(a,b;c;z) are Hypergeometric 

functions, P n (t) are Lagendre Polynomials, Q n (t) are Lagendre 
Polynomials of the second kind, and T (a) is the gamma function. 

Some integrals that can be used with Eqn. B.27 are: 

r+ 1 


f V- dt = In 
J _jt-x 


r+1 


r -l, at . 


-1 (t-x)' 
+ 1 


-1 (l-t 2 ) 1/2 (t-x) 


-1 (l-t 2 ) 1/2 (t-x) 2 


ilX 1 

1+x J * 


-1 1 
1-x 1+x 


dt = 0 , 


dt = 0 , 


* l q-tV /2 

t-x 


dt = -XX , 


+1 n , 2 x 1/2 


(1-0 
-1 (t-x) 1 


dt = -X , 






+ 1 dt = -f2"[ 7^- + 7 1^-' ln(B) 1 

, ,2 l 1+x 4 Jl-x v y J 

-1 (t-x) 


(A. 27) 
(A. 28) 
(A. 29) 
(A. 30) 
(A. 31) 
(A. 32) 
(A. 33) 
(A. 34) 
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> 


(A. 35) 


i dt = Mil 

-l (i-t) 1/2 (t- x ) n^r 

IT 


-1 (l-t) A/ *(t-x) 


1/2 _^2 dt " 1-x 




where 


1 + 


B = 


1-x 

2 


-J 1 


-x 

2 


There are similar formulas for power series. 

i |VVtV /2 lnlt- y l dt - £ 2 a/' 1 , 

-1 k=l k 


i r V-^i-A 1 / 2 

*■ t-y 


dt 


■ £ v 

k=l k 


k-1 


-1 (t-y) 2 


iry=^-kv 


k-1 


k=l 


where 


b k = 


J k 

'k 


2 JT r( 

j-k+3j ’ k “ 

o , j 

-k even , 

kb k.i 

, k = 1 ,2,3, . 

b k-i 

k-1 

, k — 2,3,4, . 

0 , j 

= 2,4,6,... 


1 >2, . • • , j+1, for j — 1,2,3, 
and j-k odd, 


(A. 36) 

(A. 37) 

(A. 38) 
(A. 39) 
(A. 40) 

(A. 41) 
(A. 42) 
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aj = -(1/4 + 1/2 In (2) ) , j=l 

And for the weight in the denominator, 
r+1 ,n n-1 


(A. 43) 


f 


-1 (l-t 2 ) 1/2 (t-x) 


dt = 21 d. 


k=0 


(A. 44) 


d^ = 0 , n-k even, 


d, = fiT- 


fr) 


H 1 ) 


, n-k odd , 


if 


+i 


n-2 


-1 (l-t 2 ) 1/2 (t-x) 2 


dt = H 


e, x 


k=0 


(A. 45) 


(A. 46) 


e^ = 0 , n-k odd , 


f (Vk-1.) 

= fiT — r 2 /-; (k+l) , n-k even 


(A. 47) 


For integration of logs with Chebychev Polynomials [76] (with 
corrections) of the second kind that are typical when using the 
strongly singular formulation, 

r + 1 


j IL (r) J 1-r^ lnlr-sl dr = (s) , -1 


< s i 1 , 


(A. 48) 


where 


v / \ -* f T i^ T J+2^1 . v n 

V j (s) = ~2 [ j " TH ’ J > ° 


= [-s 2 + 1/2 + l°2j , j = 0 


(A. 49) 
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APPENDIX B 


Finite-part Integrals 


Singular integral equations result naturally from the formulation 
of two-dimensional crack problems in mechanics when the crack opening 
displacement derivative is used as the unknown. The theory is well 
established due principally to the work of Muskhelishvili [78] . If 
the displacement is used as the unknown, the resulting singular 
integral equation takes on a new form and is referred to as strongly 
singular. To illustrate the differences consider the two-dimensional, 
half-space crack problem of Fig. B.l with boundary conditions given by 
Eqns. B.l-4. This simple geometry produces all of the important 
mathematical features of the geometries studied in this dissertation. 


y 



The resulting integral equation is 


o 

It 

>s 

cT 

>> 

X 

(B.l) 

xx (0,,) = 0 

(B.2) 

£. is bounded at infinity. 

(B.3) 

(x,y) = v (y) = 0 , x < a , 

x > b 

a y( x >0) = "POO , a<x<b . 

(B.4) 
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b b 

f dt + | ^( t ) K ( x » t ) dt = - ’ a<x<b 


(B-5) 


where the non-singular Fredholm kernel, 


-1 6 x 4x 

K(x,t) = + 2 - 5 

t+X (t+x) (t+x) 


(B.6) 


and ^(t) is the unknown derivative of the crack opening displacement 
v(t), fi is the shear modulus of the material, and K is defined in 
terms of Poisson’s ratio u for both 


plane stress: 


and for plane strain: K = 3-4i/ . 


(B.7) 


The first integral in Eqn. B.5 is singular and is interpreted in 
the Cauchy principal value sense, specified as such by a line through 
the integral sign. One way to define a Cauchy principal value 
integral is as follows, 


J ^ dt = “S U dt * 1 tS 1 dt } 


(B. 8 ) 


By using the standard interpretation of an integral as the area under 
a curve, note that individually the integrals on the right hand side 
of Eqn. B .8 do not exist in the limit, but when added together the 
"infinite areas" will be of opposite sign and will cancel giving a 
finite result. When the problem in Fig. B.l is formulated by using 
the displacement v(t) as the unknown instead of the derivative 0 (t), 
the resulting integral equation is found to be, 


288 




a<x<b , 


(B.9) 


where the first integral no longer exists in the Cauchy principal 
value sense and requires a special interpretation. Throughout the 
dissertation these integrals are identified by a double dash through 
the integral sign. 

Consider a direct integration by parts of the integrals in Eqn. 


Jj w 

{ *(t)K(x,t) dt = v(t)K(x,t) | - J v(t)[ - ^ ‘ x) ] dt , (B.10) 




a ; (t-x)‘ 


(B- 11) 


Here again the same "strongly singular" integral appears. For 
Eqn. B.ll to be an equality, this integral must be finite just as it 
must be in Eqn. B.9, so we write, 


m. 




a ; (t-x)‘ 


(B.12) 


Note that Eqn. B.9 is obtained if Eqns. B.10,12 are substituted into 
Eqn. B.5. The integrated terms cancel for either an internal crack 


(0<a<b) where 

v(a) = v(b) = 0 , 

or for an edge crack (0=a, 0<b) where 


(B.13) 


289 


(0) [ ^ + K(x,0) ] = 0 , v (b) =0 . 


The fact that a special interpretation of the strongly singular 
integral in Eqns. B.9,12 is necessary apparently reveals that a 
"mistake" has been made in the derivation of each equation. This 
mistake in Eqn. B.ll is corrected when Eqn. B.8 is used when 
integrating by parts as follows, 


$ {[ ar ^5 * ] 

Q a . (t-x) 


* [ &\ f * 1 7^ dt D ’ 

x+e (t-x) 


■ { &\ * [ ^ * I 


(t-x)' 


(t-x) 


(B.15) 


From Eqns. B.12 and B.15 we obtain a result similar to Eqn. B.8 but 
for strongly singular integrals: 


f ^ dt - £ {[ * 1 ^3 d ‘ 1 


(t-x) 


(t-x)' 


[-^*1 dt ]} • 

(t-x) 


(B- 16) 


With this definition Eqns. B.9,12 are correct. Consider for example 
v(t)=l. 
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1 


(B - 17) 


f 


a 


(t -x)‘ 


dt = 


lim rr-i 

e^O U e 


+ 


-1 

t-x 


x-e 

a 


+ 




(B- 18) 


11 

a-x b-x 


(B.19) 


Note that this would be the result obtained if Eqn. B.17 is integrated 
directly as though the singularity were not present. 

Integrals of this type were studied by Hadamard in 1923 [66] and 
were referred to as finite-part integrals, a name which describes Eqn. 
B.16 where the infinite part is subtracted out. For more information 
on finite-part integrals and their use for problems of the type 
studied in this dissertation see Kaya [67] . 

To derive a property that is more useful than eqn B.16 for 
evaluating finite-part integrals, differentiate Eqn. B.8 with respect 
to x as follows. 


b 

_9 f v(t) ,, 3 lim 

9x J t-x ~ 9x e+0 
a 



a 


x+e 



(B.20) 


Next differentiate on the right before the limit is taken and before 
integration, 


b x-e 




(B.21) 
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From Eqn. B.16 we conclude, 


i jia. * . j i ifli * . 

J /, n2 Ox J t-x 


(t-x) 


(B.22) 


a ' a 

By expanding v(t) near the point t=x, another method for the 
evaluation of finite-part integrals is obtained, 
b b 

I v(t) dt _ | v(t)-(v(x)+(t-x)v > (x))+(v(x)+(t-x)v , (x)) dt 

7 / a . ._\2 7 /, . \ 2 


(t-x)' 


a 

b 


(t-x)' 


(B.23) 


= j ^C - t l - vi » . )-(|-»)v’(x) dt , v(x) | _J_ dt 

' ( X - ~\ ** ' /A 


(t-x) 


(t-x)' 


+ V 




dt 


(B . 24) 


where 


v’(x) = 


dv 
dx - 


If 


v(t) = f(t)w(t) 
b 


(B.25) 


(B.26) 


f dt = j ^t)-f(x)-(t-x)f»(x) ^ (t)dt + f (x) | ?M_ 2 dt 


(t-x) 


(t-x) 
b 


(t-x)' 


wfg 


£tl 


dt 


(B.27) 


See Appendix A for finite-part and Cauchy principal value integrals 
with various weight functions and with some commonly used forms of 
f(t). 
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APPENDII C 


The Compliance Functions 


As indicated in chapter two, the mixed-mode line-spring model 
requires stress intensity factor solutions of the edge cracked strip 
for each of the five loadings shown in Fig. 2.3. Three separate two- 
dimensional problems must be solved to obtain these results. The 
tension and bending solutions come from symmetric (mode 1) loading, 
out-of-plane shear results come from skew-symmetric (mode 2) loading, 
and the anti-plane (mode 3) results are obtained from twisting and 
from in-plane shear loading. Note that in-plane for a plate 
corresponds to out-of-plane for plane strain and vice versa. 


C.l Governing equations for in-plane loading . 

The governing equations for the mode 1 and 2 cases are from plane 
elasticity where all field quantities are independent of z. 
Equilibrium of the solid requires, 


9a 


3r 


9x 


xx + -^ = 0 , 


9y 


3r 




da 


JOL _ 


= 0 . 


(C.l) 


(C.2) 


9x 9y 

For plane strain, Hooke’s law relates stresses to strains in terms of 


the material constants ji are 1/ which are respectively the shear 
modulus and Poisson’s ratio, 


a 

xx 


- 2 M_ 

l-2i/ 


[(l-i/)e x + i/e y ] 


(C.3) 
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(C.4) 


a = -2M- 

yy l-2l/ 


[(l-^)e y + J/e x ] , 


r = u 7 

xy r 'xy 


(C.5) 


The plane stress solution can be obtained by replacing 1/ by vj (1+J/) . 

The strain-displacement relations for linear elasticity are, 

tf _to._iW _9u9v (c 

x 3x 1 y 9y ’ 'xy 9y 9x 9 \ • ) 

where u and v are the x and y components of displacement respectively. 

If the relations in Eqn. C.6 are substituted into Eqns. C.3-5 and 

if the resulting expressions are then substituted into Eqns. C.1,2, 

Navier’s equations for the displacements are obtained: 

’ 2 1 * fej '0 ■ tO.TJ 


o* 1 _9 
V u + l-2i/ 9x 


V 2 v + 


9yJ 
0u 0v 


] = 0 • 


(C.8) 


1-2^ 9yL3x 9yJ 

The geometry of the cracked strip and the method of superposition 
are shown in Fig. C.l. Any field quantity on the left of this figure, 
say f(x,y), is given by, 

f (x,y) = ^(x.y) + f 2 (x,y) , (C.9) 


where the subscripts correspond to the geometries on the right. Eqn. 
C.9 is used for all relations including the boundary conditions. The 
preceeding information will be used for mode 1 and for mode 2. 


C.1.1 Mode 1 . 

The boundary conditions for the symmetric problem are: 
r (x,0) = 0 , (C . 10) 

T xy (°>y) = 0 > 
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T xy ( h >y) = 0 » 


» xx (°,y) - 0 , 


» xx (i>,y) = o , 

(C.U) 

v(x,0) = 0 , x<a , b>x , 


° yy = -P(x) > a<x<b . 

(G. 12) 

To solve problem 1 of Fig. C. 

. 1 we introduce the exponential 

Fourier transform defined as follows, 


f ( x >y) = 2 ir J f(/>,y)e'^ d/7 . 
—00 

(C.13) 

r +0# ; /?„ 


HP, y) = J f( x ,y)e^ x dx . 
J -00 

(C. 14) 

When the Fourier transforms of Eqns. 

C.7,8 are taken, the following 

ordinary differential equations result, 


9 2 u a 2- 1 \ 0 2- . n 9v 1 

. 2 “ f u 4 1-2* H 1 u 4 ] ’ 

oy Oy 

(C. 15) 

9 2 v fl 2- 1 [ . fl 9u 9 2 v 1 

^2 - ^ 4 ^ 4 ay2 j • 

(C- 16) 


These equations are solved for u and v, inverted according to C.13 and 
then substituted into Eqns. C.3-5 to obtain, 


-f 00 

u 1 ( x »y) = ^ J {[ A 1 (/?) + yA^QQ ]e _l ^ ly + 

—00 

[ A 3 (/>) + y* 4 (/)) ] e 4| ^ l!r } ip , (C. 17) 

v i^ x,y - 1 = 2w l ' ^Tpi 4 y) A 2^)] e p y * 
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[a 3 w - (ffr - y)*4(«] e * l/,ly } «" i/hl <v . (c. is) 

< W x -> , > = ft \j{V 2k \W * V^xf^T ■ 2y) ] e " l/,l!r * 

[-2A3</I) - A 4 («(f^f * 2y)] e^ly} e" i ' !x d/> , (C.19) 

ff iyy^ x,y ^ = f OfKw * A 2<«<fp * 2y >] *~ [P ' y * 

[2A 3 0>) * A 4 (/I)(-|^ . 2y)] .♦'/»>-} e^ x dp , (C.20) 

+0P 

T Uy( x ’ y) = 2? J {[- 2l / ,IA l(/’) + AjWd-.^l/Jly)] e' 1 ^ * 

* —00 


[21/71 A3 (/f) + A 4 (/7) (l-*+2l/Jlyl) j e +l ^ ly } e'^ x d p , (C.21) 

where K = 3-4^. 

For bounded behavior at infinity 

A 3 00 = A 4 (/J) =0 . (C.22) 

For problem 2 of Fig. C.l there is symmetry which allows the 
following Fourier sine and cosine transforms to be used, 


00 

(x,a) = u 9 (x,y) cosay dy , 

(C.23) 



00 

(x,y) = - J^u 2 (x,a)cosay da , 

(C.24) 

00 

(x,a) = v 9 (x,y)sinay dy , 
* 

(C.25) 





2 f°° 

(x,y) = - J v 2 (x,a)sinay da . 

(C.26) 
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After performing an identical analysis as was done with problem 1, we 
obtain, 


u 2 (*.y) - jj J o {[ Bj(o) * B 2 («)(f . x) ]e “ x - 

[ B g (a) - B 4 (a)(* - x) ]e ax }cosay da , 

00 

v 2 (x,y) = f f {[b, ( a) * xB 2 (a)]e““ t * 

83(a) ♦ xB 4 (o) 1 e ax jsinay da , 

< '2xx ( x ' !,) = "H / 0 “{[ 2B 1 (“> * B 2 ( “ )(i r * 2x) ] e "“ + 

[2B 3 (a) + B 4 (a) ( ^ + 2x)] e ax }cosay da , 

oo 

®2y/ x >y> = 'H J 0 “{[- 2B lW * BjOH^r - 2x)] e ° X . 

[-2Bj(o) - B 4 (o)(^ ♦ 2x)j e ax j cosay da , 

00 

r 2xy( x,y ) = H J o {[ _2atB i + B 2 (a)(l-*-2ax)] e~ ax + 

2aB 3 (a) + B^(a) (l-*+2ax) j e flx jsinay da . 

Now the boundary conditions, Eqns. C. 10-12 are applied making 
Eqn. C.9. First Eqn. C.10 relates A^(/l) to A^/J) as follows, 

■ m • 

Now introduce a new unknown, 
v (x) = v(x,0) , 

and express AgQJ) in terms of it. 


(C.27) 


(C.28) 


(C.29) 


(C . 30) 


(C.31) 
use of 

(C.32) 
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(C.33) 



The unknowns in the problem are v(x) and B^(a), i=l,...,4. Eqns 
produce a linear system of four equations that determine 
follows, 


B.(a) 


4 I.7. . 
_ y il±i 

~k 4 


* 


where 

A 2ah ,.2,2 0 x -2ah 
A = e - (4a h + 2) + e , 

7 n = -(*-l)e 2ah + [-4a 2 h 2 - 2ah(/c-l) + (*-l)] , 
7^2 = e 0 * 1 [2ah* + * - 1] + e [-2ah - /c + 1] , 

7 13 = - (/c+l)e 2ah + [4a 2 h 2 + 2ah(/c+l) + (*+l)] , 

7 14 = e 0 * 1 [-2ah« + * + 1] + e [-2ah - * - 1] , 

7 21 = 2ae 2ah + (4a 2 h - 2a) , 

7 2 2 = [~4a 2 h - 2a] + 2ae , 

7 23 = 2 ae 2a ^ - (4a 2 h + 2a) , 

7 24 = e flh [4a 2 h - 2a] + 2ae“ ah , 

7 31 = [-4a 2 h 2 + 2ah(x-l) + (*-l)] - e" 2ah (/c-l) , 
7 39 = e ah [2ah - (/t-1)] + e _ah [-2ah/c + (*-1)] , 
7 33 = [-4a 2 h 2 + 2ah(/c+l) - (/c+1)] + (/c+l)e" 2ah , 


. C.ll 
(a) as 

(C . 34) 
(C . 35) 
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[2ah* + (/t+1)] , 


7 34 = e ah [~2ah + («+l)] - e" ah 

7 41 = [4a 2 h 4 2a] - 2ae" 2ah , 

7 4 2 = -2ae a ^ + [-4a 2 h 4 2a] e , 

7 43 = [4a 2 h - 2a] 4 2ae" 2ah , 

7 44 = 2ae ah + [-4a 2 h - 2a] e" ah , (C.36) 

and 

h - 2(1771 f (l-*t)e- 0t v(t) dt , 

i 2 = 2(1771 1, [i-«(k-t)]r“< h - t ),(t) dt , 

h - 2(177) f ( 2 -«t)e- at v(t) dt , 

I 4 = 2(177) J 1 ” [2-«(l>-t)]e““ (h - t \(t) dt . (C.37) 

The mixed boundary condition gives a singular integral equation for 
v (x) , a<x<b . 

| b v(t)f H + K (x,t)} dt 4 J b Kj (x,t)v(t) dt = p(x) , 

a l (t-x) 2 L J J a 11 W (C.38) 

where 


__1 + 12xt _ 1 + 12(h-xl fh-tl 

(t+x) 2 (t+x)^ (2h-x-t) 2 (2h-x-t)^ 


(C.39) 


and 
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K n (x,t) = J [ S 1 (x,t,a) + S 1 (h-x,h-t,o) 


(C . 40) 


+ S 2 (x,t,a) + S 2 (h-x,h-t,a) ] da , 

Sj (x,t,a) = e — {e~ 2ah [-2a 3 xt+a 2 (3x+3t)-5a]+8a 5 h 2 xt 


-12a 4 h 2 (x+t)+a 3 [2hx+18h 2 +2xt+2ht]+a 2 [-3x-3t-6h]+5a} , (C.41) 

S 2 (x,t,a) = Qe( y ~ {e -2ah [-a (x-t) -3] +a 3 [-4h 2 t+4hxt] 

+a 2 |6h 2 -6hx+6htj +a|x-t-10hj +3j , (C.42) 

A = e - (4a h + 2) + e . (C.43) 

For an edge crack a=0. The loading for tension is, 

p(x) = a x , (C . 44) 

and for bending, 

PW = IT [ 2 ' ’ ] ' < C 4S ) 

C.1.2 Mode 2 . 

The boundary conditions for the skew-symmetric case are, 

0yy(x,O) = o , (C.46) 

t (0,y) = 0 , 

“r v (h,y) = 0 , 

A ; 

o (0 , y ) = 0 , 

xx v J ' 

ff xx (h ’ y) = 0 * (°- 47 ) 
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u(x,0) = 0 , x<a , b>x , 


t = -p(x) , a<x<b . 

The symmetry of problem 2 in Fig. C.l for the above 
conditions suggests the following Fourier transforms 
displacements , 

u 2 (*>®) = Jg U 2 ( x >y)sinoy dy , 


2 f 00 - 

u 2 ( x »y) = j J u 2 (x,a)sinay da , 


j(x,a) = f v 2 (x,y)cosay dy , 


v 2 (x>y) = f J ^ v 2 (x, a) cosay da . 

When these expressions are used to solve C.7,8 the result is, 

V*'*) = r J 0 H C l<“) * °2 (a)( o * x > ]•"“ * 

[ C 3 (a) - C 4 (a)(J - x) ]e ttx }sinay da , 

v 2 ( x »y) = f J o {[ C i (“) + x C 2 (a)]e _ax + 

|c 3 (a) + xC^(a) j e ax j cosay da , 

' H * 2x)] e-“ * 

[2Cj(a) * C 4 (o)( + 2x)] e aX jsinay do , 


(C . 48) 

boundary 
of the 

(C.49) 
(C . 50) 
(C . 51) 
(C . 52) 

(C.53) 
(C.54) 
(C . 55) 
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2 yy 


(*.y) = ** |"«{[-2Cj(«) ♦ C 2 (a) (3^ - 2x)] * 


-2Cg(a) - C 4 (a)(^ + 2x)] e ax }sinay da , 


(C.56) 


-ax 

e + 


00 

r 2xy (x,y) = f{[-2aC l( a) + C 2 (a) (l-*-2ax) 

|2aCg(a) + C 4 (a) (l-/c+2ax) j e ax jcosay da . (C.57) 

The solution to problem 1 in the superposition of Fig. C.l is the same 
as for mode 1 (Eqns. C. 17-21). Eqn. C.46 gives, 

A l(/0 = Z 2l^f 1 A 2 ( ^ * (C-58) 

After defining 

u(x) = u (x , 0) (C.59) 

as a new unknown we can express, 


= uuT 1 dx = Tilly I “( x ) el,,x dx 


(C . 60) 


The C^(a) are determined from Eqns. C.47 to be, 
4 I.7. . 

«iW ■ ^ ■ 

J=1 


(C.61) 


where 7.. and A are the same as for mode 1 (Eqns. C.35,36) and the 

I.’s are found to be, 

J 


h = 2(T+/tJ 1 ate_a Vt) dt 


i„ = 


2 2(l+/c) 


Ly J a(b-t)]e‘“ (h - t) u(t) dt 
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(C . 62) 


r 3 = 2(I+icJ l a 0-«t)e' at u(t) dt 
I 4 - 2(Y7I) f [l-<'(k-t)]e"“ (l '" t) u(t) dt . 

The mixed boundary condition, Eqn. C.48, gives a singular integral 
equation for u(x), a<x<b. 

f u(t){ ^“2 + K c (x,t)} dt + J K I2 (x,t)u(t) dt = p(x) , 

a 0 } \ W (C.63) 

where 


K c 


and 


_J + 12xt _ 1 + 12fh-xl (h-tl 

(t+x) 2 (t+x) 4 (2h-x-t) 2 (2h-x-t) 4 


(C . 64) 


KjgCx.t) = J [ S 3 (x,t,a) + S 3 (h-x,h-t,a) 

+ S^(x,t,a) + S^(h-x,h-t,a) J da , (C.65) 

S 3 (x,t,a) = e — | e _2ah [-2a 3 xt+a 2 (x+t) -a] +8a 5 h 2 xt 

-4a 4 h 2 (x+t)+a 3 |2hx+2h 2 +2xt+2htj-a 2 |x+t+2hJ +aj , (C.66) 

S 4 (x,t,a) = — — -£ |e _2a ^Ja(t-x)+lj+a 3 ^4h 2 x-4hxtj 

+a 2 J-2h 2 -2hx+2htj+aJ-t+x+2hj-lj , (C.67) 

a - e - (4a h + 2) + e . (C.68) 

For an edge crack a=0. To obtain the mode 2 stress intensity factor 
for parabolic shear loading we let 
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C.2 Anti-plane shear . 

The governing equation for anti-plane shear is, 

V 2 w = 0 , (C.70) 

where w is the z-component of displacement. The stresses and strains 
can be written in terms of w, 


T - = 45 > 


,.0W 


xz 


= — 

'xz 0X ’ 


T yz ^*0y ’ 


(C.71) 
(C.72) 

All other components are zero. Again the superposition of Fig. C.l 


7 = — 

'yz 0y 


together with Eqn. C.9 are used. The general solution for w(x,y) in 
terms of the Fourier transforms of Eqns. C.13,14 and C.25,26 is, 

,+« 


w( x ,y) = 2 ir 1 A l^ e '^ lye ^ + 

—00 

00 

t 1 ax + ®2^ a ^ eflx ] sinfl y ■ 


(C.73) 


There are three unknowns in the above equation and the following 
conditions will determine them, 

r xz (°,y) = 0 , (C.74) 

r xz ( h »y) = 0 » (C.75) 


r yz ( x >°) = 'PW » a < x < b » 

w(x,0) = 0 , x<a, x>b . 


(C.76) 


After defining 


"W ■ & 


y =0 ’ 


(C.77) 


Eqn. C.73 becomes, 


#00 = | ; J <V • 

—00 

Inversion (Eqns. C.13,14) and Eqn. C. 76 give, 

-i/»Aj(« = dt - dt . 

-» a 

In order to apply boundary conditions C.74.75, Eqns. C.71,73 
are used to express, 

r (x y) f — 2# (t) — 

xz' ,7) 2f J 2 ,, *2 dt 

a y +(t-x; 

00 

J ^-aBj(a)e ax + aBgCaJe 0 *] sinay da . 

Eqns. C.74,75 give the following two inverted equations, 
B 1 (a)e~ ah - B 2 («)e“ h = ±3 #(t) e^^dt = I,, 


8 ,(0) - B 2 («) = | #(t) e“ t dt = I 2 , 

a 

where the following integral has been used, 

00 

f ysinay . _ t -a(h-t) 

L 2 ,, ..2 ay " 2 e 

0 y +(h-t) 


The solution is, 


I.e “ y . I, 


B l<“> - ^2ah . 

-e + 1 


(C.78) 

(C.79) 
and 79 

(C . 80) 

(C.81) 

(C.82) 

(C.83) 

(C.84) 
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B 2 («) = 


f 


(C.85) 


-I 


-e 



-2ah 

+ 


+ I 2 e 


-2ah 


where 1^ and Ig are defined in Eqns. C.81,82. Next we apply the mixed 
boundary condition C.76. Eqns. C.71 and C.73 must be used to express 


r 

yz 


(x,0) 


-POO - J5 s* ^ 


lim £ I |_ e -a(x+2h-t) +e -a(x+t)_ e -a(-x+2h-t) +e -o(-x+2h+t) 

J a 0 

where 

D = l-e' 2ah . (C.87) 

After using the following integrals, 




2(t-x) 

2 \2 
+(t-x) 

= 2K cot 




(x+tl* 

2h 


(C . 88) 


(C.89) 


Eqn . C.87 becomes , 

i jV) { g - C0t^]} dt = -i p(x) . (C.90) 

a 

This kernel is equivalent to the following, 

2h [ C ° ti ^it I?[ ' coti S^] = i (CaUchy kernel) 

+ 2E (s enera li zec ^ Cauchy kernel) 

+ (Fredholm kernel) . (C.91) 

This same problem formulated in a different way has been solved in 
closed form (see [77]). The solution for an edge crack is, 
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r ^(*.y) = 2h 


Sln <2h) 


I 


+a g(r) 


. ,2 . 2,XTx 

i-lc sin (gjj) 


yz" '4h | 5 — „ - • ) . », v 

. 2,-XXx . 2/irav -a sin^r(r-x) 

sin (^)-sin 2h v ' 


where 


and 


g(x) = g(-x) > 


k / • 1 

= (sin^) . 


The stress intensity factor is defined as, 

_ lim 
C 3 " x+a 


k s = ll* J2(x-a) r yz (x, 0) , 


SO 


k 3 = “ RT tan 


For in-plane shear, 

8 00 = * 4 , 


xa f 

2h J 


+1 g(at) 


1 i*2 • 2 / Xa , % 

i-k sin (gjjt) 


-1 sin 2S( t_1 ) 


dt , 


so 


a,nr ~ * r t 

4 


= , e = a/h 


dr , 
(C.92) 


(C.93) 


(C • 94) 


(C.95) 


(C.96) 


(C.97) 


(C.98) 


Because of this simple expression (Eqn. 2.27) can be determined in 
closed form, 


fl 44 = xCl^y Mcosty)] 
For twisting, 

g(x) = "T [ 2 “ 1x1 ] > 


(C.99) 


(C.100) 
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so 


k 


3 




8 


•1 • -U/L. 
sin t/k 



(C.101) 


C.3 Edge Crack SIF Curve Fitting 

The five solutions are listed in table C.l. In addition to the 
solutions required by the line-spring model, constant out-of-plane 
shear (tfg) is also included. 

The line-spring model requires stress intensity factors at any 
value of f = at/h , so a curve is fit to each solution appearing in 
table C.l. For mode 1 the asymptotic analysis of Benthem and Koiter, 
[65] suggests that as £ approaches 1 the stress intensity factor goes 
to infinity with a power of 3/2. Therefore for gj(£) and gg(0 we use 


g; (0 = 


—^72 ^ C ik* 

(i-0' k=0 


(C. 102) 


For all other cases a 1/2 power is used, 


g 4 (0 = L T7o ^ C ik£ k ’ 1 = 3, 4, 5,6. (C. 103) 

1 (1-0 ' k=0 lk 

Although the singular behavior for mode 2 seems to be the same as for 
mode 1, (see Eqns. C.38,39 vs. 63,64), the form given in Eqn. C.103 
produced a better fit than did 102. For twisting and in-plane-shear 
the form of 103 is correct as can be seen by Eqns. C. 98, 101. The 
are given in tables C.2,3. These curves reproduce the numbers in 
table C.l. The most difficult curves to obtain and to fit are the 
mode 1 curves. The limiting values for £ approaching 1 are given in 
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[65] to be 1.122 and .374 for tension and for bending respectively. 
The curve given by Eqn. C.102 produces 1.1229 and .3735 which shows 
both good data and a good curve fit. 

For reference the compliance curves that have been used in the 
literature to date are listed below. They are for tension and bending 
only. 


1. Gross and Srawley, 1965, [61], used in Refs. [2,3]. 

—— = -Mi.99-.4if+i8.7£ 2 -38.48f 3 +53.85f 4 ) , (c.104) 

ajja nr j 

k 

— ZZT = “Ml. 99-2. 47f+12. 97f 2 -23. 17f 3 +24.8{ 4 ) . (C.105) 

a 2 Ja IF J 


2. Tada, Paris, Irwin, 1973, [62], used in Refs. [50,61,53,55]. 

,1/2 


ajIF 


■ ■ («•«») 


a 2 IF 


F - (#^} 1/2 {^ 23t ' 18 ca ( ^y /2)l4 } • (0107) 


3. Kaya and Erdogan, 1980, [63], used in Refs. [54,56-60]. 

k 

— = 1. 1216+6. 5200£ 2 -12.3877f 4 +89.0554f 6 

- 188 . 6080£ 3 +207 . 3870£ 10 -32 . 0524^ 12 , (C.108) 

^1 2 3 

— = 1. 1202-1. 8872f +18. 0143£ -87.3851^ 

ff.lF 

+241.9124f 4 -319.9402f 5 +168.0105f 6 . (C.109) 
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C.4 Line-Spring Model SIF Normalization 

The stress intensity factor solutions for the line-spring model 
are normalized with respect to the corresponding plane strain value at 
the center of the crack. This shows how the constraining effect of 
the ends affects the crack driving force. The dimensional SIFs 


provided by the LSM are 

K ! = W h [ + * 2 g 2 1 » (C.110) 

K 2 = 'I *£h ffggg , (C.lll) 

Kg = J ir£h [ + ^ggg ] • (C. 112) 

These are normalized with respect to 

K j0 = * ^o h Vk«o> • < C113 > 


where k corresponds to the loading and j=l when k=l,2, j=2 when k=3, 
and j=3 when k=4,5. Note that the primary SIF is used for all modes 
given in Eqns. C. 110-112. 


310 



Table C.l Stress intensity factors for an edge 
cracked strip for tension, bending, constant in- 
plane-shear , parabolic out-of -plane shear , 
twisting, and constant out-of-plane shear. 

STRESS INTENSITY FACTORS 



k l 

k l 

k 2 

k 3 

k 3 

k 2 

a/h 


a 2 JT 

a 3 IT 

o 4 rr 

<7 5 JT 

< ’ 6 ,r 

.0 

1.1215 

1.1215 

0. 

i. 

1 . 

1.1215 

.025 

1 . 1264 

1.0921 

0.0670 

1.0003 

0.9684 

1.1215 

.05 

1.1399 

1.0708 

0.1313 

1.0010 

0.9373 

1.12155 

.1 

1 . 1892 

1.0472 

0.2522 

1.0041 

0.8765 

1.1219 

.15 

1.2652 

1.0432 

0.3628 

1.0094 

0.8172 

1 . 1233 

.2 

1.3673 

1.0553 

0.4638 

1.0170 

0.7594 

1 . 1264 

.25 

1.4975 

1.0822 

0.5556 

1.0270 

0.7030 

1.1323 

.3 

1 . 6599 

1.1241 

0.6392 

1.0398 

0.6477 

1.1419 

.35 

1.8612 

1.1826 

0.7156 

1.0558 

0.5935 

1 . 1562 

.4 

2.1114 

1.2606 

0.7859 

1.0753 

0.5403 

1 . 1763 

.45 

2.4253 

1.3630 

0.8512 

1.0992 

0.4881 

1.2034 

.5 

2.8246 

1.4972 

0.9131 

1 . 1284 

0.4368 

1.2391 

.55 

3.3428 

1.6747 

0.9733 

1 . 1642 

0.3864 

1 . 2854 

.6 

4.0332 

1.9140 

1.0339 

1.2085 

0.3369 

1.3450 

.65 

4.9843 

2.2459 

1.0980 

1.2642 

0.2883 

1.4221 

.7 

6.3549 

2.7252 

1.1700 

1.3360 

0.2408 

1 . 5229 

.725 

7.2838 

3.0500 

1.2111 

1.3801 

0.2174 

1 . 5852 

.75 

8.4532 

3.4582 

1.2572 

1.4315 

0.1943 

1 . 6578 

.775 

9.9596 

3.9830 

1.3102 

1.4922 

0.1715 

1.7435 

.8 

11.955 

4.6764 

1.3726 

1.5650 

0.1491 

1.8459 

.825 

14.694 

5.6248 

1.4482 

1 . 6541 

0.1272 

1.9708 

.85 

18.628 

6.9817 

1.5429 

1.7663 

0.1057 

2.1269 

.875 

24.634 

9.0444 

1.6664 

1.9125 

0.0848 

2.3289 

.9 

34.632 

12.462 

1.8368 

2.1133 

0.0646 

2.6037 

.91 

40.659 

14.515 

1.9251 



2.7448 

.92 

48.632 

17.225 

2.0304 



2.9116 

.925 



2.0911 

2.4114 

0.0453 

3.0074 

.93 

59.559 

20.932 

2.1584 



3.1132 

.94 

75.23 

26.236 

2.3185 



3.3634 

.95 

99.14 

34.306 

2.5260 

2.9180 

0.0273 

3.6854 
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Table C.2 The compliance coefficients for gj(£) 
and g 2^0 f or tension and bending respectively. 

COMPLIANCE COEFFICIENTS 
Mode 1 


k 

C lk 

°2k 

0 

1.12152 

1.12152 

1 

-1.67890 

-3.04507 

2 

8.43058 

10.49184 

3 

-29.46644 

-36.66780 

4 

84.43442 

110.09900 

5 

-182.95329 

-255.68184 

6 

274.45012 

421.97167 

7 

-252.12029 

-440.50866 

8 

92.30672 

199.37326 

9 

62.66657 

123.93056 

10 

-88.30652 

-237.97164 

11 

37.54045 

136.17068 

12 

-5.30201 

-28.91005 



Table C.3 

The compliance 

coefficients 

for g i (0> 


i=3,4,5,6, 

for parabolic 

in-plane-shear 

, constant 


out-of -plane shear, twisting and 

in-plane-shear respectively. 

constant 



COMPLIANCE COEFFICIENTS 




Modes 2 

and 3 


k 

C 3k 

C 4k 

C 5k 

C 6k 

0 

0.0 

1.0 

1.0 

1.12152 

1 

2.73069 

-0.4999949 

-1.773760 

-0.55939 

2 

-3.44019 

0.2860705 

0.937496 

-0.18069 

3 

0.33305 

-0.2661996 

-0.602894 

0.39478 

4 

2.80514 

0.2193511 

1.176914 

2.07787 

5 

-2.94406 

-0.1731221 

-2.183231 

-5.40893 

6 

0.74775 

0.1047768 

2.906943 

5.82745 

7 

0.63860 

-0.0418068 

-2.121964 

-3.11784 

8 

-0.32028 

0.0075456 

0.659759 

0.67088 
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Figure C.l The geometry and superposition for the 
cracked strip. 
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APPENDIX D 


Determination of the Weight Function 

The solution of a singular integral equation such as Eqn. B.5 or 
the strongly singular version, Eqn. B.9 involves obtaining ^(x) or 
v(x) for a<x<b. Before attempting the numerical solution, the 
behavior or weight of the unknown at the endpoints, a and b, should be 

determined that will force the singular or dominant integral to be of 

the same order as the other terms in the equation. Without this 
asymptotic behavior an accurate solution near the ends is difficult to 
obtain, although in the central portion convergence is acceptable (at 
least for the integral equations studied in this dissertation) . We 
then seek to obtain a and /J defined as, 

*00 = f(t).j(t) = f(t)(b-t)“- 1 (t- a )^ 1 , (D.l) 

v(t) = g(t)» 2 (t) = g(t)(b-t)“(t-a)^ , (D.2) 

for finite 

g(a), g(b), f (a) , f (b) * 0 , (D.3) 

where w^(x) are known as weight functions for the integral equation. 

The typical integral equation studied in fracture mechanics has a 
right-hand side (p(x) in Eqns. B.5, 9) that is of order one. Here the 
weight function must be such that the singular term in these equations 
is finite. All through crack problems are in this category. However 
for the part-through crack case, only when the crack shape, f(x) is of 
the form, 
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f( x ) = C 0 ( 1_x2 ) 7 » 7 * !/ 4 » 


(D.4) 


is this condition met. If 7 > 1/4 the line-spring terms will be 
unbounded and for 7 < 1/4 they will be zero (see Chapter 2). If 7 > 
1/4, such as for a semi-ellipse (7 = 1/2), a solution for a<x<b can 
only be obtained if a weight is chosen that will duplicate this 
unbounded behavior. For the special case where K(x,t) is zero (see 
Eqn. B.5,9) and 7 <1/4, the weight function should be chosen such 
that the singular integral matches the 7 dependent zero behavior of 
the line-spring contribution. In both of these cases the weight 
function will be such that the displacement profile will be physically 
unacceptable. If this matching is ignored and the through crack 
weight is used for all 7 , a convergent solution to the part-through 
crack problem can still be obtained for about 98% of the domain, a<x<b 
without too much extra computer time. Of course this is well beyond 
the expected range of validity of the line-spring model, and therefore 
all crack shapes will be treated as though the resulting line-spring 
terms are of order one. One way to deal with this problem, shown in 
Chapter 2 , is to force 7 = 1/4 behavior at the endpoints. 

First consider the internal crack case of an equation of the form 
of B.5. From the basic theory of Muskhelishvili [78] , and from Eqn. 
B.22 to extend this theory to finite-part integrals (see Kaya [67]), 
we have, 

= ~* 0(1) ’ (D - 5) 

a (t-x) 
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lim 1 f v(t) i, _ _ . lim v(x) n , . 

x-»b J J 7TT2 dt “ -* cot ” x»b "tl * “W - 

a (t-x) 


(D.6) 


(D.7) 


(D.8) 


where 

v(t) = g(t) , g(a),g(b) * 0 . 

For Eqns. D.5,6 to be of order one, 
cot *p = cotxa = 0 . 

This gives, 

P = a = 1/2, 3/2, (D.9) 

As a rule for deciding what form to take for finite-part integrals, 
Kaya [79] states that all roots should be used such that g(x) and its 
derivatives remain bounded at x approaching a and b. Therefore we 
take , 

a = P - 1/2 , (D.10) 

and 

v(t) = g(t)(b-t) 1/2 (t-a) 1/2 . (D. 11) 

In order to obtain the compliance functions used in the line- 
spring model, the edge cracked strip (Appendix C) must be solved. The 
crack opening displacement, v(x) will have a different weight function 
than Eqn. D.ll. From Eqn. C.39 note that there are integrals which 
become singular when both t and x go to zero simultaneously, so these 
terms must be included in the limit as x+0. 


1 I b dt ♦ 1 f b 

1 J n t ) r 


dt 


0 (t-x)' 


0 (t+x)' 


H 


v(t) dt ~ 0(1) , 

0 (t+x) (D. 12) 


for 


(t) = g(t)(b-t)°t^ , g(0) ,g(b) t 0 . 


(D. 13) 
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The analysis for x at b is the same as for the internal crack. From 


Ref. [67] we have, 


lim 1 f° v(t) a a —a lim v(x) 

x + 0 ; T 0 ^2 dt “ x*0 x * 0(1) ■ 


lim 1 f u v(t) d = _J_ lim vM + om 
x+0 x Jq (t+x) 2 sinx/7 x+0 x \ ) » 


if 

X ) r 


12xt 


’W dt - ^ * ®« 


0 (t+x)"* 3!sinx(/J+l) x-0 x 

Therefore the characteristic equation for f) is, 

_ Bcottd _ _ j _ + mmi M i = o 

P ” sinx/J sinx(/J+l) ’ 

which reduces to, 


i irp i cos *P - 1 + = 0 > 

which has the root p = 0. Therefore for an edge crack, 
v(t) = g(t)(b-t) 1/2 . 


(D.14) 
(D. 15) 
(D- 16) 

(D - 17) 
(D- 18) 
(D .19) 
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APPENDIX E 


Numerical Methods for the Solution of Singular Integral Equations 


In this section the two most common numerical methods for solving 
singular integral equations of the following form will be considered: 



a<x<b , 


(E.l) 


| b 7^ dt - * ■ PM 

a (t-x) a 

These two equations are equivalent for 
v(t) = v + (t) - v~(t) , ^(t) = 


a<x<b . 


(E.2) 


(E.3) 


with the condition 

v(a) = v(b) = 0 , (E.4) 

which for Eqn. E.l is expressed as, 

r b 

j l( t) dt = 0 . (E.5) 

J a 

Both solution methods can easily be generalized to include multiple 
unknowns and multiple cracks, so for simplicity will be left out. 


E.l Quadrature . 

Here we consider the solution of Eqn. E.l for the case of an 
internal crack. The first step is to express the unknown in terms of 
its weight function given in Eqn. D.ll. We have, 


*(t) 


m 

(t-a) 1/2 (b-t) 


1/2 


(E.6) 
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This is substituted into Eqn. E.l using the following definitions: 


, b-a b+a 

1 “ ~ T * ~2~ ’ 

(E . 7) 

b-a b+a 

(E.8) 

x = “2" s + — » 

p(x) = p(s) , 

(E.9) 

0(t) - ^"^1/2 ’ " 2 > 

(E. 10) 

L(r,s) = ^ K(x,t) , 

(E- 11) 


to obtain, 
r+1 


f 


f(r) dr 


-1 (l-r 2 ) 1/2 (r-s) 


I 




-1 (l-r 2 ) 1/2 


L(r,s) dr = 


p(s) , -1 <s<1 . 

(E. 12) 


We now make use of the quadrature formula 


I 


+1 


h(r) 


N 


2 1/2 dr = Z]»:h(r.) , 

1 (1-r ) L/Z j=l J J 


(E. 13) 


where 


r j = cos fc[’ r » j = 1 » * > N * (E.14) 

which are roots of the Chebychev polynomial T^(r) , and 



w 


1 


% 

W N " 2(N-1) • 


(E. 15) 


This quadrature is exact when the function h(t) is a polynomial of 
degree (2N-1) or less and therefore has good convergence when 
integrating the well behaved Fredholm kernel L(r,s) in Eqn. E.12 as N 
is increased. However the integration of the singular term in this 
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equation introduces a relatively large error which has been found to 
be proportional to the Chebychev polynomial U^(r) . Therefore when 
values of s are chosen to make zero, the error is reduced and the 
integration is exact for polynomials of degree 2N or less. The s 
values are, 

s i = co nr\ 2 » i = !»•••, N-l . (E. 16) 


It is this information that makes the method work. Applying the 
quadrature formula to Eqn. E.ll, we obtain, 

N 


£w.f(r.) + L (r.,s.)l = P^) > i , 

j=l j i 


(E. 17) 


which is a system of N unknowns (g(rj) , j=l,...,N) and N-l equations. 
Recalling Eqn. E.5 we supplement Eqn. E.17 with 


N 

Zw.f(r.) = 0 , 
j=l J J 


(E.18) 


which can then be solved as a system of linear algebraic equations. 
Convergence is obtained as N is increased. 

In the case of an edge crack where a = 0, the weight function 
changes (see Eqn. D.19) and ^(t) becomes, 


m = 


1M. 


(b-t) 


1/2 


(E. 19) 


After substitution using Eqns. E.7-11 with a=0, the singular integral 
equation, E.l becomes, 


f 


+i 


1 * > 


f / 2 dr + f ' f ^ r i/2 L (r,s) dr = P( s ) » -Ks<l • 

-1 (l-r) A/ ^(r-s) '-1 (1-r ) l,Z (E.20) 


The necessary quadrature for this weight function is, 
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(E.21) 


J 


+ 1 , , x N 

h(r) 

-1 Jl-r 


dr = Hw.h(r.) , 


Pi J 


where now the values of w. and r. must be obtained numerically as 

J J 

roots of the following Jacobi polynomials: 


P N ( 1/2,_1) (tj) = 0 > j = 1, . . . ,N . (E.22) 

P N-l 2,1)(s i) = 0 ’ i = 1 , . . . ,N-1 . (E.23) 

It is easier to use Eqns. E. 12-16 and include (1+t)^^ in the function 
f(r). For the edge crack however, Eqn. E.18 is replaced with 


h(-l) = h(t N ) = 0 


(E . 24) 


The quadrature method is not a good choice for the solution of 
strongly singular integral equations such as Eqn. E.2 because the 
existing quadrature formulas for finite-part integrals involve 
operations that make solving the integral equations far more 
complicated than solving the equivalent equation with a Cauchy 
singularity, (see [67]). Perhaps in time a more convenient 
quadrature will be developed. A better and simpler approach to 
solving Eqn. E.2 is the expansion method, or more specifically, the 
collocation method. 


E.2 Collocation . 

First consider the internal crack where the unknown is expressed 
as 


v(t) = g(t)(t-a) 1/2 (b-t) 1/2 . 


(E.25) 
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Note that Eqn. E.4 is satisfied which shows an advantage of using the 
displacement as the unknown which leads to a strongly singular 
integral equation. Again use Eqns. E.7-9 with 


f 4 .\ b-a ~ t \ 2v 1/2 
v(t) = -y v(r) (1-r ) 

f , * fb-al 2 9K 

L (r,s) = [~y] ^ . 

Substituting into Eqn. E.2 we obtain, 


(E.26) 

(E.27) 


j v (r) _1_£ — d r + J v (r)(l-r 2 ) 1 / 2 L(r,s) dr = p(s) , 

_1 _1 -1<s<1 . (E . 28) 


Next we choose 
N 


(r) = a.f . - Cr) , 
j=l 1 3 


(E.29) 


where f ^ (r) are linearly independent functions chosen to "fit the 

curve" and the a* are coefficients to be determined. I believe that 
J 

it is best to choose orthoganol polynomials so that the coefficients 
show convergence as N is increased. The proper choice for the weight 
of Eqn. E.28, is the Chebychev polynomial of the second kind, IL _^(r). 
With other functions such as a simple power series r^ ^ , convergence 
can only be seen by calculating the sum (Eqn. E.29) as the 
coefficients themselves do not converge. Also as N gets large the 
coefficients of r^ * can get large enough to cause round off error as 
was experienced with the thin plate limit in Chapter 3. This problem 
is avoided when using orthoganol polynomials. These convergence 
characteristics are shown in table E.l where the coefficients, a^ are 
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listed for N = 10 and 20, using both anc * r 


for the 


fitting function, ^(2j-2)^ ( see ^ problem is symmetric 
in r so only even functions have non-zero coefficients. This shows 
slow convergence typical of part-through crack problems. Although the 
numbers for N = 20 and r^ ^ are large, they give the same result as 
the Chebychev polynomials. Mostly all problems can be solved with 
power series, but the orthoganol polynomials, I believe, are better. 

Next substitute Eqn. E.29 into Eqn. E.28 to obtain, 


N ,,+l f .(r) (1-r 2 ) 1 / 
j=l J -1 (r-s)‘ 


dr + J f.(r)(l-r 2 ) 1/2 L(r,s) dr) = p(s) 

_1 -1<s<1 . (E . 30) 


With this method there is no restriction on the choice of s as long as 
it does not coincide with r in Eqn. E.30. Roots of Chebychev 
polynomials which concentrate points near -1 and +1 are a good choice 
when information near the endpoints is needed such as the 
determination of stress intensity factors for through cracks. Table 
E.2 lists the coefficients for N = 3 and 6 and the resulting stress 
intensity factor to show how good convergence is for this type of 
integral equation . 

A more uniform spacing of points has been found to be a better 
choice for convergence of the line-spring model where information in 
the central portion is more important (see Table E.3 ). In this table 
equally spaced points improve convergence by about one order of 
magnitude. Another reason to prefer this choice of s^ is that the 
solution is most accurate there (recall that the collocation method 
gives the solution for all s) and it is more convenient to know the 
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solution at these points than at the roots of an orthoganol 
polynomial . 

For a given value of s there are two integrations to perform in 
Eqn. E.30. Any standard technique can be used, for example Gauss- 
Chebychev quadrature which takes advantage of the weight, 



(E.31) 


where 



(E . 32) 
(E.33) 


The first integral can be determined by using Eqn. B.27 or for certain 
expansion functions f ^ (r) such as IL (r) , there are closed form 
expressions. For example, 


,.l U.(r)(l-r 2 ) 1/2 


dr = -*(j+l)Uj(s) . 


(E . 34) 


-1 (r-s) 

See Appendix A or Ref. [67] for similar formulas for other functions 
and other weights. Therefore if Eqn. E.30 is evaluated at N different 
points, the coefficients, a^ , j=l,...,N can be determined. Also a 
least squares technique can be applied if more than N values of s are 
selected. 


Both numerical methods have been used in this dissertation, and 
the collocation method has been found to be better. One important 
advantage of this method is that the number of unknowns is unrelated 
to the way in which the integrations are performed. This makes for 
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better efficiency. Another advantage is that the function is given at 
all points instead of at discrete values of s as in the quadrature 
method (Eqns. E.16,24). This makes convergence easier to check 
because with quadrature, as N is increased, the stations at which the 
function is given, shift. The only common points from one value of N 
to another are the endpoint, the most difficult to converge, and the 
midpoint which is the easiest. With collocation either the same 
values of s can be used for successive N values, or the function can 
simply be evaluated at any point according to Eqn. E.29. I have found 
the collocation method to be most accurate when N unknowns and N 
equations are used as opposed to using the before mentioned least 
squares method. This is similar in principle to curve fitting. 

For the edge crack the technique is similar except the singular 

integral in Eqn. E.30 must be solved numerically because expressions 

1 /2 

such as Eqn. E.34 are not available for a (1-r) ' weight. Kaya [67] 
has developed a scheme which gets around this. Instead of normalizing 


from -1 to +1, he normalizes from 0 to +1 as follows, 

t = br , (E.35) 

x = bs , (E.36) 

v (t) = bv (r) , (E.37) 

L(r,s) = b 2 . (E.38) 

Then Eqn. E.2 becomes, 

f . dr - f v(r)L(r,s) dr = p(a) , 0<s<l . (E.39) 

J 0 (r-s) Z ''O 

Now we can use 
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(E . 40) 


v(r) = g(r) (1-r 2 ) 1 ^ 2 


Also if 


dr , 

-1 (r-B)- 

is added and subtracted from Eqn. E.39 we have, 


f g(r)(l r ) !_ dr + j g(r) (l-r 2 ) 1//2 L(r,s) dr 
J -1 (r-sj 


r + l 


0 


,0 . W1 - 2 . 1/2 

K(r)(l-rJ ._ ' _ dr . - (s) _ 0<s<1 . 

-1 (r-s) J 

Now the singular term can be evaluated in closed form. 


(E.41) 


(E.42) 
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Table E.l Coefficients for expansion functions, 
lL_j(r) and r^ * for a part-through crack to show 
convergence for coefficients of U for increasing N 
and to show how power series coefficients get 


large . 


£ = .6(l-s^)^/^ , tension. 
U (2j-2) « 

r (2j-2) 

j a lj a 2j 

a, . a 0 . 

lj 2j 


N = 10 


1 

. 602954e00 

.201102e01 

. 633626e00 

. 197755e01 

2 

- .353661e-l 

.357367e-l 

-.995538e-l 

. 124094e00 

3 

- . 633608e-2 

.297401e-2 

.991316e-l 

- . 204339e00 

4 

- .238970e-2 

. 120856e-2 

-,223967e01 

.373660e01 

5 

- . 115589e-2 

.878486e-3 

. 170071e02 

-.275699e02 

6 

- . 672035e-3 

. 658983e-3 

-.676896e02 

. 107146e03 

7 

- .448539e-3 

. 514599e-3 

. 150545e03 

234331 e03 

8 

- .336133e-3 

.429394e-3 

- . 188716e03 

.289774e03 

9 

- . 280330e-3 

.389471e-3 

. 1 24487 e03 

- . 188933e03 

0 

- . 128226e-3 

. 192492e-3 

-.336138e02 

•504607e02 


N = 20 


1 

. 602962e00 

.201104e01 

. 633599e00 

. 197746e01 

2 

- .353528e-l 

.357469e-l 

-.981042e-l 

. 124878e00 

3 

- . 631705e-2 

.297507e-2 

. 127104e00 

-.752523e00 

4 

- . 236433e-2 

. 119822e-2 

- . 116577e02 

.472852e02 

5 

- . 112297e-2 

. 854624e-3 

.413200e03 

- . 145520e04 

6 

- . 629824e-3 

. 618609e-3 

-.841220e04 

.265618e05 

7 

- .394573e-3 

. 453260e-3 

. 109143e06 

-.315897e06 

8 

-.266935e-3 

. 340355e-3 

- . 963774e06 

. 259884e07 

9 

- . 191184e-3 

. 262485e-3 

. 605181e07 

- . 153958e08 

10 

- . 143206e-3 

. 207703e-3 

- .278436e08 

.674988e08 

11 

- . 111307e-3 

. 168386e-3 

. 957704e08 

- . 223025e09 

12 

-,893108e-4 

. 139685e-3 

- . 249352e09 

.561471e09 

13 

-.737318e-4 

. 118478e-3 

. 494303e09 

108197el0 

14 

- . 624979e=4 

. 102717e-3 

745521 e09 

. 159325el0 

15 

-.543247e-4 

.910346e-4 

. 848642e09 

177709el0 

16 

- .483900e-4 

.825134e-4 

-.716454e09 

. 147440el0 

17 

-.441540e-4 

.765362e-4 

. 434607e09 

-.881107e09 

18 

- .412504e-4 

. 726940e-4 

179004e09 

. 358246e09 

19 

-.393969e-4 

. 706965e-4 

. 448065e08 

- . 886709e08 

20 

- . 190835e-4 

. 349693e-4 

-.514322e07 

. 100789e08 
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Table E.2 Convergence of expansion function 


coefficients and normalized stress intensity 

factor for a through crack, a/h=l, J/=.3 


j Sj kj/(a 2 Ja) 

N = 3 

1 .00000 .255900e01 

2 .58779 . 126237e00 

3 .95106 . 103953e-l .74742 

N = 6 

1 .00000 .255883e01 

2 .28173 . 125167e00 

3 .54064 . 103724e-l 

4 .75575 .508637e-3 

5 .90963 . 159547e-4 

6 .98982 .334089e-6 .74748 
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Table E.3 The effect of the choice of the 
collocation points, s^ on convergence for a part- 
through crack loaded in tension. 




i-H 

CD 

11 

-s 2 ) 1 /2 

e = -6(i 

-s 2 ) 1 ^ 

j 

s . 
J 

a ij 

a 2j 

a ij 

a 2j 

12 

1 

.0 

.517675e00 

. 1793O5e01 

. 602986e00 

.201108e01 

2 

.1 

- .826466e-l 

- . 932252e-l 

- .353093e-l 

.357855e-l 

3 

.2 

- .862004e-2 

-.478427e-l 

- .625598e-2 

.298601e-2 

4 

.3 

- .320951e-2 

-.163700e-l 

- ,228765e-2 

. 117540e-2 

5 

.4 

- . 154063e-2 

-.772860e-2 

-.103516e-2 

.799027e-3 

6 

.5 

- .816275e-3 

-.413912e-2 

-.535729e-3 

.535892e-3 

7 

.6 

- .454261e-3 

-.232331e-2 

-.296962e-3 

.349407e-3 

8 

.7 

-.249781e-3 

- . 128652e-2 

-.165651e-3 

.218096e-3 

9 

.8 

-.125213e-3 

-. 65001 le-3 

- .858241e-4 

. 123060e-3 

10 

.9 

- .514386e-4 

- . 269770e-3 

- .372392e-4 

.571948e-4 

11 

.95 

- . 148252e-4 

-.787855e-4 

- . 116721e-4 

. 189765e-4 

12 

.98 

- .217783e-5 

-.117624e-4 

- .192020e-5 

.327248e-5 

1 

.0 

.517492e00 

. 179224e01 

. 602958e00 

.201103e01 

2 

.13617 

- .828914e-l 

-.945347e-l 

- .353590e-l 

.357420e-l 

3 

.26980 

- .891617e-2 

-.494622e-l 

- .632578e-2 

.297444e-2 

4 

.39840 

-.353796e-2 

-. 181809e-l 

- .237578e-2 

. 120271e-2 

5 

.51958 

-.188429e-2 

- . 963221e-2 

-.113751e-2 

.864942e-3 

6 

.63109 

- . 116178e-2 

- . 605954e-2 

- ,647982e-3 

. 635656e-3 

7 

.73084 

- .796345e-3 

- . 422672e-2 

- .417042e-3 

.478286e-3 

8 

.81697 

- .590135e-3 

-.317589e-2 

- .294652e-3 

.375106e-3 

9 

.88789 

- .465276e-3 

- . 253009e-2 

-.225401e-3 

. 30941 6e-3 

10 

.94226 

- .386326e-3 

-.211617e-2 

-.185580e-3 

.270293e-3 

11 

.97908 

-.334534e-3 

-. 184705e-2 

- . 163903e-3 

251536e-3 

12 

.99767 

-.149021e-3 

-.840827e-3 

- ,767395e-4 

. 124182e-3 
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APPENDIX F 


Short Crack Analysis of the Compliance Functions 


For small £ (small crack depths) we write, 

gjCO = c 0 + c n£ + c i2^ 2 + C 13^ 3 + c 14 C 4 + c 15 C 5 + ••• > (F-l) 
6 2 (0 = c q + c 21^ + c 22^ + c 23^ + c 24 ^ + c 25^ + ’ ^ F ' 2 ) 


where 


c i0 = C i0 ’ C 10 = C 20 

c il = 3/2C iO + C il ’ 

c i2 = 15/8C i0 + 3/2C il+ C i2 , 

c i3 = 35/16C. 0+ 15/8C. 1+ 3/2C. 2+ C.3 , 


c i4 

c i5 


= 315/128C i0 + 35/16C il + 15/8C i2 + 3/2C i3 + C £4 , 

= 693/256C i() + 315/128C il + 35/16C i2 + 15/8C i3 + 3/2C i4 + C ig 


(F.3) 


where C. . are listed in table C.2. From Eqn. 2.26, 
ij 

a n = *{ l/2c 2 £ 2 + 2/3c 0 c n e 3 + l/4£ 4 [c^ + 2c Q c 12 ] + 
1/5^ [ 2c o c 13 + 2 c 11 c 12^ + f 2c 0 c 14 + c 12 + 2c ll c 13^ 


1/7^ 7 [2c 0 c 15 + 2c n c 14 + 2 c 12 c 13 ] + 0(£ 8 )} , (F.4) 

a 22 = *{ 1 / 2 c 0 ^ + 2 / 3 c 0 c 21^ 3 + [ c 21 + 2 c 0 c 22 ] + 

1/5^ [2cqC 23 + 2c 21 c 22 ] + l/6£ [2c Q c 24 + c 22 + 2c 21 c 23 ] + 

1/?C [ 2c q c 25 + 2 c 21 c 24 + 2c 22 c 23^ + °^ )} > ( F - 5 ) 
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°12 = a 21 = *i + */ 3 £ ^ C 0 C 11 + C 0 C 21^ + 

!/ 4 ^ 4 [ c ll c 2 1 + C 0 C 22 + C 0 C 12^ + 

l/5£ [ c o c 23 + C 0 C 13 + c ll c 22 + c 21 c 12^ + 

6 

1/ 6 C t c o c 24 + C 0 C 14 + c ll c 23 + c 21 c 13 + c 12 c 22^ 
l / 7 ( [ c o c 25 + C 0 C 15 + c ll c 24 + c 21 c 14 + c 12 c 23 


c 22 c 13^ 


F.6) 


Eqn. 2.33 relates 7.. to a., as follows 
M 'ij ij 

(1~ * /2 )7 11 = *{ rVacjfo + e" 3 [2/3c 0 c 21 fi 1 + 1/2 c^ 2 ] + 

£ [ 1/4 ( C 21 + 2 c o c 22^1 + 2 / 3 c 0 c 21 5 2 + 1 / 2 c 0 5 3 ^ + 

£ [2/5(c 0 c 23 + c 2i c 22^1 + */ 4 ( c 21 + 2c 0 c 22^ 5 2 + 

2 / 3 c 0 c 21 5 3 + 1 / 2 c 0 ff 4 ] + °( 1 >} ’ ( F - 7 ) 

36(l-!/ 2 )7 22 = *{ e" 4 l/2cg6 1 + f- 3 [2/3c 0 c u « 1 + l/2c 2 «5 2 ] + 

C 2 [l/Hc 2 n + 2c q c 12 )(5 1 + 2/3c 0 c n 5 2 + l/2c 2 <5 3 ] + 

£ [2/5( c o c is + c u c i2^1 + 1 / 4 [ c n + 2 c 0 c 12^2 + 

2/3c 0 c n 5 3 + 1/2 c 2 <5 4 ] + 0(1)} , (F.8) 

-6(1-^ 2 ) 7i2 = -6(1 -i/ 2 ) 7i2 = w{e' 4 l/2c 2 5 1 + £" 3 [l/3c 0 (c n + 

+ 1 / 2c 0 5 2 ] + ^ 2 t 1/4(c ll c 21 + C 0 C 22 + c 0 c 12 )5 1 + 

1/3cq ( c i 1 + c 2l^2 + 1 / 2c 0^ + ^ [l/^( c o c 23 + c o c 13 + 
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C 0 C 12^2 + 


c ll c 22 + c 21 c 12^ 5 1 + 1 / 4 ( c h c 21 + C 0 C 22 + 
l/3c 0 (c n * c 21 )« 3 ♦ 1/2 c^6 4 ] . 0(1)} , 


where 


c _ 1_ 
5 1 ■ Aj » 


(F.9) 


5 2 = -i 
& 1 


*3 = 


4 2- 4 l 4 3 


4 4 


fl 2 24 1 4 2 4 3 +4 1 4 4 


(F . 10) 


and 


A 1 = ,r2 { 1 / 8c 0^ c 21 +2c 0 c 22 +c ll +2c 0 c 12^ + 4 / 9 c 0 c 11 C 21 

I/QcqCcjj+^j) 2 - V4c 0 (c n c 21 +c 0 c 22 +c 0 c 12 )} , 

A 2 = ,f2 { 1 / 5c 0^ c 0 c 13 +c ll c 12 +c 0 c 23 +c 21 c 22^ 
l/6 c 0 ( c ii c 2i +2c o c ii c 22 +c 21 c ll +2c O c 21 c 12^ _ 1 / 5c 0^ c 0 c 23 +c 0 c 13 + 

) - l/6c 0 (c 1;l +c 21 ) ( c 11 c 21 +c o c 22 +C 0 C 12^} ’ 

A 3 = * 2 { 1 / 12c o( 2c O c 24 +c 22 +2c 21 c 23 +2c O c 14 +c 12 +2c ll c 13^ + 

4/15c 0 (c 0 c 11 c 23 +c 11 c 21 c 22 +c 0 c 21 c 13 +c 21 c 11 c 12 ) + 
1/16(c 2 1 +2c () c 12 )(c 2 1 +2c 0 c 22 ) - 1/^( C 0 C 24 +C 0 C 14 +C 21 C 13 +C 12 C 22 + 


C 11 C 22 +C 21 C 12'' 
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c ll c 23> - 1/16 (c 11 c 21* c 0 c 22* c 0 c 12 ) 


2 


2/15c 0 (c n +c 21 ) ( c o c 23 +c O c 13 +C U c 22 +c 21 c 12^) ’ 

A 4 = ^{2/14c2(c 0 c 25+ c 21 c 24+ c 22 c 2 3 + c 0 c 15+ c 11 c 14+ c 12 c 13 ) ♦ 

1 / 9c 0 (2c 0 c 11 c 24 + c 11 c 22 +2c 21 c 11 c 23 +2c 0 c 21 c 14 +c 21 c 12 +2c 11 c 21 c 13 ) + 
1 /2°( c 1 i + 2cqC 12 ) (2c 0 c 23 +2c 21 c 22 ) + 

1/20(c 21 +2c 0 c 22 ) (2c q c 13 +2c 11 c 12 ) - l/ 7c 0 ( c o c 25 +c O c 15 +c ll c 24 + 

c 21 c 14 +c 12 c 23 +c 22 c 13^ " 1 / 9c 0^ c ll +c 21^ ^ C 0 C 24 +C 0 C 14 +C 11 C 23 + 
c 21 c 13 +c 12 c 22^ “ 1 / 10 ^ C 11 C 21 +C 0 C 22 +C 0 C 12^ C 0 C 23 +C 0 C 13 + 

C U C 22 +C 21 C 12 ) } ‘ CF.U) 


Now I have 


7 n = s l^ 4 + s 2^ 3 + s 3^ 2 + s 4^ _1 + °( 1 ) * ( F 12 ) 

7 22 = q l^ 4 + q 2^ 3 + q 3^ 2 + q 4^ 1 + °( 1 ) » (F13) 

7 12 = 7 21 = t i^~ 4 + V 3 + t 3^” 2 + V 1 + °( 1 ) » (F. 14) 

where s^, t. and q^, i=l ,2,3,4 can be obtained from Eqns. F.7-9. Now 
consider the stresses (recall Eqn. 2.31), 

° 1 = u(s)7 n (0 + p( s)7 12 (0 , (F.15) 

°2 = u ( s )7 2 i(0 + / ? ( s )7 2 2^) ' (F16) 

where for the remaining analysis, 

i = e 0 d-s 2 ) 1/2 . (f . i7) 
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I 'will also assume that the loading is symmetric in s, so the 
following expressions for u(s) and /J(s) are used, 


u( S ) = (l-s 2 ) 1/2 

^ a lj U (2j-2) (s) ’ 

(F.18) 

P(s) = (l-s 2 ) 1/2 

N 

^ a 2j U (2j-2) (s) • 

(F . 19) 

For small f or for s near 1, 


t N 

u ( s ) = 4- Jl*u\ 

*o j=l ^ 

(bj * { 2 c.} * 0(£ 4 ) , 

(F.20) 

, N 

P ( s ) = f“ Za 2 :- 

*0 j=l 

(bj * £ 2 cjJ * o(e 4 ) , 

(F.21) 

where 



b. = (2j-l) , 


(F.22) 

^4 .2 

c * - 2 1 

J «0 1=1 


(F . 23) 


The following expressions result for Eqns. F.15,16, 
N 


° 1<0 = j?i 3b j S l * f ' 2b j S 2 * f’’ (b j s 3 * c j s l> " 

(y 4 * c j s 2 ) ] * 

- \- o z > 2 j {r 3 y, * £- 2 bjt 2 * ♦ c jtl ) * 

(bjt 4 + c^t 2 )} +0(() , (F . 24) 
N 

^ z ♦ r 2 y 2 * r‘(y 3 * c.tp . 
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( b jt 4 * c.tj)} * 

♦ \- o z ^{rVqj * • r 1 ^ * * 

(b.q 4 * e^} * 0(f) . (P.25) 

Using the prediction of Chapter 2 that the stresses must have a square 
root singularity at the ends, i.e. £ \ we must have, 

N 


4- a i -fc ^b.s- + £ ^b.s 0 ) + 

(q pi J 1 * J 2i 

T 0 g ^{rNjS * «' 2 V 2 } ■ 0 

^ ,5 a ij( f 3|> i t i * { * 

r 0 g * <"V} ■ o 


(F.26) 


(F . 27) 


which is true if 


N 


H a^b. = 0 , 
j=l 13 3 


(F . 28) 


and 


N 


z Vj = 0 • 


j=i 


(F.29) 


This is equivalent to saying that the through crack stress intensity 
factor is zero, because 


k N 

—a £ a. .b. , i=l ,2 . 

ail Pi 13 3 


(F . 30) 
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APPENDIX 6 


Stress Intensity Factors 


G. 1 Elasticity Theory. 

The study of the static stress distribution near the tip of a 
crack in a linear, elastic solid has been reduced to the determination 
of constants called stress intensity factors (see Irwin [68,69]). To 
illustrate this consider the two-dimensional plane geometry where 
Williams [4] and Sih [80] have given the asymptotic form of the 
stresses of in-plane and anti-plane loading, respectively. These 
solutions, presented below, are obtained by use of eigenfunction 
expansions which satisfy the crack surface boundary conditions. The 
coordinate system is chosen to duplicate the through crack geometry 
used in this dissertation where the crack lies in the yz-plane with z 
tangent to the crack front. The polar coordinates r,0 are measured 
from the crack tip and lie in the xy-plane. 


a 

y 


K 1 0 ri . 0 . 3 

cosr [l-sin~ sin- 

J27 d 1 


30 


2 . 6 ro 6 30, 

sin^ [2 + cos^ cos-xj 

2 1 1 


2n-l 


+ ^ [ b ln r 2 f ln (0) + b 2n rIlf 2nH ’ 


(G.l) 


n=l 

k 


a - 


1 0 r , . 0 . 30 


*2 . 0 0 30 


r . .1/ . Ov/ 1 _ 

cost; [1+sin^ sm-^ J + sin^ cos„ cos— ^ + 

2n-l 


x 12 ; 2 Li '~" 2 “ x “ 2 J ' |2; 2 2 


°0x * 21 [V 2 l 3n m * b 4o rn, 4n (9) ] ’ (G ' 2) 

n=l 
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» , 2 , [ A « . ia si * 1 

z 1 (2? 2 J2? 2 J 


+ i/a A + 
Ox 


co 

* £ k r 2 *<»<«> * WW 9 )] • 

n=l 

„ k l . 9 9 39 k 2 9 ri . 9 . 39 n 

r - sin^ coSo cos-x + cost: [l-sin;: sm-^ 1 + 

** 2 2 2 2 2 2 


(G.3) 


2n-l 


£ [ b 7n r 2 f 7 n W * W»>] • 
n=l 


(G.4) 


2n-l 


V = jj* si^ ♦ Z [b 9n r 2 f 9n (9) * b 10n r"f 10n (9)] , 


2n-l 


r - 
xz 


3 

1 2r 


“4 * I! i b lln r 2 f ll„W * b 12„ r " f 12nW] 


n=l 


(G.5) 

(G.6) 


The stress intensity factors are k^, kg, and kg which correspond to 
the opening (symmetric) , sliding (skew-symmetric) and tearing (anti- 
plane) modes of fracture shown in figure G.l. Equations similar to 
G.l-6 exist for displacement as follows, 

v(r ,9) - (2r [(2/t-l)cos| - cos|^j 

+ J2r [(2/c+3)sin| + sin|^J , (G.7) 

u(r,0) - f2r |(2/c+l)sin| - sin|^] 

- -£ J2r [ (2/1-3) cos| + cos|^j , (G.8) 
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w(r,0) 


~-f!Trsi4 


(0.9) 


where fi is the shear modulus, v is Poisson’s ratio, and /c=4-3i/ for 
plane strain and /c=(3-l/) / (1+*/) for plane stress. Clearly the stress 
intensity factors play the important role in the expansion near the 
crack tip and have been shown to play an important role in fracture 
[68] or more recently [70] . 

The singular terms in the stresses have also been shown to apply 
to geometries other than plane strain. Irwin [68] examined Sneddon’s 
solution [81] of a circular shaped crack in an infinite solid under 
mode 1 loading and found that in a plane normal to the crack front the 
definition of k^ is the same as for the straight crack front of plane 
strain. Since then Kassir and Sih [82] have proven this to apply for 
a plane elliptical crack under general, or mixed-mode loading 
conditions. It may be assumed that this result will hold for any 
plane crack with a smooth crack front, see Ref. [83]. 

From Eqns. G.l-9 we define the stress intensity factors in terms 


of stress and displacement below. 

kj = ylb j2 (y- b ) a x (° 7> z ) » (G.10) 

= Jib J 2(y-b) [ U ^° ’ y ’ Z ^ “ U ^° ’ y,Z ^ 1 ’ ( G11 ) 

k 2 = j2 ( y_b ) r xy (°»y> z ) » ( G - 12 ) 

= f?T Jib f2(Fb) [ v (°* ’S'’ 2 ) - vC0-,y,*) ] , (G.13) 

k 3 = Jib ,|2 ( y " b ) T yz (°> y » z ) > (G i 4 ) 
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(G. 15) 


V lim 1 T , n + \ 

= 2 y-b J2(y-b) [ w(0 >y>z) “ W (° > y ’ z ) J • 

These expressions are not valid at the point where a crack front 
meets a free surface. Benthem [1] has found that the stress 
singularity at this point is dependent on Poisson’s ratio and is not 
equal to .5. The values for the order of the singularity are given in 
table G.l. For mode 1 the exponent is less than .5 and for modes 2 
and 3 it is greater than .5. In most theoretical work a singularity 
of .5 is assumed along the entire crack front, see for example Ref. 


stress resultants in either plates or 
form 

0(1) , y<a, b<y , i=l,...,5 , (G.16) 

equations are obtained 


5 r b 

H u.(t)K..(y,t) dt , a<y<b , i=l,...,5 , (G.17) 

j=l a J 1J 

where k corresponds to the loading where 5^ is zero for i^k and one 
for i=k. F^, c^,and u^ are defined in the following equations where 
"a" represents the dimensional form, and "b" the non-dimensional. 

{ F } = { N n /hE, M n / h^, Vjl2(l+i/)/5hE, N 12 /hE, M J2 /h 2 E } 


[33]. 


G.2 Plate and Shell Theory. 
The typical expression for 
shells is of the non-dimensional 
c. rb u. (t) 

ttt2 

a (t-y) 

from which the singular integral 

c i r b u i (t) 

"Vik " * J . v2 dt + 

a (t-y) 
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(G. 18a, b) 


- { “xx’ V V “xy > ' 

{ N n , H n , y N l2> « 12 } = 


{ ^ a iD> ^ / (®)° r 2D * 2 ^/ (3) a 3D> ^ a 4D’ ^ /(^ a 5D ^ 

{ N , M , V , N , M } = 

1 xx’ xx’ x’ xy’ xy 

{ a l , a 2 ! 6, <r 3 8(l+i/)/5, a 4> a g / 6 } , 


a i = °iD/ E ’ 

{ c } = { 1/2, 1/24, 1, 1/2, 1/24 } , 

{ u } = { u x /h, p x , u z /h, u y /h, £ y > 

= { V u 2’ u 3’ V u 5 } ’ 

with only one exception for the shell, 

u y (t) = hu 4 (t) + (X 2 /X) 2 tu 3 (t) , 

where Xg and X are shell parameters defined in Appendix A. 
the stress intensity factors (both primary and secondary) 
using G. 10-15 we first convert G.17 to 


-Wik = ; f 


j f *l l i (r)(l-t 2 ) 1/2 


dr 


-1 


(r-s) 1 


+ X 7~ f +1 f.(r)(l-r 2 ) 1/2 L..(s,r) dr ,-1<s<1, i=l , . . . , 

j=l C j -1 J 3 

where 


t = 


b-a 

2 


r 


b+a 
+ ~2 




y 


L..(«,r) = ((b-a)/2) 2 K..(y,t) , 


(G. 19a,b) 
(G . 20) 
(G.21) 

(G.22a,b) 

(G.23) 

To obtain 
from G.17 


, (G . 24) 

(G . 25) 
(G.26) 


340 



»j(t) = (b-t) 1 / 2 (t-a) 1 / 2 g.(t) 

= BjfrHl-r 2 ) 1 / 2 

= J ; k Yf,W(l-rV /2 , (G. 27) 

j J 

0 k = Vk ’ ft- 28) 

{ P } = { 1, 6, 5/ (8(1+1/)) , 1, 6 > . (G.29) 

To calculate stress intensity factors we require the three-dimensional 
stress in dimensional form. From Eqn. G.16 with substitutions from 
G. 25-27, 

2 ) 1/2 

dr + 0(1) , i=l,...,5 . (G . 30) 

From Eqn. G.28, using G.25 to convert functions of y to s denoted as 
such by a bar, we obtain, 


F, (0, s) 


•0 

Oy 


=i r 1 

r J_i 


+ 1 Mr)(l-t 


(r-s)' 


° i (0,s) F. (0,s) 

“i = "S • (G.31) 

°k °k 

In terms of this stress ratio, (dimensional and non-dimensional are 
equivalent, see Eqn. G.20), the stress expressions needed for Eqns. 
G. 10, 12, 14 are, 


tf x (o,y,z) = ” kD hj(z) 


f j (o» s ) ) 


' k ' 


for tension, (mode 1) , 


= ® kD i> 2 « 


r ® 2 (o,s) ] 


for bending, (mode 1) , 
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T yz (°,y,z) 


= "uj h 3 (z) 


f ■yo.s) i 

k 


00 
0 1 


r xy (0,y,z) = » kD h 4 (z) 


r a 4 (o,s) 


00 

a, 


for out-of-plane shear, 

(mode 3) , 


for in-plane shear, 

(mode 2) , 


= “a V*> 


r ^g(®> s ) 


00 

a. 


for twisting, (mode 2), (G.32) 


where h. (z) are 


{ hj (z) , h 2 (z), h 3 (z), h 4 (z), h 5 (z) } = 

= { 1, 2z/h, [l-(2z/h) 2 ], 1, 2z/h > . 


(G . 33) 


Next we use the following result from the asymptotic analysis of 
singular integrals, 

0 1/0 

f.(s) 


lim 1 r Hi(r)d-t 2 ) 1/2 lim 


S-^l IT J , _x2 ~ S-l 

From Eqns. G. 10, 12, 14 we can write 


+ 0(1) , I s I >1 . (G . 34) 


k j = ^ 2 ( y-b ) ff (° y>z ) • 

which becomes after using G. 25, 30, 31 ,32,34, 


(G.35) 


lim I 

ru ^ 1/2 
b^al r 

s+1 ' 

2 J 

fb-al 

| 1/2 » . 

l 2 J 

1 a kD h i 

for i=l,2, 


^(s) 

1 2 (s— 1) 


(G . 36) 


(G.37) 


functional z dependence is known for each of the loading cases, it is 
sufficient to use the maximum value of h^(z) which is one. After 
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normalizing, 



P.f.(l) 
1 i v J 


(G.38) 


for the crack tip at y=b and similarly for y=a 


k. 

_JL 


00 


a 


kD 



1/2 


i i v ' 


(6.39) 


In solving the integral equation, the function f^(r) is 
determined on the interval -l<r<l. It is therefore a simple matter to 

determine the value at the endpoints for substitution into G. 38,39. 

Next the stress intensity factors will be calculated in terms of 
the displacement. From Eqns. G.19a,b 

u(0,y,z) = hu^Ojy) + (2z/h)h/2u 2 (0,y) , 

v(0,y,z) = hu 4 (0,y) + (2z/h)h/2u 5 (0,y) . (G.40) 

The expression for the out-of -plane displacement w, is not known as a 
function of z and will be dealt with later. For modes 1 and 2 we 

proceed as follows. Eqn. G.27 is substituted into the above 

displacement expressions and then Eqns. G. 11,13,15 are used to write, 


k. 

J 


hE lim 1 ■ / \1 “ b-a , , \ H 2 

y+b J2(y-b) i^c^ k 2h i^ s ^ s 


hi(z)^kD 

ixz 2 m f i(» - • 

# 3 i i 


(G.41) 


where 


u. 

i 



-v 





y 
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(6.42) 


7: = 2, j=l,2 (i.e. i=l,2,4,5) , J 3 = 2(1+*/) , 

6 i = 1, i=l ,3,4 and ^ = 2, i=2,5 . 

Therefore the normalized stress intensity factors calculated from 
displacement are, 



fid) 

Vi C i 


(G . 43) 


and 



fi(-D 

Vi c i 


(G . 44) 


From Eqns . G.38,39 and 43,44 we should have, 

1/P. = 7 .5.c. . (G . 45) 

First note that if the primary stress intensity factors for both 
stress and displacement are the same, the secondary SIFs will also be. 
The four cases (i=l,2,4,5), are shown below to be equivalent when 
defined in terms of stress or displacement indicating a compatibility 
between this plate theory, which includes transverse shear 
deformation, and elasticity theory for modes 1 and 2: 

i=l» 1/Pj = 1 

7 1 ^ 1 C 1 = (2) (1) (1/2) - 1 , (G.46) 

Az2, 1/P 2 = 1/6 

ll 6 2 c 2 = (2) (2) (1/24) - 1/6 , (G.47) 


Azl, i/P 4 = 1 
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(G.48) 


7 2 «5 4 c 4 = (2) (1) (1/2) = 1 , 
if§, 1/P 5 = 1/6 

7 2 5 5 C 5 = C 2 )^ 1 / 24 ) = V6 . (G.49) 

As mentioned above, for out-of -plane shear which represents mode 

3 loading, there is a problem. The displacement plate variable u , 

z 

is an average quantity defined in terms of the actual displacement w 
as follows, see Timoshenko [84], 

u z ( X ,y) = Ih 1 w ( x >y> z )[l - C2z/h) 2 ] dz . (G . 50) 

-h/2 

The z dependence of cannot be determined because of the plate 

assumption concerning e z , i.e. a = 0. Therefore the stress intensity 
factor cannot be defined in terms of displacement. It can only be 
shown that the stress intensity factor obtained from u^ is equal to 
the weighted average using G.50. 

First assume that the actual out-of -plane displacement can be 
expressed as, 


w(x>y,z) ~ w(x,y) = hu (x,y) . 


(G . 51) 


Then by an analysis similar to that used for i=l and 4 above, 


3 *vg 


f,(l) 


kD 


p>-aj 1/2 7 3 6 3 c 3 


J3U) 

2 ( 1 + 1 /) 


(G.52) 


The stress intensity factor from stress is given by G.37 to be, 


k,(z) 




- fb-al 1 / 2 - 

< ’kDl 2 J 


Tv) l 1 - ( 2z / h )‘ 


(G.53) 
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When this is substituted into Eqn. G.50, we obtain, 


Kh/2 


k 3avg ‘ fh - (2z/h): 

= (¥) 1/2S kD f 3( l >2(b) ' 


dz 


(G . 54) 


which is the same as predicted by Eqn. G.52. 

The shell displacement component of Eqn. G.23 also is only known 
as an average quantity because of its association with u^. Here 

. 2 . 


v(0,y , z) = hu 4 (0,y) + (Xg/X) (y/h)hu 3 (0,y) 
+ (2z/h)h/2u,- (0,y) . 


(G.55) 


Again only in the average sense does this form comply with the theory 
of elasticity so stress is used for the SIF calculation. 

It should be noted that a stress singularity of .5 is assumed at 
the free surface for all fracture modes. In mode 3 the parabolic 
shear assumption forces kg equal to zero at the plate surface when in 
fact Benthem [1] predicts it to be infinite. However the surface 
effects are not believed to greatly influence the value of the SIF 
away from the surface and in most work a singularity of .5 is assumed, 
see for example Refs. [33,43]. 
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Table G.l Strength of stress singularity for the 
intersection of a straight crack front with a free 
surface in a half-space, Refs. [1,85] . 


Poisson’s 

Stress Singularity 

ratio 

mode 1 

modes 2 and 

0 . 

+-.5 

-►-.5 

.15 

-.4836 

-.5668 

.3 

-.4523 

-.6073 

.4 

-.4132 

-.6286 

.5 

-.3318 

-.6462 
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Model 


Mode II 



Figure G.l Crack surface displacement for the 
different modes of loading. 



APPENDIX H 


Thin Plate Bending Limit of Fredholm Kernel 


We consider the behavior of the Fredholm kernel of Eqn. 3.130 for 
a/h approaching infinity. Define 

<•+1 


I(y,a/h) = ( a / h ) 2 J dt » 


(H.l) 


where 


K(z) = + ^ - 4K 0 (z) + 4K 2 (z) + ^(z) , 

z z z 

z = flt-yl , p = (10) 1/2 (a/h) = /?(a/h) . 


(H.2) 


(H.3) 


First consider the limit for y outside of the crack. This case is 

simple because as a/h gets large, z gets large. The only contribution 

2 

from K(z) comes from the 4/z term. For I y I >1 , 

,+l 


limit T , / , \ 2 ( A g(t) ,, 

a /h+« ( y,a / ) *(l+j/) J . x2 d 


(H.4) 


-l (t-y) 

For y inside of the crack domain the variable z can be of order one at 
t near y so it is not clear that these terms are negligible even for 
large a/h. Rewrite I(y,a/h) as follows, 

i(y.*/i>) = dt ’ *(Uv) <* .(I.S) 


{ j K(z)g(t) it * j K(z)g(t) dt j , (H.6) 


a ( rp( i+y) rP( 1_ y) 'i 

4— y { I K(u)g(y-u/^) du + J K(u)g(y+u/ p) du J 

L+l/) L ) Q "(H.7) 


2 it (1+i/) l J Q 
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du + 


2?r(l+i/) 


uA { I 


p{ i + y) 


K(u)g(y-u//j) 

r/’O-y) l 

K(u) [g(y+u//?)+g(y-u//))] du j 

' A 


/>(i-y) 

•p(i-y) 
o 

Next write Taylor expansions for g(t) as follows, 


g(r» Ip) = H(-i) n ^ (-/rtV(y) 

n=0 


(H.8) 


(H.9) 


g(y+u /p) = X] rr ( u //») n g n (y) . ( H - 10 ) 

n-0 n - 

where g n (y) denotes the nth derivative of g(y) . These expressions are 
substituted into the second integral of Eqn. H.8. Because of symmetry 
only y>0 will be considered. After rewriting the first integral using 
a simple substitution, Eqn. H.8 becomes, 

2 r -l+2y 

I (y , a/h) = 2 *(1+1/) J K[/j(y-t)]g(t) dt + 


E 


»(!+*') ( 2n ) ! 


2n, s 

g (y) 


-2n 


r/K i-y) 


’0 


u 2n K(u) du 


(H- 11) 


Now consider the limit of these two terms separately. Since the first 
integral is not singular for y<l, as p gets large all terms of K(z) go 

O 

to zero except the 4/z term. Therefore we have, 


limit 
a/h+» 2*(l+l') 


z l+2y 2 

| , Kb(y-t)]g(t) dt = 


r 1 * 2 ^ 

-1 (t-y) 


2 


dt 

(H- 12) 


Now for the second integral of Eqn. H.ll. For large u 

K r (u) ~ [ir/(2u)] 1 ^ 2 e u (l+a/u+...) , (H.13) 

where K (u) is a Bessel function and a is a constant. The important 
n v ' 
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feature is the exponential decay. It can be shown that, 


r °° n 

I u -u , 
j e du ~ e 

u f\T 


(H- 14) 


Now divide the second integral in Eqn. H.ll into two integrals, 

rPi\~ y)on 2n ^(l-y)ft 

u K(u) du = I u K(u) du + u K(u) du , (H.15) 

J 0 J 0 e 

where e is sufficiently large such that the exponentially decaying 
Bessel functions may be neglected when integrated from e to infinity, 
(here we assume that e</?(l-y)). The first term in the series, (n=0) 
requires special treatment. 

K(i 

0 "0 

where 


r ^(l-y) r « r » 

K(u) du = K(u) du - K(u) du , 

J p( l-y) 


(H. 16) 


J K(u) ^ \ ® t 2 («)| = 0 

0 u 0 

Now we make use of Eqn. H.14 to evaluate 


00 00 
I K(u) du - f (4/u 2 ) du = 


(H - 1?) 


p( i-y) 


p(\- y) 


p( i-y) ’ 


(H . 18) 


to leading order. The second integral in Eqn. H.15 for n>l including 

_ 2n 

the coefficient of p from Eqn. H.ll becomes, 

-2n f^ (1 ^2n v( x j « -2n ^2n,., 2v , „ 

p J u K(u) du - p I u (4/u ) du - 


/ l n x 2n-l 2n-l , 2n \ „ 4 1 M N 2n-1 

I { j(i-y) - ^ Ip ) - 2^T 


_4 

2n-l p 


(H .19) 


Now for the first integral in Eqn. H.15. For n>l this integral with 

_2n 

the p coefficient from Eqn. H.ll is, 
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r e Or, -1 

u Z K(u) du < 0(p ) 

^ /a 


(H.20) 


In the limit as p gets large, this term will not have an order one 
contribution to I(y,a/h) because e«p and therefore it is neglected. 
Now we substitute Eqns. H. 12, 16 , 18, 19 ,20 into H.ll and obtain, 


1 /h^ I(y,a/h) = HUvj (/_! 


^2 dt + 
(t-y/ 


♦ £g(y) + 2 Z ^ e 2n (y)' a iSr~ } 

J n=l v 


Now look at the first integral of Eqn. H.21. 


r 1 + 2 k( ti_ 

-1 (t-y) 2 


hl g(t) 

-1 (t-y) 2 


,-l+2y 


F K(t), 
(t-y) 2 


Substitute the expansion, 


(H.21) 


(H.22) 


g(t) - Z](-!) n ^ (t-y)V(y) , 

n=0 

into the second integral of H.22 and after some algebra, 


dt = |' 1+2y i;(-i)"J- (t-,) n - 2 g n (y) & = 

7 1 (t-y) 2 J 1 n=0 

oo v 2n-l 

- 27 _J_ 2n, -,.0=*) . (H . 24) 

" (2n)! g 2n-l 

n=0 v 

When this is combined with Eqns. H.21 and 22 we obtain, 

limit-,- , mv 2 ( g(t) _ j t (H 2S) 

a/h .J(y. a / h ) - Tf&j t +1 (t _ y)2 dt ’ 1 J 

which is perhaps the expected result considering Eqn. H.4. The reason 
for going through this algebra (and there is probably a better way) , 


(H . 23) 


(H . 24) 


(H . 25) 
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is to show that this derivation fails for y sufficiently close to one. 
Eqns. H.12,18 and 19 are valid only for, 

= «(») • (»•“) 

In the limit as p goes to infinity, the quantity ( 1 — y ) must be such 
that the product /?(l-y) still goes to infinity. Otherwise Eqn. H.25 
f is not valid. For more information, see Chapter 3. 

i 

i 
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APPENDIX I 


Log integrals 

The major expense in solving an integral equation on the computer 
is in the evaluation and the integration of the Fredholm kernels. In 
the shell problem for each point used to integrate the Fredholm kernel 
an infinite integral must be determined. The plate kernels are known 
in closed form but involve evaluation of Bessel functions. 

Log integrals and integrals of the form, 

f +1 (t-y) n lnlt-yl (l-t 2 ) 1/2 dt , -l<y<+l , (1.1) 

-1 

which appear in both the plate and the shell equations, (and in many 
other problems) may be the determining factor for convergence of the 
integration of the Fredholm kernels. Gauss-Chebychev integration (see 
Eqns. E. 31-33) is used to show this difficulty for small n in table 
1.1. The number of points used to integrate Eqn. 1.1 is N. The 
closed form expression used may be found in Appendix A. The value of 
y does not have a significant effect on these results. Because of 
this slow convergence log terms were separated from the kernels for 
n<3 with the option of doing them in closed form. The following 
asymptotic analysis of the log terms for z = /J(t-y) approaching zero 
is given for the plate kernels where the subscripts 2,3 and 5 
respectively correspond to bending (M ) , out-of-plane shear (V ) , and 
twisting (M ) . 

K 22 ( z ) ~ ? ln ( z ) + c i + 1 (f) 2 M z ) + 0(z 4 ln(z)) , (1.2) 
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(1.3) 


K 33 (z) ~ -p 2 ln(z) + c 2 - | /? 2 (|) 2 ln(z) + 0(z 4 ln(z)) , 

K 35 (z) ~ -p( |)ln(z) + c 3 z - | (|) 3 ln(z) + 0(z 5 ln(z)) , 

k 53 (z) - A(l-i/)[ |(f)ln(z) + c 4 z + |(f) 3 ln(z) + 0(z 5 ln(z)) 

k 55 (z) ~ J ln(z) + c 5 + J (|) 2 ln(z) + 0(z 4 ln(z)) , 


(1.4) 

jl.5) 

( 1 . 6 ) 


where the c^’s are constants. In the shell problem these types of 
terms come from the large a behavior of the infinite integrals, see 
section J.4 of Appendix J. 

To show how these terms affect the convergence of the stress 

intensity factors, table 1.2 lists results for the plate bending 

problem solved in three different ways. First both log(t-y) and 

(t-y) log(t-y) terms of Eqn. 1.2 are evaluated in closed form. Then 

only the log term is evaluated in closed form. Finally both terms are 

integrated numerically. In the case where the log term was integrated 

numerically, convergence was unstable for increasing N . The table 

2 

shows improved convergence when the z lnz term is evaluated in closed 
form. It should be noted however, that as a/h gets large the 
coefficient of this term is proportional to (a/h) , and it becomes 
unwise to separate it from the rest of the Fredholm kernel. This is 
generally the case when doing part of the Fredholm kernel in closed 
form. For certain parameters the two separate terms become 
increasingly equal and opposite and consequently big numbers are added 
to small numbers and accuracy is lost. This typically occurs for the 
most interesting/difficult geometries. Table 1.3 is similar to 1.2 
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but for out-of-plane shear and for twisting. Here there are five 
different cases as can be seen from Eqns. 1.3-6. Again it is 
necessary to factor out the log term. The other terms are not so 
important. My conclusion is that for other than the log term, a 
closed form solution should only be used when repeated calculations 
are necessary for an "expensive" problem. 
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Table 1.1 - Convergence of log integrals (see Eqn. 
1.1) using Gauss-Chebychev integration . N=*> 
corresponds to closed form. 


Convergence of Log Integrals 


n=0 

N 

20 - . 1578327285023e01 
40 - . 1492930970972e01 
60 - . 1470627952900e01 
80 - . 1482919042609e01 
100 - . 1531715634235e01 
200 1492468021 175e01 

300 - . 1491702663902e01 

» - . 1497043010486e01 

n=3 
N 

20 - . 5934890759307e-l 
40 - . 5935358973931e-l 
60 - . 5935323791180e-l 
80 - . 5935318085722e-l 
100 - . 59 353202204 12e-l 
200 - . 5935320644195e-l 
300 - . 5935320568158e-l 

» 59353205731 15e-l 


y=.49 

n=l 


. 8493750878678e-l - 
. 8768209651665e-l - 
. 8713681420222e-l - 
.8693758759624e-l - 
. 87003001 52495e-l - 
. 8708543360460e-l - 
. 8705949644705e - 1 - 

. 870626 1970927e-l - 
n=4 

. 1070779572998e00 - 
. 1070783355533e00 - 
. 1070783468198e00 - 
. 1070783448821e00 - 
. 1070783444628e00 - 
. 1070783446586e00 - 
. 1070783446588e00 - 

. 1070783446580e00 - 


n=2 


4311621931347e-l 
4319761807491 e-1 
4320566456916e-l 
432029 6083838e - 1 
. 4320130620737e-l 
43202309057 03e- 1 
. 4320231 7447 12e-l 

. 4320228921493e-l 
n=5 

. 1692569091885e00 
. 1692568662971 eOO 
. 1 692568670579e00 
.1 692568671 124e00 
. 1692568670990e00 
. 1692568670976e00 
. 1 692568670977 eOO 

. 1692568670977e00 
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Table 

1.2 The effect of log terms 

on convergence 

of 

SIF’s for a 

cracked plate, 

l/=.3, a/h=l 

subjected to bending, 




closed form 

closed form 

numerical 

N 

lnz ft z^lnz 

lnz 

lnz ft z^lnz 

10 

.747480 

.747002 

.803520 

20 

.747475 

.747434 

.764523 

30 

.747475 

.747473 

.748220 

40 

.747475 

.747475 

.748087 
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Table 1.3 The effect of log terms on convergence 
of SIF’s for a cracked plate, i/=. 3, a/h=l 
subjected to out-of -plane shear and twisting. 

out-of-plane shear twisting 


Closed 

form (t-y) 

n ln(t-y) , n<3. 



N 

mode 3 

mode 2 

mode 3 

mode 2 

10 

1.676091 

.4656783 

-.06969634 

.5218047 

20 

1 . 675977 

.4656280 

-.06969737 

.5218052 

30 

1 . 675978 

.4656283 

-.06969736 

.5218053 

40 

1.675978 

.4656283 

-.06969736 

.5218053 

Closed 

form (t-y) 

n ln(t-y), n<2. 



N 

mode 3 

mode 2 

mode 3 

mode 2 

10 

1.676091 

.4657690 

-.06972434 

.5218006 

20 

1.675977 

.4656276 

-.06969702 

.5218053 

30 

1.675977 

.4656284 

-.06969738 

. 5218052 

40 

1.675978 

.4656283 

-.06969735 

.5218053 

Closed 

form (t-y) 

n ln(t-y), n<l . 



N 

mode 3 

mode 2 

mode 3 

mode 2 

10 

1.668236 

.4622265 

-.06976822 

.5218403 

20 

1.676051 

.4656858 

-.06969392 

.5218064 

30 

1.675995 

.4656386 

-.06969702 

.5218054 

40 

1.675984 

.4656324 

-.06969720 

.5218053 

Closed 

form In (t-y) only. 



N 

mode 3 

mode 2 

mode 3 

mode 2 

10 

1.668817 

.4554824 

-.06769097 

.5221562 

20 

1.676039 

.4655730 

-.06971322 

.5218015 

30 

1.676022 

.4655065 

-.06965142 

.5218123 

40 

1 . 675970 

.4655034 

-.06972230 

.5218015 

All numerical. 




N 

mode 3 

mode 2 

mode 3 

mode 2 

10 

2.846719 

1.020734 

-.06166954 

.5240765 

20 

1.594647 

.4349318 

-.07014928 

.5244262 

30 

1.654414 

.4506305 

-.07051167 

.5214280 

40 

1.660155 

.4547331 

-.07034780 

.5215313 

100 

1.662201 

.4583573 

-.06995209 

.5216891 

200 

1.666864 

.4626725 

-.06966782 

.5220058 
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APPENDIX J 


Asymptotic Analysis of the Shell Infinite Integrals 

There are two reasons why the large a behavior of the infinite 
integrals must be determined. First the singular behavior of the 
integral equation comes from the leading order term in the large a 
expansion of the integrand. The second reason is simply for numerical 
simplification. The numerical technique used divides the integral 
into two parts, 0 < a < A performed numerically, and a > A which is 
evaluated in closed form. The more terms in the expansion, the 
smaller need be A. 

The complication in the integrand is its dependence on the roots 
of the quartic polynomial, 

p 4 - *X 4 p 3 . {[(X 2 -X 2 )o 2 ]2«X 2 ♦ X 4 }p 2 - 

- {[(X 2 -X 2 )« 2 ]« ♦ [(X 2 -X 2 )o 2 ]2X 2 )p ♦ [(X 2 -X 2 )« 2 ] 2 . (J.l) 

One need only trace through Chapter 5 to see that the kernels in 
question are heavily dependent on these roots. 

J.l Asymptotic Expansions for the Roots of the Characteristic 
Equation 

A straightforward asymptotic analysis of the integrands of the 
infinite integrals of Chapter 5 would start with the large a expansion 
of the roots of Eqn. J.l. They have been found to be 
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1 _1 1 _1 2X 2 _1 4+3 * X 2 
* + a 4 /c 5 (X 2 -X 2 ) 2 a 6 * 6 (X 2 -X 2 ) 3 a 8 * 9 


• , (J.2) 


4/3 2/3 . 0 , . 

a ' p 1 j + a ' p 2 j + P 3 j + . • • , J = 2,3,4 , 


(J.3) 


p 12 “ ^ ’ p 13 " p 12 I 


i . rr 


J 14 - F 12 


r i .mi 

12 1 2 J 


p 2j ’ - 3 , 

J 4PJ.+ d 


, 3=2,3, 4 , 


P 3j = 


6p 2 -P2 i + ap 3 . + 2bp 1 .p 2 .^ f 

4p ?j* d 


j — 2 , 3 , 4 , 


( J - 4) 


= -*X 4 , b = 2/cX 2 (X 2 - X 2 ) , c = X 4 , d = -/c(X 2 - X 2 ) 2 , 


_ o\ 2 m 2 \2\ - _ n 2 >2\2 

e — -2X2 (a j- Xg) f f — (Xj Xg) 


(J.5) 


By using these roots one can obtain all the quantities found in the 
various kernels, for example for large a 


D(a) = a 4 3iJFxV(X 2 - X 2 ) 2 + 0(a 2 ) 


(J.6) 


This method is good enough to determine the leading order term but 

there is a better way which is shown in section J.2. It is also 

2 2 2 

useful to have the small a ex P ans i° n of the roots of Eqn. J.l. 

They are: 


2 3 4 

p l 2 = Vo + zr li + z V 2 + 2 ^3 + °( z ) > 


(J.7) 
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z . z -4+/ci 3 n/_4-» 

P3 = “2 * >TT * n\8 Z + 0(2 > ' 

a 2 a 2 ZA 2 


P 4 = “*2 " i_ V + ~^8 z3 + 0(z4) » 
4 *2 x 2 2X 2 


(J.8) 


/ cX 


■>0 = -r * |(* 2 x 2- 4X 2> 1/2 


V, = 


b, ?0 +e ^0 


3 2 

4 V 3a V 2c,? 0 


6 i?o’?i+3aJ 7() »7 2 + cJ/ 2 + 2b^ 1 +d^ 0+ ei7 1+ l 

V o - t o 

4^ + 3a^ + 2 C>?0 

12l ?0?l? 2 +4 Vl +6a Vl^2 +aiy l +biy l' h2b V2 +2c1? l ,? 2 +d,? l +el? 2 


"3 = - 

3 2 

4 V 3a V 2c,? 0 

y 


(J-9) 

2,,2 ,2 a 

Z — CL (Xj ” 2 ) ) 


(J- 10 ) 

b = 2/tX 2 , d = -k 

, e = -2X 2 , 

(J.ll) 

i p^ is obtained 

from using the plus 

sign for rj ^ and p^ 


corresponds to the minus sign. 


J.2 Symmetric Asymptotic Analysis 

First recall Eqns. 5.39,65,66,67,68,80,81 from Chapter 5. 

m = -(p. + a 2 ) 1/2 , j=l,2,3,4 , 

J J 

Zm.K.R.{ [n(l-v)a 2 + l]p. - a 2 (l-v)} = 0 , 

S m j K j R j { Kp f 1 ) = ^ q 2 (fl) ’ 


4 


= 0 > 


j=l J J 


(J- 12) 
(J- 13) 

(J- 14) 

(J.15) 
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(J. 16) 



i 1 • r + “ o 4 m.x 

-fj(y) = - - Iq I <* XXe J cosa(t-y) da 
1 n X U J q j_J J 


-X f , X l+V 


lim f f , rxv r n 

x 0 J 0 1 j^l 33 3 3 

1 4 m.x 9 4 m.x .. 

+ — T^p.K.R.e 3 + a y^K.R.e 3 } cosa(t-y) 

l-*' pJ H J 3 3 3 3 J 


da 


(J’ 17) 


(J. 18) 


Instead of determining the behavior of the individual quantities of 
Eqns. J.17,18, Eqns. J. 13-16 are used to determine the behavior of the 
entire sum. First Eqn. J.12 is expanded for large a. 


m. 

3 


( *2x1/2 

(Pj + a ) 


-a[ 


+ l!i 

2 a 2 


in 

8 a 4 





rv 


-aZa n (-l) 

n=0 n 


n+1 



a 

n 


(binomial coef.) . (J.19) 


2 -*2/3 

This expansion is valid because (Pj/ a ) ~ OL ' which goes to zero for 
large a. Also the following expression will be needed, 


r 


a 2 . 


__2_1 1/2 

*(1-I/)J 


I 


■ (J.20) 

n-0 a v 7 

Note that for either r or m j , the large a and small x behavior of the 
exponentials may be simplified as follows, 


rx 

e 




-ax 

e 


(J.21) 
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e 


(J. 22) 


W 1 * 2 "2 • 8 ~4 4 •}] 


-ax 


m ; x r ( j P; i P; 

J ~ exp^-ax|l + g 

or a 

The kernels of Eqns. J.17,18 are defined for large a: 

2 * 

h = I n ( ll( 0 )/ a + I i2 q 2^/“ = a J^ R j ’ 

4 

J 2 = I 12 q l (a)/a + 1 22^ a)la = _,lr ^ m j P j K j R j + 

4 4 

+ r Ip.K.R. + a 2 T]K.R. . 

l ~ v p\ * j j pi j j 

Therefore the following expressions are needed, 

4 

X>: , 

3=1 3 


X>.R. , 

P 3 3 

4 

ZP:K.R. , 
j=l J J J 

4 

y^ni.p.K.R. 

pi r> J J 

From Eqns. J. 13-16, Eqn. J.28 can be easily determined, 
4 

XVpjlLRj = ia(l-i/)q 2 (a) . 

Also from these equations we can write 
4 

XVK;R; = ia/c(l-v)q 9 (a) + Jq 2 (a) > 


ZTi 3 J 1 


3=1 


(J.23) 

( J • 24) 

(J.25) 

(J.26) 

(J.27) 

(J.28) 

(J.29) 

( J . 30) 
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(J.31) 


X 2 
.2 1 


5 Vi R i = '*72 ft (,) * iaq i 

J-l A 


(a) 


Next express in terms of p ^ . The characteristic equation, 

first used to write 

>4 0 ,2 n 2 ,2 U 2 n 2 .2,2 4 

1 ^2 2X 2^ X 2 X l^ a ^2 X l^ a 

/cp . — 1 " 2 + 3 + 4 

J P- p- P- 

J 3 3 3 

K. can then be written as 
3 


J.l is 


K. = 


2, 2 
p.X 


3 ^2,2 ,2^2 


( m j 2~Xi“ ) (*Pj-D 

2 , 4 2Xg (X^-Xp o* (XJ-XpV 


* (Xg-Xp 


.2„2 % 2n { X 2 + 


(J.32) 


p.,n 


n=0 


* Z(-I) n -i S n , 6 = 


x 2 -x 2 

A 2 A 1 


(J.33) 


This expression is used to obtain 


g K j R j - • 

Ep.K.R, = «V(X 2 -X 2 ) Ep' 1 !, * X 2 X^i>, • 

j=l J J J 1 1 j=l 3 2 j=l J 

Therefore we can find all that is needed (Eqns. J. 25-27), 

following three sums are known, 


-2 r 


A2^ -1, 


( J • 34) 

(J.35) 
if the 


4 

j=l 3 3 


, i=0,l,2 


(J.36) 
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In a similar way in which Eqns. J.34,35 were found, it may also be 
shown that 


4 


aA*(X‘-Xp 

i; P : 2 m r = iq2 (.){ i * x l - f V * 
j=l J J J 2 10 x 2 (X“-xp 


_l (l-y)X 2 

X 2 (X 2 -X 2 ) X 2 (X 2 -X 2 ) 2 


]} 


(J.37) 


(J. 38) 


From Eqns. J. 15,31,37,38, the characteristic equation, J.l can be used 
to determine 



*?m .R . 

J J J 


(J.39) 


for any n because these four equations represent four consecutive 
values of the integer n. By making use of Eqn. J.19, Eqn. J.39 can be 
converted into 


4 

I P n R. 

for any n, 
algebra, the 
expansion are 


, (J.40) 

in particular n = 0,-1, -2, see Eqn. J.36. This involves 
amount of which is determined by how many terms in the 
desired. The result is 


h. = § * • 


(J.41) 

(J.42) 
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(J.43) 


hi ~ S^2k-l“ <2k l) * °<“' 13 > • 

k=l 

t ~ "£n V’/j 22 „-(2k-l) 

J 22 " 2^ 1+ ^ + £j^2k-l® + 


- 0(a- 13 ) 


k=7 


where , 


*11 _ [ 2 35 5 ,2 3 ,41 

^1 l 128 + 8 *^2 8 * X 2J ’ 


2k+l 


all /■ i\ k+ j-l_2k+l-j n fL- *\ fU o 

/>2k-l = A- C -1 ) 7 Q 1 ( k >j)c(3k+2-j) 


( J . 44) 


j=l 


ft -}s iM§w- D] , 


2k 


lr — 1 •» 

A. “ JL y • • • y U ^ 


/>2k-l = h H(- 1 ) k * i * 1 1 2k ' j| l2(k,iM(3k*l-j) , k = 1.....5 , 

X j=l 

ft - x2 It^(I x 2 - -It] * for - I* 2 ] • 

4k,l - x2 |: 1 (-l) k * j 7 2k ‘ I - i « l (k.i)[fe +x !) c (3k+3-j) - 


- c(3k+2-j) - 7c(3k+4-j)] , k = 1,...,5 , 


fl 22 - -1 

^1 “ 2/c(l-i/) ’ 


^2k+l " {*d ^ a k+2^ _1 ^ k ^ 


k+2 


2k 


+ X(-l) k+j 7 2k - j Q 2 (k,j) x 

j=l 2 


x [fe +X 2) d ( 3k+2 -i)~ d( 3k+1 -j)-7d( 3k + 3 -j)]} , k=l, ... ,5 , 

(J.45) 
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where 


a 2 ,2. 

7 — (^2 ’ 

(J.46) 

n-1 


c 0 = 1 > C 1 = *1 - c „ = a n * §Vi°i • 

(J.47) 

d 0 ' (1 ^> • d n = c n (1 ‘" ) ' Vl ' 

(J.48) 


Q 1 (1,1)=jc, Q 1 (1,2)=2/c\2, q i(1>3 ) =/cX ^ 

Q 1 (2,l)=/c 2 , Q 1 (2,2)=4A 2 , Q 1 (2,3)=6* 2 X^-1, Q 1 (2,4)=X 2 (4A^-2) , 
Qj( 2,5)=X2(* Xg-l) , 


Q x (3,1)=* 3 , Q 1 (3,2)=6A 2 , Q 1 (3,3 )=/i(15A^-2), 

Q 1 (3,4)=/cX 2 (20A^-8) , Q^^^X 4 ^ A 4 -12) , 

Q x (3 , 6) =/cX® (6 A 4 -8) , Q x (3 , 7) =/cX® ( A 4 -2) , 

9^4,1)=^, Q 1 (4,2)=8A 2 , Q 1 (4,3)=/c 2 (28A^-3), 

Q 1 (4,4)=A 2 (56A^-18) , Q 1 (4,5) = (70A®-45* 2 X^ + 1) , 

Qj (4,6)=X 2 (56A®-6oA 4 +4) , Q 1 (4,7)=X 4 (28A®-45/t 2 X 4 + 6) , 
Qj (4 , 8) =\l (8 A®-18 A 4 + 4) , Qj (4, 9) =X* ( A®-3 A 4 + l) , 

Qj (5, l)=/c 5 , (^(5, 2) =10 A 2 , Q 1 (5,3 )=/c 3 (45A 4 -4), 

Q 1 (5,4)=A 2 (120* 2 X 4 -32) , Q 1 (5,5)=/c(210A2-112A 4 +3) , 

Qj (5,6)=/cX 2 (252A2-224* 2 X2+18) , 
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Qj (5,7)=*X 2 (21oA 2 -28oA 2 +45) , 

(5 , 8) = k \\ (120 A®-224 A 4 + 60) , 

Q x (5 , 9) =*X® (45 A®-112 A 4 + 45) , 

Q 1 (5,10)=/tX2°(loA2-32* 2 X2+18) , 
Q 1 (5,ll)=/tX2 2 (A2-4* 2 X2+3) , 

Q 2 (l,l)=l, Q 2 (1,2)=X 2 , 

Q 2 (2,l)=*, Q 2 (2,2)=3 /cX 2 , Q 2 (2,3)=3*X 4 , Q 2 (2,4)^X®, 
Q 2 (3,l)=* 2 , Q 2 (3,2)=5 /c 2 X 2 , Q2(3,3)=(10A^-1), 
Q 2 (3,4)=X 2 (10A^-3) , Q 2 (3,5)=X 4 (5* 2 X 4 -3) , 
Q 2 (3,6)=X®(A 4 -1), 

Q 2 (4,1)=A Q 2 (4,2)=7A 2 , Q 2 (4,3)=/c(2lA^-2), 

Q 2 (4,4)=*X 2 (35A^-10) , Q 2 (4,5)=aX 4 (35A 4 -20) , 
Q 2 (4,6)=*X®(2U 2 X^-20) , Q 2 (4,7)=*X®(7* 2 X^-10) , 

Q 2 (4,8)=/cx£°(A£-2), 

Q 2 (5,l)=* 4 , Q 2 (5,2)=9A 2 , Q 2 (5,3 )=/c 2 (36* 2 X 4 -3), 

Q 2 (5,4)=A 2 (84A 4 -21), Q 2 (5,5) = (126A®-63A 4 + 1), 
Q 2 (5 , 6) =X 2 (126 A®- 105 A 4 +5) , 
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(J.49) 


Q 2 ( 5 , 7 )=X^( 84 A®- 105 /c 2 X^ 10 ) , 


Q 2 (5,8)=X®(36A®-63* 2 x£h10) , 

Q 2 (5,9)=X®(9* 4 X®-2U 2 X^ + 5) , 

Q 2 (5,10)=X^°(A®-3A 4 + 1) . 

As mentioned at the beginning of this appendix, the infinite 
integrals are divided into two parts. The portion from A to infinity 
is integrated in closed form. This part can be written as, 


00 

I I. .cosa(t-y)da , i,j=l,2 

J A 


(J. 50) 


This integral for 1^. of the form given by Eqns. J. 41-44 is evaluated 
in section J.4 of this appendix. The following expressions are used 
in Eqns. 5.84,85. 




j=l,2 , (J. 51) 


6 

I 

n=2 
6 


6 01 f . % 2n-2 

hi = 2Z/ , 2n-l(- 1 ) nJ Tife)T lnlt " yl 


, 2n-2 


* • < J - 52 > 
n-1 v n -Z 

r 6 00 oo . v2n-2 

J 22 - * 
n=2 — 

6 


2n-2 


n=l n=7 
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+ 


(J.53) 




J.3 Skew-Symmetric Asymptotic Analysis 

The same procedure that was used in section J.2 is used here. 
The necessary equations are 5.93-96,106-108, which are repeated below, 


, 4 

T^-XVK.R. = q (a) , 

J J J 5 


ZR; = 0 , 

j=l J 

4 

= q 4 (“) » 

3=1 3 3 


ZR.K.(*p.-l) =iq 3 («) , 

* / \ 1 lim r + “r -1 2 _ 2 NI , „ rx 

- f 3< y ) = 2r x+0 J_J^)?i (, “j } i i 6 + 


+ * 


-iay 


•± 111 . A\ • 

g».p.K.R.(«), J } s’ 1 

. , . ,+*> 4 m.x . 

f . (y) = 7j— [ a5Z m ‘R* ( a ) e e 1 

A Ki > 2 it x* 0 J_ # f-j j j v J 

2X 4 - , v 1+1/ lim r +W /v^v n f-e rX (a^'+r i ') , 2 

ri f 5 (y) " 2 T x -*0 J_.l£| K j*jl iar(l->0 ( "j 


da , 


- ia * da , 

rx, 2 2 


2 2x 

.-i/a ) 


(J. 54) 
(J.55) 
(J. 56) 
(J.57) 

(J.58) 

(J.59) 


- 2ianKe ^ JJ e 1 ^ da . (J.60) 

Eqns. J. 19-22 are again used. The kernels in Eqns. J. 58-60 are 
defined as follows for large a, 
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*3 “ I 33 q 3^ a ^“ + I 34 q 4^°^ fl + I 35 q 5^ fl ^ a “ 


.2 4 


= vr ^Zp-K.R. - — Jk.R. + *X>.p.K.R.(a) 

r(l-^)pi F J J J r jtj J J jTj rj J J v ' 

I4 = ■^43 < l3( a )/ a + ^44^4 ( a )/ a + ^45^5 (®)/° = 


= iaX]in.R.(a) » 
j=l 3 3 


J 5 = h3 q 3 W/a + I 54 q 4 (a)/a + hs%^ a)/a = 

4 r /• 2 2. ,2 2. -. 

= ZK.R. ^>f; p . - fl (V r ± - 2iam.l . 

jTj J jlior(l-l/) H j ir jj 


From Eqns. J. 54-57 we find: 
4 


Zp-V = q t («){ 5 - - 

j=l 3 J 5 VX 2 (X*-XJ) a 


4 x 2 (x|-x ^) 2 


} 


CLq(®) q o o 0 

d aV^-X^) 


(i-* 0 q 5 («) 
“j ” 2.2,, 2 ,2. 

J=1 J J a X (Xg-Xj) 


ZpI'k. - 


Z^ = 0 , 

i=i 1 


Zp/j = q 4 (°) • 

J=1 J J 

Combined with Eqn. J.l the following may be determined, 


Ip n R. , 

jTl J J 


(J.61) 
(J.62) 
(J. 63) 

(J.64) 

(J. 65) 

(J. 66) 
(J • 67) 

(J.68) 
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for any n from which all of the expressions in Eqns. J. 61-63 
obtained to any order of a. The result is: 

I s -la * ii:/%l_ 1 a- (2i - 1) -ia'Z(-l) k ( l ,/a 2 )\ 4 0(«" 9 ) 


k=l 


k=5 


34 


= «X 2 [i(X 9 -X 9 )- lx 2 ] * + - 


I 35 - E^k«‘ (2k) * Z(-l) k (P/« 2 ) k [e k - 2 e ltl ] 4 0 («- 10 ) 
k=l k=5 


. (X 2 Xj) 3 ,4 ( 2 k) - 8 , 

I43 ~ 1 TT2 * \Vak* * 0(4 > ' 


*44 B 1 * fAL*^ * • 

' 

I53 « £&- (2k) * » 2 i:(-i) k (/>/« 2 ) k [« k -r 2 'kJ * 

k=l k=5 

J 54 * ‘t^-l“' (2k_1) * °<“' 9 ) ' 


I 65 s 4 i g£. 1 «- (aW) 


- i fl XIC~l) k+1 (^/ fl2 ) k [ e k _i - ^ e k +4e k4l^ * °(«'*) 

k=5 


-9x 


may be 

(J.69) 

(J.70) 

(J.71) 

(J.72) 

(J.73) 

(J.74) 

(J.75) 

(J.76) 

(J.77) 


where 


/? 33 = -/> 2 e 2 +/t7[-a 3 «;X2+a 4 3/cX27-a 5 3/cX27 2 +a 6 /c7 3 ] , 

pf = /e3 + /C7[a 4 X^(/c 2 x4-l)-a 5 x47(5A4-3) + a 6 X 2 7 2 (10 A 2 X^3)- 
-a 7 7 3 (lO/Ag-l) +a. g 5/c 2 X27 4 -ag* 2 7 5 ] , 
pf = -/ J 4 e 4+ / t7 [-a 5 /cX^ 0 (/ C 2 X^-2) + a 6 *X®7(7* 2 X^10)- 

-a 7 /cX® 7 2 (21 A 4 -20) +a g *X 4 7 3 (35 A 4 -20) -a g /cX 2 7 4 (35 A 4 -10) + 
+ a 10 / t 7 5 (2U 2 X 4 -2)-a 11 7/c 3 X 2 7 6 + a 12 * 3 7 7 ] , 

/^2 = itX [ a 2*^2 _a 3 3,t 7^2 +a 4 3,c ^2^ _a 5*7 ] > 

/? 34 = /cX 2 [-a 3 X®(A 4 -l) + a 4 7X 4 (5/t 2 X 4 -3)-a 5 X 2 7 2 (10A 4 -3) + 

+a g 7 3 (10* 2 X 4 -1) -a 7 5/c 2 X 2 7 4 +a g /c 2 7 5 j , 

/J 34 = /tX 2 [a 4 AX2°(/c 2 X 4 -2)-a 5 /tX27(7* 2 X 4 -10) + a 6 /tX27 2 (21/t 2 X 4 -20)- 

-a 7 /cX 4 7 3 (35 A 4 -20) + a g /cX 2 7 4 (35 A 4 -10) -a g * 7 5 (21 A 4 -2) + 

, 3,2 6 3 71 

+a 10 7 ‘ *2^ ~ a ll* ^ J ’ 

/J 34 = *X 2 [-a 5 X^ 0 (A®-3/c 2 X 4 + l) + a 6 7X®(9A 3 -21/c 2 X 4 + 5)- 
-a 7 X 2 7 2 (36 A 8 -63 A 4 +10) + a g 7 3 X 4 (84 A 8 -105 A 4 +10) - 

-a g X 4 7 4 (126A2-105/c 2 X 4 +5)+a 10 7 5 (126A2-63/c 2 X 4 +l)- 

- a H* 2 X 2 7 6 (84 A 4 -21) +a 12 * 2 7 7 (36 A 4 -3) -a 13 9 A 2 7 8 +a 14 A 9 
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P^ = -/»(e 1 -2e 2 )+ft(l-l/)[-a 2 X2+a 3 2X27-a 4 7 2 ] , 

P Z ± = /> 2 ( e 2 -2e 3 )+/c(l-J/)[a 3 /cX 2 -a 4 4/tX 2 7+a 5 6/cX 2 7 2 -a 6 4/tX 2 7 3 +a 7 /t7 4 ] , 

pf = -/(e 3 -2e 4 ) + /c(l- I /)[-a 4 X 3 (A 4 -l) + a 5 X®7(6/ t 2 X 4 -4)- 

-a 6 X 2 7 2 (15 /c 2 X 2 -6) ^X^y 3 (20 /c 2 X 4 -4) -a g7 4 (15 a 2 x|-1) + 

„ 2,2 5 2 61 

+a 9 6 * X 2 7 _a 10* 7 J ’ 

pf = /J 4 (e 4 -2e 5 ) + /c(l-i/)[a 5 /cX X2 (A 4 -2)-a 6 / t X^°7(8/c 2 X 4 -12) + 

+a y A;X 2 7 2 (28/t 2 X 4 -30) -a g /cX 2 7 3 (56* 2 X 4 -40) +a g /cX 4 7 4 (70/c 2 X 4 -30) - 

-aio/cX 2 7 5 ( 56 A 4 - 12 ) + a ii/t 7 6 ( 28 « 2 X 4 - 2 )-ai 2 8 A 2 7 7 + ai 3 /c 3 7 8 ] , 


^2 ~ (7A ) a 3 /cX 2 +a 4 2 * X 2 7 a 5*7 ] > 


/>f = (7/X 2 )[a 4 X 4 (/c 2 X 4 -l)-a 5 2X 2 7 (2/ t 2 X 4 -l) + a 6 7 2 (6* 2 X 4 -l)- 
,2,2 3 2 41 

ay 4 & +a g^ 7 J * 

pf = (7/X 2 ) [-a 5 /cX 8 (* 2 X 4 -2) + a 6 2*X 2 7(3/t 2 X 4 -4)-a 7 /cX 4 7 2 (15/c 2 X 4 -12) + 
+ a g /cX 2 7 3 (20 /c 2 X 4 -8) -a g /c 7 4 ( 15 /c 2 x|- 2 ) ^sA^-a^V] , 


*44 _ ,[_5_/ X 2 .2.2 1.2. 21 

^1 ~ 1128 ( X 2 V + 8 X 1 X 2 J » 


pf = -a 3 X 4 (A 4 -l) + a 4 X 2 7 (4A 4 -2)-a 5 7 2 (6A 4 -l) + 
. 2.2 3 2 4 

+ ag 4 ( Xg 7 a rji 7 > 
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£ 44 = V X 2 ( ' c2X 2 _2)_a 5 /tX 2 7(6,c2X 2~ 8)+a 6 /cX 2 72(15,t2X 2“ 12)_ 

-a 7 2/cX 2 7 3 (10* 2 X^-4) + a g /c 7 4 (15* 2 X^-2)-a g 6A 2 7 5 + a 10 /c 3 7 6 , 

£ 44 = -a 5 X2(* 4 X2-3/c 2 X 4 + l) + a 6 X27(8A 8 -18A 4 + 4)- 

-a ? X 4 7 2 (28 A 8 -45 A 4 +6) +a g X 2 7 3 (56 A 8 -60 A 4 +4) - 

-a g7 4 (70A 8 -45* 2 X 4 + l) + a 10 /c 2 X 2 7 5 (56* 2 X 4 -18)- 

-a n A 6 (28A 4 -3) + a 12 8/c 4 X 2 7 7 -a 13 A 8 > 


\ 2 \ 2 
5 X 2 +X l 

16X Z 


^2 - (l-j/)/X |a 3 /cX2 _ a^3/cX27 +a 53*X27 a g*7 ] » 

£ 45 = (l-i/)/X 2 [-a 4 X2(A 4 -l) + a 5 X 4 7(5A 4 -3)-a 6 X 2 7 2 (10A 4 -3) 
+ a ?7 3 (10 A 4 -l) -a g 5/c 2 X 2 7 4 + a g /c 2 7 5 ] , 


pf= (l-i/) /X 2 [a 5 /cXj>° ( A 4 -2) -a 6 X 8 /c 7 (7 A 4 -10) -^/tX^ 2 (21 A 4 -20) - 

-a g X 4 * 7 3 (35 A 4 -20) +a Q /cX 2 7 4 (35 A 4 -10) -a^ 5 (21 A 4 -2) + 

, 3,2 6 3 71 

+a H 7 * X 2 7 _a 12* 7 J ’ 

4 3 = , 2 (v2e 2 )-2 7 [a 3 X 3 - V ] • 

P 4 = ~P ( e 2~^ e 3) ~^7 [ _a 4 /c ^2 +a 53* X 2 7-a 6 3,cX 2 7 +a y* 7 ] > 
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pf= P 4 ^ e 3 _2e 4^ " 2 7 [ a 5 X 2 ^A~ l ) ^X^ (10* 2 X 4 -3) - 

-a g7 3 (10/c 2 x|-l) + a g 5* 2 X 2 7 4 -a 10 / C 2 7 5 ] , 
pf = -/(e 4 -2e 5 )-2 7 [-a 6 ^°(/t 2 X 4 -2) + a 7 /tX 3 7(7* 2 X 4 -10)- 

-ag/cXg? 2 (2U 2 X 4 -20) + a 9 *X 4 7 3 (35/c 2 X 4 -20) -a 10 *X 2 7 4 (35/i 2 X 4 -10) + 
+a ll*7 (21* Xg^J-a^?* Xg7 +a j3* 7 ] > 


.2 ,2 
fl 54 x 2 V A 1 
^1 = “ X 8 ’ 

/J 34 = 2X 2 [a 3 *X®-a 4 3/cX 4 7 + a 5 3*X 2 7 2 -a 6 /c 7 3 ] , 
y? 34 = 2X 2 [-a 4 X 3 (* 2 X 4 -l) + a 5 X 4 7(5* 2 X 4 -3)-a 6 X 2 7 2 (10* 2 X 4 -3) + 
+a?7 3 (10* 2 X 4 -1) -a 8 5* 2 X 2 7 4 + a 9 * 2 7 5 ] , 

^ 34 = 2X 2 [a 5 /cX2°(* 2 X 4 -2)-a 6 /cX27(7* 2 X 4 -10) + a 7 /tX27 2 (2U 2 X 4 -20)- 
-a g /cX 4 7 3 (35* 2 X 4 -20) +a g /cX 2 7 4 (35/c 2 X 4 -10) -a^ 5 (21/t 2 X 4 -2) + 


+a^j7* 


3*2 6 ,V1 

X 27 a i2* 7 J > 


„55 _ -1 

p \ ~ il (l-i/) ’ 

^ (* r 4. 2 *4e 3 ) *2 (l-„) [ ^X^X^-a^ 2 ] , 

= -^ 3 (e 2 -4e 3 +4e 4 )*2(l-l/)[a 4 *X2-a 5 4*X27*a 6 6«X27 2 - 
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-a 7 4/cX27 3 +a g /t7 4 ] , 

pf = /(e 3 -4e 4+ 4e 5 ) + 2(l-l/)[-a 5 X®(/c 2 X 4 -l) +a6 X® 7 (6/t 2 X 4 -4)- 

-a 7 X27 2 (15* 2 X2-6) + a 8 X27 3 (20A2-4)-a Q 7 4 (15* 2 X2-l) + 

+ ai 0 6/ t 2 X 2 7 5 -an/c 2 7 6 ] . (J.78) 

The constants defined in section J.2 also apply to this section. 
Other constants that are introduced are: 


-1 

r 


-U 2 * 


2 _r 1/2 

k(1-i/)J 


) 


-1 

r 



_ 2 
’ P ~ /c(l-i/) 


(J.79) 


As mentioned at the beginning of this appendix, the infinite 
integrals are divided into two parts. The portion from A to infinity 
is integrated in closed form. This part can be written as, 

00 

( I. .cosa(t-y)da , i=3, j=3; i=4,5, j=4,5 , 

J A 1J 


.00 

I. . sina(t-y)da , i=3, j=4,5; i=4,5, j=3 . (J.80) 

A 1J 


This integral for of the form given by Eqns. J. 61-63 is evaluated 
in section J.4. The following expressions are used in Eqns. 5.109- 
111. 


J 33 ■ {i[^-.*(V^V 2 t 2 ]»Z-e„(-l)V} * 

n=z 


n=5 


, f v2n-2 _ x 
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{ £ K- v}« 

n=l n=5 




(J.81) 


= A-Ati (-« A (*») H-D " ( ( 2 F) i)| 1 i° i t-y i } , 


(J.82) 


4 or * 


T 35 " {^^2n + ^n^ ^ 2e n+l^} X 

n-1 n=5 


{ ( ‘ 1) ° _i 7iSTTr 1 " 1 t - y 1 * f s (2n) * (- 1 ) n * 1_t fiSiTr F c (1) } - 


(J.83) 


- -{EK*<y*) 2 Ci]} * 


( J . 84) 


4 ,, 


hi - f (2n-2)! h'WI * F c (2n-1)} 


4 .. 


y "«4j ( (t-y) F 

^2n-l ( (2n-2) ! c 


(1) , j-4,5 , (J.85) 


T 53 ' {^&(V»)^-l]^(-l)V( V ,- 2 %)} * 

n-1 n=5 

X (t- 1 ) " f (2n-l)! l lnlt yl ^ (2n) * ( - 1)n<1 ~ % ^Ij r F c( 1 )} ' 


(J. 86) 


y ■ E41.i{» e (a.-i)*(-i) , ^feSri.nr,i} 
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(J.87) 


, 2 n -2 


+ f'-M , n n + l(t-^_ F (1) 

^-r^n-r 1} ( 2 n- 2 ) ! V iJ ’ 

n=l 

f 55 - {O&-I ♦£(- 1 >V( V r 4 V 4 Vl>} 


2 ah x r- 

n=5 

X {F c (2n-l)-(-l) " ( (2^2 )T ln 1 t_y 1 } 

{i^-1 *E(-i)V(vi^.)} (- 1 ) n * 1I f^ir F c (1) • 

- n— o 

(J. 88 ) 


, 2 n -2 


n=l 


4 Integrals From A to Infinity 


We need expressions for 


00 

f cosa(t-y) 

A A 2 ”- 1 d “ ’ 

(J.89) 

[*«ina(t-y) d(t x>0 , n>0 

J A a 2n 

(J.90) 


These integrals come from the large a expansion of the Fredholm 
kernels. Note that for n>0 the limit for x+0 has been taken under the 
integral sign. The n=0 cases of Eqns. J. 89,90, for which the limit 
must be taken after integration, are respectively demonstrated below, 

( ae ax cosa(t-y) da = ^-5 , (J.91) 

x 0 J 0 (t-y r 

x^O J Q e ^ '“ X sina(t-y) da = ^ . (J.92) 
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The 1/a case of Eqn. J.89 has a log singularity, the 1/a term of J.90 
becomes (t-y) In I t~y I and so on. This is shown in the general 
expressions presented below: 

oo 2n-2 

r do . , . (.!)«*» ^ jr P c(1) * 

A a 

f . x2n-2 

* (-1) (2n-2) ! lnlt ~ yl > (J ' 93) 


f ia F s (2„) * (-1) 


. v2n-l 
n+1 (t-y) F m 

(2n-l) ! c U; 
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(- 1 )" 


( . v2n-l 
(t-y) 

(2n-l) » 


In I t-y I 


(J.94) 


where 


F c (l) = "7 e - l * 1 (A) - J 


Alt-yl 1 
cosx -1 

0 x 


dx 


(J.95) 


F c (2n-1) * Z(-l) j+1 ^ ^ — ^2n-2j^ " cosA(t-y) + 
c j=l (2n-2)!A^ n 


(t-y)^ ^(2n-2-2i)! . , x 

* j5 H) (JUii*-*-* sinA(t ' y) ■ 

F s ( 2 n) = Ilt-l) 3 * 1 ^ sinA < t -! r > * 


j=l 


(2n-l) !A 


* Z(-i)^ 1 rt - rt2i ' 1( t2i 2 i )! ~»(W) 


j=l 


(2n-l) !A 


(J.96) 


(J.97) 


The constant in Eqn. J.95 is Euler’s constant, 7 g =.57721566490153. 
This expression is a cosine integral, Ci[Alt-yl], with the log term 
taken out. 


381 



